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Linear isotopes of small order groups

Oleg U. Kirnasovsky

Abstract

The first part of the results of computer investigation of linear group
isotopes is given. The first section of the work is auxiliary. It contains beloning
criterions to the known classes of quasigroups. The second section contains:
an algorithm for description of linear group isotopes; a tull list of palrwise non-
isomorphic linear group isotopes up to 15 order; a full list of subquasigroups of
every isotope. For each quasigroup the beloning to the known classes of
quasigroups is singled out.

A groupoid (G;} is called an isotope of a groupoid (Q;+), iff
there exists a  triple (a,B,y) of bijections, called an <isotopy,
such that the relation

y(x -y} =ox +Py
holds. An isotope of a group is called a group isotope. An isotope of a
group is called Iinear if every component of a corresponding isotopy
is a linear transformation of the group (recall, a transformation o 1is
said to be linear in the group (Q;+), iff there exist an automorphism
of the group and an element ¢ such that ox=0x+c for all re()
It s easy to verify that any groupoid isomorphic 1o a linear group
isotope is a linear group isotope as well. So, the class of all linear

group isotopes forms a variety and medial and T-quasigroups are
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Linear isotopes of small order groups

its subvarieties. An additional information on group isotopes and
linear group isotopes one can find in [1], [2] and {3].

Here, using the results of the work {3] we continue that
study. Namely, in the first part of the article we give: a criterion for
a linear group isotope to belong to each of 22 the most singnificant
classes of quasigroups; a full list of pairwise nonisomorphic linear
group isotopes up to 15 order; a number of all these isotopes of every
order (£195).

The author expresses his great thanks to Mr. Vassyl

Bassovsky, who gave the possibilities of the computer version of the

text.

1. Some necessary properties

We shall write “isotope (a,B,y) of the groupoid (Q;+)” instead
of isotope (0;*), defined by the equality x*y=v '(ax+83)”, where q,
f3, y are substitutions of the set Q.
Up to isomorphism every isotope ((Q.} of a group (Q;)
can be defined by the equality
Xy=@x +yy+c, (1)
where ¢, Wy are unitary substitutions of the group (0+) (ie.
o0=y0=0} If (Q;) is linear, then ¢, v are automorphisms of
(0,1 {see [3] and Theorem 1.6 here).

As wusual, the signs f, and ¢, denote a left and right local
units of a of the quasigroup operation (-):

J.ra=a-e, =a,
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¢ denotes the identical transformation of arbitrary fixed set.
I. denotes inner automorphism of the group operation (+):

[ x=—-c+x+c
A commutation of the arbitrary operation (+) is denoted by (&) and
defined by x@y=y+x., A groupoid ((J) is said to be a
commutation of a groupoid ((;+).

-

A class of groupoids will be called commutation of a class K

¢of groupoids and will be denoted by K *, if X  consists of all
commutations of groupoids from K

A formuls Mo, w,c+, 19 .J, A), being an equality with no
propositional constant and having the propositional variables
O,\,¢,X],...,X,, binary functional variables +e 4 and unary ones
I.J only, will be called a beloning criterion of a linear isotope to a
dass K, where K is some class of groupoids, if from the facts that
¢ is an element of a group (0.+); ¢,y are elements of the
group (H,#)= Aut(Q+), [1,J are inverse operations in these two
groups respectively; and A HxQ > (@ is such a function, that
A, x)=ox is true, it follows the equivalence of predicate expressed
by the formula Vx;..x, ®o,y,c+,/e.J, 4) to the beloning of the
linear isotope (0,y,c) of the group (Q;+) to the class K

Theorem 1.1. If M o,w,c,+,19e.J,4) 1isa belnning criterion of

2 linear isotope to a class K of groupoids, then a beloning criterion

of ¢ linear isotope to the class K * one can get by replacing every

subterm of the type w+v, where u,v are arbitrary terms, with

viu in the formula /.y, 1.,c+ e, J,A).
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Proof. Let ¢ be an element of a group (Q+), o,w be
elements of the group (H,8)=Au(Q,+), [I,J be the inverse
operations in these groups and

AHxQ—(Q

be a function such that A{a,x)=oax. Then the predicate expressed
by the formula V.. .x, ™o, w,c,+, /0,7, 4) is equivalent to the
beloning of linear isotope {¢,w,c) of the group (Q;+) to a class K
Note, that ¢ is an element of the group ((,®) as well, the inverse
in the groups (Q;4+) and (Q;®) for any element from the set Q is
the same, and an automorphism groups of these groups
coincide.

