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LOOPS WITH UNIVERSAL ELASTICITY

Paraskowya N. Syrbu

Abstract

An identity is called universal for a loop Q(:), it it holds in this loop and in each principal
isotope of Q(-). Loops with universal law of elasticity, ie.

Xy X=X yX,

are investigated in this note.

Invariant properties on isotopy of quasigroups, ie. universal properties of
quasigroups, represent an important part in the theory of quasigroups and loops.
The theory of algebraic nets gives, in particular, examples of such properties: all
loops which coordinate the same net are isotopic between themselves and the
identities which follow from the closure conditions of this net are universal for
each of these loops. For example, Bol and Moufang identities are universal for
loops. Our subject of investigations is the loop with universal law of elasticity (or
symply, with wuniversal elasticity), its properties and connections with some
classes of well known loops such as Bol and Moufang loops.

Let Q(-) be a loop with universal elasticity, ie. a loop for which the law of
elasticity

X yx=xy-x
is universal. Denote by (Q(*) a principal isotope of @(-), ie.
ey =Rylx- L'y,
where
T=(R;, ;")

is the isotopy, R, (L,) is the right (left) multiplication by the element a. The
universality of the identity

| X YX=xy-x
for @(-) involves the fact that the law of elasticity
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(x* y)*x = x*(y*x)
holds in every LP-isotope Q(*) of Q(-). Now, replace (*) by () in the last
identity. We get the following identity in Q(:):
RMR;'x- 13'y) L'e = Ry'x- I (R 'y Ly )

or

(xy / 2)(b\xz2) = x(b\[(by / 2)(b\x2)]) (1)
and

(bx /1 2)(b\yx) = ([(bx/2)(b\yz)}/ z)x (2)

where we replaced a by 2z

Proposition 1. The law of elasticity is universal for the loop Q) iff the identity (1)
((2)) holds in the primitive loop Qf./\).

The following proposition gives some properties of loops with universal

elasticity.

Proposition 2, [f Q) is a loop with universal elasticity, then

(i) O¢) is strong power-associative (i.e. every Iits element generates an associative
subloop);

(ii) N,=N,, where N, is the left and N, is the right nucleus of Q();

(iii) Al (three) nucleiof Qf) coincide iff each element of the middle nucleus is a Bol

element,

Proof, (i) It is known (see [1], pp.46-47) that if the identity
2

x-xt=xx

is universal for the loop Q(-), then Q(:) is strong power-associative.
(ii) To prove this we will need the following identity:
(x/2) yx=([(x/2) yx]/2)x
(it follows from (2) taking b=e, where e is the unit of Qf-), y— yz,x = bx; here
and below by "x—y" we will mean "x is replased by y"). If xeN, in the last
identity, then
(x/2)y=[(x/2)-yz]/ 2,

or

Xy-z=Xx-yz,
ie. xeN, and N, c N, Conversely, taking 2=e in (1) we have:

xy -(b\x) = x(b\[by-(b\x)]).

If xeXN, in the last identity, then
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¥(6\x)=b\[By-(B\X)],
or
b-yx=by-x,
ie. xeN,, andso N,=N,.
(iii) Let us remind that an element a of the loop Q(-) is called a Bol element
if the equality
a(x-ay)=(a-xa)y
is valid for every x,y €. Suppose that a is a Bol element of the lcop @(-) and
aeN,, where by », we denote the middle nucleus of Qf-):
N, ={aecQOlxa-y=x-ay for every x,y €(}.
Then
a(xa-y)=a(x-ay}=(a-xa)y =(ax-a)y,
SO
a(xa-y)=(a-xa)y,
~or, after replacing x— xa,
a-xy =ax-y, _
ite. aeN;=N,,and N, N,=N,. Further,if @ is a Bol element of @(:) and
aehN;=N,, then
ax-ay=a(x-ay)=(a-xa)y = (ax-a)y.

So
ax-ay = (ax-a)y,
or after replacing x—alx,
X-ay=xa-y,
ie. aelN, and
N;=N.C N,

Now this proposition follows from the next result of Florea (see [3]): all (three)
nuclei of a loop coincide if and only if each element of these nuclei is a Moufang
and Bol element at the same time.

Remark 1. A loop with universal elasticity satisfies the equality
xPy.x9 = xP . x4
for every x,ye(Q, where p and g are arbitrary integers (for the proof of this

proposition see {2]).

A loop Q) is called a middle Bol loop if it satisfies the identity
(z/x)(y\z)=z(yx\2).
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Proposition 3. 4 loop Q() with universal elasticity and such that
yo-b=yz-z
for all y. b,z c(, is a middle Bol loop.

Proof. Make the replacement y->x\y in (1), then
[6(x\y)/ z)(B\xz) = b(x \[(¥/ 2)(B\xz))).
Now replace y — yz in the last identity:
[b(x\yz)/ z)(b\xz) = b(x \[y(b\x2)]),
or, if x=yz:
(b1 2)(0\(yz-2)) = b(yz \y(B\(yz - 2))]).
Suppose that
yb-b=yz 2z,
for all y,b,z €. Then
yb=(yz:z)/b,
or
b=(yz-2)/(y\b),
if we replace b-—)jﬂ\b. So,
b\(yz-z) = y\b,
and
(b/z)(y\b)=b(yz\b)
for all b,y,ze€(Q, ie. Q() is a middle Bol loop.

Remark 2. We will see in what follows that the loop (-} under the
conditions of Proposition 3 is associative and so is an abelian group.

A loop Q) is called a LIP-loop (a RIP-loop), ie. a loop with left inverse
property (right inverse property) if

xxy=y (OxxT'=y)
holds for every x,ye(Q. A loop is called an IP-loop if it is a LIP-loop and a
RIP-loop at the same time.

