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OSBORN'S G-LOOPS

Alexandr S. Basarab

Abstract

It is proved, that if in a loop Q(') the equality
(')f—'lx:!x(‘)
holds for every xe@, then Q{) is a G-loop. From this result it follows that:

a) An Osborn's loop Q') in which x2 e/N for every ze@ isa G-loop;
b} Every 1-loop is a G-loop.

In the present work we continue the study of the eclass of G-loops which
sprang tfrom works {1], {2]. It is proved that if in the loop Q) the equality
(),,=50)
holds for every xe@Q, then @) is a G-loop.
Firstly we remind for some definitions and results which are necessary for
proof of the main result of the present work.
The operation (), defined by the equality
() = ()bt
is called the right derivative operation of (-). Analogously, the operation
LR..R,
o) = ()

is called the left derivative operation of (-) (a is a fixed element of @, Q) is a
loop).

A loop @) is called a G-loop, if all the right and left derivative operations of
the loop Q(} are isomorphic to the operation ().

A loop Q(-) 1s a G-loop if and only if every loop @(-) which is isotopic to Q()
will be isomorphic to Q(-) (see [3]). |

A loop Q() in which the equality

I{xy)- Px= Iy
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holds is called an WIP,-loop. In a WIFP;-loop translations L, and R, ar

connected as follows:

L I =RE, I'RuI=L} (

If T=(o,B,y) is an autotopy of an WIP,-loop Q(:), then
T= " Pol® 1By and T =(73R1%,17 17 od) @
are also autotopies of the loop Q).

Theorem 1. 4 loop Qf) in which the equality
(')I-lxzfx(‘) (3
holds for every xe(Q is a G-loop.

Proof. Let (3) be fulfilled in the loop Q(-), then
()(Lr‘ L1 ) (.)(LRLx»RIx),

whence .we get the autotopy
T:(L_‘-l ’ ]x ;LI—l )

From T the equality
(I ey) Rplz =% Ry (y-2) (4
follows. In (4) putting KRz instead of 2 and after that Ixr instead of x we ge
sy z=xRp (r-d’x). . (5
Let z=I(x:-y) in (B), then
L=x-Rp (¥ 1(x-y)-I*x),
whence
= R (y-1(xp) ),
y-I(xy)lzx =Rp Ix,
yA(p) =1,

I(x-y)-I*x =1y,
ie. Q) is an WIP,-loop. Applying (2) and (1) to T we obtain

= (I R 2L P IRy =
= (R IR R RRG Y R REHR Ty =
={a” ,R,xa ,RIxa '),
a"11=1,
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whence it follows
=0)=0% (6)
From (3) and (6) it follows
=6 =05,
ie. the loop (‘) is a G-loop.
A loop in which the identity
xy 0,zx =(x yz)-x
is fulfilled, where 0, 1is a substitution depending on &, is called Osborn's
loop.
It is proved in [4], that a loop @(-) is an Osborn's loop if and only if
(=) (7)

for every xe@.
Statement 1. A Osborn's loop Q) inwhich *eN Jor every xe(Q isa G-loop.

Proof. Let in an Osborn’s loop x> eN for every xe(, then x?

1

=#n, where n
eN or n 'x-x=1, whence
wly=1",
x=nl"lx, (8)
Using (8) in (7) we get
() =0 = (')n]"}x =((n )1—1x = (')I*‘x’
S0
(')I—II:Ix('),
ie. we have got (3). By Theorem 1 the loop Q(:) is a G-loop.

In the work [5] i-loops have been studied. A loop @(:) in which the equality
My udy=u(v-(y-x))/ yx (9)
holds for arbitrary x,y,u,ve®@ is called an iloop. If a-b=c, then alc=b, but

b:Lglc, S0 a'\chglc; similarly, if ba=c, then c¢c/a=R; le. Now the equality (9)
can be written as

LGy -u)-vYy = RN (v- yx))

or changing v by R;x'v as

(9 u)Ryv=xy- Ry, (u-v). (10)
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At the end of [5] the author notes: "It seems to be difficult to answer
the question, are i-loops G-loops".

Statement 2. [very i-loop is a G-loop.

Proof. Let Q(-) be an i-loop, then (10) holds, whence it follows that

T =(Ly R}, LR

is an autotopy of the loop Q(:) and then
(= ya (). (11)
Put in (11} y=e, then
=20} 12)
Using (12) in (11) we get
()= (=32 (),

ie.
() (13)
Let y=1Ix in (13}, then
() rex (),
then Ix-x=»n, where mnc¢N ar nilx.ox= 1, but Iex=1 and then

nlx=1"% or nl"lx=1Ix Change.in (12) = by Iz, then
2= Or=0 1, = (O, = O
i.e.
()= 10)s
and we again obtain (3). By Theorem 1 Qf:) is a G-loop.

Statement 3. [f inan Osborn’s foop Q) x> =1 forevery xeQ,then Of) is an
abelian group (1 is the identity element of the loop Q(-)).

Proof. If Q(J 1is an Osborn’s loop and x* =1 for every xe() , then
x=x"'=Ix and

R, =R, (14)
But in the Osbarn’s loop
Ry = 'R L,. (15)
From (14) and (15) it follows
LxR;l =R.L,

and then the autotopy
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T=(L.R;},L.R))
of the loop @} takes the form:
T=(L, R LR = (L, RV R L),

whence
ny‘ R;}Z = RxLx(y'z)- (16)
Let z=y in (16), then
ny'R;]yz 11
Ly=R:y,
RLy=y,
and then (16) has the form:
Ly z=y Rz,
Xy-z=y-zx, (17)
Let z=1 in (17), then
Xy = yx.

From (17) and (18) it follows that Q(:) is an abelian group.

Statement 4. An Osborn's loop Q(-) inwhich X eN Jorevery xe(Q and N #{1} is

an extension of a group by means of an abelian group.

Proof. The kernel N of the loop Qf-) is nontrivial and is a normal subloop
of Q(:). The factor-loop ¢/ N() is an Osborn's loop in which ;2' =1 for every

xeQ/N (1 is the identity of the loop (Q/N()) By Statement 3 the loop
(/N(-) is an abelian group. |
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