Hence, a predicate, expressed Ly a formula obtained in a way
described in the theorem, coincide -vith the predicate, expressed
by the formula Vx..x, ™/, /.0,c®, /s J A), and is equivalent to
the beloning of the linear isotape (I.y,/.¢,c) of the group (Q;®) to
the class K. But if ((J;) is such an isotope, then

xy=luwx@loy®c=c+Ioyv+1 yx,
whence
x@y=c+lLox+l.yy=ex+yy+c,

le. this is equivalent to the beloning of the linear isotope (¢,y,c)

of the group (Q+) tothe class X ‘. Thus, the theorem is true. [

Lemma 1.2,

(Kin..nK,) =K n..nK, (Kyu UK,) =K u. UK.,

Lemma 1.3. If for automorphisms ¢,y of a group (Q;+) the
equality
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Qt+w=¢
holds, then the group is abelian.

Proof. Really, if for some elements w,ve (Q w+v#v+u, then

v u+ov=(0+ W ut (0 + gty =
= (pw"‘uﬂf +v+ \p(p"lv # (p\u""lu+ V4 + W;i‘, —
=+ vy uro W)=y uro v

A contradiction.

Note, that only in abelian group the mapping I (/x=-x) is an
automorphism.

Recall the following

Definition 1. By right F-, right symmetrical, RIP-, right Bol,
right distributive, right semimedial, right alternative quasigroup and
by right loop it is called a groupoid (), such that its
commutation ((Q,®) has the left respective condition. By F-, T'S-,
IP-, Bol, distributive, semimedial, alternative quasigroup is called a
quasigroup fulfilling the left and right respective condition
simultaneously. An idempotent TS-quasigroup (Moufang) is called
Steiner (respectively CH-) quasigroup. A quasigroup having at least
one idempotent element is said to be a peak. If a quasigroup has

no subquasigroup exept itself then it is called monoquasigroup.

Theorem 1.4. A belonging criterion of a linear isotope (@,y,c)
of a group (Q;+) to a class of quasigroups K is defined by the

following table
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N name definition criterion
1 commutative Xy = yx (p =\, the group is abelian
2 medial Xy uv=xu-yv QY= Y@, the group s
abelian
3 idempotent XX =X e+y=t, c¢=0 the
group is abelian
4 left F X-yz=xy-e.z ¢ commutes with Y and
with all inner
automorphisms of the group
8 right F see Definition 1 [ .y commutes with @ and
with all inner
automorphisms af the group
6 left symmetrical X.xy=y W= -, the group is
abelian
7 | right symmetrical see Definition 1 O =&, the group is
abeliun
5 _LIP exists a substitution A, (f “\i;)z =g
for which Ax-xy=1y "
9 RIP see Definition 1 (02 —g
10 Mufang (xy-z)y=x- y(ey:- ¥), (p2 - (L«W)z =g
Wx-yz)=(y-xf, )y =
11 left Bol z(x'.'-:y)Z Iz;l(:x:)y (}(lp).‘.} =g
12 right Bol see Definition I (Pz —g
13 left distributive X-yz=XxXy-xz o+w=¢, ¢=10, the
group 1s abelian
14 | right distributive see Definition 1 eo+y=¢, ¢=0, the
group is abelian
15 left loop fx = fy lwy=¢
16 right loop see Definition 1 P=t
17 ¢ left semimedial XX Yo =Xy xz QY= \yp, the group s
abelian
18 | right semimedial see Definition I QY= WY@, the group is
' abelian
19 primary commutative, o=vy, {(Vx)3x=0), the
semimedial, group is abelian
VY- VX = XX XX
20 left alternative X-XZ=Xx-z Q= [cw = g
21| right alternative see Definition 1 o=fy=¢
22 elastic Xy X =Xxyx QU= P, OC=we,
(Vo) 7, 0(—x +@x) =
=y wx — !;i;r‘ N
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Proof. The points 1)-3) are evident. The points 6), 8), 11), 15),
18) follow from the points 7), 9}, 12), 16), 17) correspondingly when
applying Theorem 1.1 and Lemma 1.2.