Proposition 4. 4 loop with universal elasticity satisfies the left alternative law

xxy=x’.y
iff it has the right inverse property.

Proof. Denote by e the unit element of the loop Q) and replace in (1)

z—x"' and y—>e. As Q) is strong power-associative, we get
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X267 = x(B\[(B/x" B, (3)
If Q) satisfies the left alternative law, then
b =x.xp!
and from (3) we get
¥ =b\[(B/xN)6],
that is
bix™ =bx
or

bx-x'=b
for every x,b€(Q (see Remark 1). Conversely, if @Q(:) has the right inverse

property, then

blx!=bx
and using Remark 1 and the identity (3), we have:

%267 = x[b\(bx- b~ = x[B\(b-xb )] =x-xb ",

ie. @) satisfies the left alternative law.
Analogously, but begining with (2), we can prove the following
Proposition 5. 4 loop with universal elasticity satisfies the right alternative law
yeox =yt

iff it has the left inverse property.

Corollary. 4 loop with universal elasticity is a IP-loop iff it satisfies the left and right
alternative laws.

Proposition 6. A loop with universal elasticity has the left inverse property iff it has
the right inverse property.

Proof. Let Q(-) be a LIP-loop with universal elasticity. From the identity

bx-(b\(by-x))=(bx y)x 4)
(this identity follows from (2) when y->by,z=¢), if y= (bx)‘l, we get
bl(bx)  x1=b(bx) ' x (5)

"Iaz‘a“l). Now let us make the replacement y-—yz and

(the elasticity involvs
b=e in (1):
x(y-xz)=[(x- y2) /2] xz (6)

and suppose that y=(xz)~! in (6). Then
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[x/xz]z=x((xz)"'2),
and if x=b,z=1x:

[b/bx]x = b[(bx) ' x]. (7)
From (5) and (7) we have

b/bx =b(bx)"!
and so
bxtx=b

for every x,be€(, ie. Q) is a RIP-loop. Conversely, let Q) be a RIP-loop

with universal elasticity. Substitute y—» (xz)"'] in the identity (6):

[x(xz) ']z = x((x2)7'2). (8)

Take in (4) y=(bx)"": |

b(bx\x)=b(bx) - x.
Now, because of the last identity and (8) we get:

b(bx\x) = b((bx) ' x),
or

b(b7x) =x,

forall x,be,ie. Q) isa LIP-loop.

Corollary. If Qf) isa loop with universal elasticity, then the following properties are
equivalent in Q).
right inverse property;
lefi inverse property;
right alternative law;

left alternative law.

Now, let us consider IP-loops with universal elasticity. Each of the identities
(1) and (2) is equivalent in such a loop to the following identity:
(xz-by)z -bx =xz-b(yz-bx) (9)
(Indeed, in a IP-loop are valid the equalities:
x\y= x y
and
x/y= xy'l
for every x,y €(@. Now, to prove this use the last two equalities in (1) and (2) and
make the replacements x—xz”7! ,y—> l’:n“'ly,.z"1 >z, b in (1) and
X b"]x,y—-)yz'1 in (2)).
62



Loops with universal elasticity

It is known (see [4]) that in a IP-loop all (three) nuclei coincide, Denote by N
the nucleus of the IP-loop Q(-).

Proposition 7. The commutative IP-loop Qf) with universal elasticity and x* eN
Jor all x Q, is associative.

Proof. To prove this, make the replacement z—>xz and b—bx in (§) and
use Propositions 4,5 and the fact that x*> e N , for all xeQ:
[z(bx-y) xz]b=z[bx-(y-x2)b]
Now, if y=2z in the last identity then
(bx - x2)b = 2(bx)?,
or, using the commutativity of @(-) and substituting x = b x:
x(b7'x2)-b=1?,
xb =t b =xtr b =t b = x(x-zb™),
b lxz= x-zb7l,
xbl.z= x-b_lz,
so, the loop Q(-) is an abelian group.

Corollary. 4 [P-loop Q() with universal elasticity and such that x* =1 Jor all
x € isassociative,

Proposition 8. The identily (9) involves both inverse properties in the loop.

1

Proof. Substitute &d=¢ and y=z" in (9). Then we have:

(xz-z‘l)z-x-—-xz-x,
or
xzozl=x
for all x,ze(Q, ie. @(+) is a RIP-loop. Analogously, from (9) (making the

replacement z=e,y=5b"') we have
x-bx =x-b(b71 bx),
or

x=b"1.bx
for every x,be€(); hence, Q(:) isa LIP-loop.

Corollary 1. The loop which satisfies the identity (9) is a loop with universal
elasticity.
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Corollary 2. The identity (9) is universal for Q() iff Q) is a Moufang loop.

Indeed, according to the information given up, the identities (1) and (9)
are equivalent in an IP-loop.

Remark 3. The identity (1) follows from the identity (9) but, in general, these
two identities are not equivalent. For instance, the loop from the example given
below satisfies the identity (1) but it is not an IP-loop, hence it does not
satisfy (9).

Cc -1 O 7 = W N

O -3 O " = W o =
-1 0 U O W o = NN
D O 0 =1 N = o o
B N =3 00 = D2 O v I
B O N = 00 ~3 O
O b = DN -3 o 03.03
R = B T o0 =1 |3
= W e Oy U -3 0 &

Using the computer the author proved that in loops of order n, where #n<6,
the identity (1) and Bol's middle law
(z/x)(y\2)=z()x\z)
are equivalent. For other loop orders this question is open.
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