4) The identity x-yz=xy-e,z is equivalent to

OX+ Wy +ys+c)+c=o(ox +yy+c)+
oy (-px+x - )+ yz+c)+c,
Le.
OX + YOV = 01X + QUY +OC — WO OX + WOy X — Yoy ¢,
this with x=0 implies
WY = QU +0c — Yoy ¢,
whence o¢c=woy'c and w¢=oy. Hence,
PX+QYY = 0°X + QYY +C ~0°X 4 OX — ¢c,
Le.
X+Yy+c=Qx+yy+c—ox +x,
or
X+V—X=QX+V-—0X,
whence [ v=0/ (¢"'v). Hence, {o=0/..

5) By Theorem 1.1, Lemma 1.2 and the just proved point 4)
the identity xy-z=xf.-yz is equivalent to a conjuction of the
commutation of the automorphisms /¢,/y and the equality

~x+v+x=~l yx+v+{ yx.
From the second condition it follows that
~x+ I yu+x =1 y(-x+u+x),
ie. 11wy=1lwyl, this with x=— implies v/ =/vy. Applying the
first condition we have [oly= Iy, ie ol vw=1yo.

9) The parameter identity xy.-py=x Is equivalent to a

conjuction of the equalities ¢’=¢ and p=y IL R oy. Really, if

the identity holds and y =0, then, accounting (1), we have o'x+a=x
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for some ae (. This means that ¢’=g¢ and a=0. So, th
identity can be rewritten as
X+QYy+Qctypy+c=x.
Consequently, p=vy /L R oy. Conversly, let the above equalitie
hold, then
Xy py = Q(ex+yy+c)+wy (—pc—ouy —¢) te =
=X+QYY+OC—PC —QYy —c+e =X,

7) To the proof of the point 9) we have to add that p=c¢
ie. @=-g=1 (since, as it is easy to see, oc=-c) It means, i
particular, that the group is abelian.

10) From the first equality with y=:=0 and accountin

(1) we have that
O'x+a=oex+h

for all xe @ and for some elements a,be Q. It is easy to see tha
the last equality is equivalent to a=b and ¢’ =¢. So, ¢’ =¢
By Theorem 1.1 from the second equality and from the jus
proved assertion we have ([w)=s. It is easy to verify that th
converse statement is true as well.

12) The right Bol identity is the following:

(yz-x) :y-l,:“,;(:x-z).

When x=:=0, we have a relation ¢@’y+a=qy+b for all ye(
and for some elements a.be (. So, ¢’ —=¢. It is easy to verify that
the converse statement is true as well,

13}, 14) The quasigroup 15 idempotent, S0,
@+w=¢ <¢=0 and the group is abelian. The converse statement is

evident.
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16) The relation (1) implies ¢ w'{ gx+x+¢). The
existence of a right identity means that o -e¢ forall x,ye(.
It is easy to see, that the equality ¢ =¢, isequivalentto o=¢.

17) In the linear group isotope the Ileft semimedial
identity is equivalent to

QUX +QC + WY = @Yy -+ rdx, (2)
this with p=0 implies wo=¢l y. Then the equality (2) will be
rewritten as x+y=y+x, ie. (Q:4+) is abelian Hence, [ =g, and
then oy = wo.

19) By 1),17),18) e@=w and (.4} 1is ahelian. Then the
identity

Yy oYX = xx- xx
is equivalent to 3¢’y =3¢’x, or 3y=3x. Replacing with y=0, we
have
(Vx)(3x = 0).
That, in particular, means the truth of the equality 3y = 3x.
20) The identity x-xz=xx-z is equivalent to
OX + WOX + Wi +C = @' X + QWX + QC + 1t
If x=u=0, then ¢c=c¢ and then the additional equality x=0
gives the relation ww+c=c+u, ie. Jy=-¢ Since w=171" then
ox+1'ox+ 1 urc=0p'x+0l 'x+ ooou,
le. @x+c=0'x+@c. Accounting @c=¢ we have o -, whence, in
particular, it follows that ¢@c=c.

21) By 15), 16), 20) the left alternativity (and then right
alternativity) of linear group isotopes may hold exactly for loops.

22) The identity xy-x=x yx is equivalent to

PIX +QYY + OC + WYX = QX + WOV - Y X+ e
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If x=y=0, then ¢@c=yc, and then, with x=0, we shall
obtain ¢y=we¢. Then
@ X + 1+ Yo+ yx = ox + -+ yrx +ye,
or
~Uu—Qx+ @ x +1=yx +ye—yx —ye,
ie,

1o(=x+@x)=yyx -1 "'x).
The theorem implies the following resuit immedately.

Corollary 1.5. The following classes of linear isotopes coinside:
a) left semimedial = right semimedial = semimedial = medial;
b) left distributive = right distributive = distributive = idempotent;
¢c) CH=TS,
d) left Bol = LIP;
e) right Bol = RIP;
f) Bol = Mufang = IP;
g) left alternative = right alternative = alternative = loops = groups;

h) distributive Steiner quasigroups = Steiner quasigroups.

The pairs <o,y> <@,y> of the unitary substitutions are
said to be midle-isoequal (left-isoequal, right-isoequal) in a group
(0;+), if there exist elements a,b € 0, such that the isotopes (0,
and (Q;x), defined by the equalities Xy =Qx+a+yy and
X*y=Qx +a+\y {respectively Xy =a-+@x+ \yy and
Xy =b+ox+yy, xy=@x+yy+a and x+xy=@x-+yy-+b), are isomorphic.

We recall some results, obtained by F. Sokhatsky in [3], in

the following statement.
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Theorem 1.6. The following assertions are true.

a) An isomorphism of group isotopes implies an
isomorphism of the corresponding groups.

b) There exists a bijection between the sets of all isotopes of
isomorphic  groups such that the corresponding isotopes are
isomorphic.

c) For every element 0 of a group isotope (Q,f) there
exists exactly one quadruple (+,o,,a,,¢), such that (Q;4) is a
group with a neutral element 0, and q,,q, are  unitary
substitutions of the group (0O;+) and

S y)=a+ox+o,y,  glx,y)=b+Pix+B,y (3)
hold (the right side of the equality is called “left canonical
decomposition”).

d) If (3) are canonical decompositions of (O, f) and (Q,g)
respectively, then the group isotopes are isomorphic if and only if
there exist c e, 8e Aut(Q,+), such that:

Ob=a+ac+a,c—c,
0B,x =c-a,c-ac+a,(Br+c)+a,c-c,
0B,x =c~o,c+a,(Bx+c)-c.

e) If pairs <o,y> and <@, y> of unitary substitutions
are left-isoequal in a group (Q;+), then there exists a bijection

between the set of all isotopes of the type (o9,w,L.') and the set of all
isotopes of the type (¢,y,L;') of the group (Q.+) such that the

corresponding isotopes are isomorphic.
f) Every subquasigroup of an isotope of a group is a right coset
of the group by some of its subgroup.
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Theorem 1.7. Linear isotopes (o,wv,a) and (3,4,b) of
a group {(Q;¥) are disomorphic if and only if there exist such
ce (), 0e Aut(Q,+), that
Ob=qpc+yctra-c, 0p=¢6 [ By=vyd

Proof. Let us denote the operations in the given isotopes
by fand g respectively. Then
fxe,y)y=a+lox+1yy,  glx,y)=b+L,0ox+1,up.

By Theorem 1.6 d) (Q,f)=((0;g) if and only if there exist
ce ,0e Au{Q+) such that

Ob=a+1,pc+ 1 yc—c,

0,6 =/ 1,0+l el a®6,

911,% Iiaq;c~c1a‘119~

Accounting that 0], = I3;0, we'll substitute the first equality intc
the second and the third ones:

06 =00,  I,.00=yd.

It remains to simplify the first equality. : f]

Theorem 18. If pairs <o¢,y> and <¢,yw> of unitary

substitutions are right-isoequal in a group (Q;+), then there exists a
bijection between the set of all isotopes of the type (o,y, R By and

the set of all isotopes of the type (¢,W, R, Y of the group, such

that the corresponding isotopes are isomorphic.

Proof. Really, then there exist a,b € 0, for which the isotopes
() and (Qx), defined by the equalities
Xp=Qx+yy+a, XxXy=@x+yy+b,
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are isomorphic. Then (0;e) = (0.®), where

xey=yx=gy+yx+a=a®yx® oy,
x®y=b®yx DGy,

te. <y > and <y,¢> are left-iscequal in the group (Q;®).
By Theorem 1.6 €) there exists a bijection between the set of
isotopes of the type (Q,f) and (Q;g), where
fx,y)=cOByx Doy,
g(x,y)=dOyx O gy,
for which the respective isotopes are isomorphic.
Then the commutations of the corresponding isotopes are

isomorphic, but these are the isotopes (@,y, R Y and (@, R;}l) of
the group (0;+). (

To describe the algorithm given below we have to cite the

following evident assertion.
Proposition 1.9. If (H+) is a subgroup of the group (0.4,
then H+a=H+b ifandonly if (a-b)ec H.

2. A description of isotopes

Let us describe all linear group isotopes up to the 15-th order up
to isomorphism. The obtained isotopes will be classified accoding
to the known classes of quasigroups; the full list of subquasigroups of

every isotope will be given.
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By Theorem 1.6 a),b) the problem can be solved for every of
28 groups of the indicated order separately (up to isomorphism)
Let a group (0;+) be given, ie. an order, a neutral element
generators and a Cayley table are known. Let us apply the following

algorithm to the group.

Algorithm. First, using generators, we construct a sequence o
the formation of all other elements (besides the neutral element)
We verify also whether or not the group is abelian; we construct s
table of all)inverse elements of the group. We find all subgroups
(except the group itself) of the given group, looking through all proper
subsets, whose number of elements is a factor of the order of the
group. It is enough to verify the closure of the subset under the main
operation only. Furthermore, using Proposition 1,9 we find all right
cosets of the group by all subgroups, other than the given group
We find all automorphisms of the group. For this purpose consider
all injectional mappings from the generator set into the group and
their extentions to endomorphisms, ie. -using the properties
00=0, o(x+y)=¢x+¢y. If its kernel is trivial, then it is an
automorphism,

Remember the actions of all automorphisms on all elements of
the group, and also find the identity automorphism (it moves no one
of the generators in contrast to the others).

If the group is abelian, we find the automorphism /[=-¢

as well (it maps every generator to its inverse and only I does it}
Furthermore, we construct Cayley table for automorphisms. If ¢
and v are automorphisms of the group, then the only

automorphism @y acts on every of the generators t, as ¢ acts
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on yt Construct a table for inverse automoiphisms by verifyving, if

a compaosition coinsides with &

Let us find the correspondence ¢ -»/! it is enough to verify
the actions of the automorphisms on generators). We create a  table
A of the size kxk, where k is the number of all automorphisms
and fill with “+”. Consider, in turn, all pairs of auiomorphisms. Let
<g,¢> be a nextin turn pair. If the respective box in the table A
contains a sign “-”, we consider the next pair. {)therwise, we create
a table B, filled with “+”, of the size being cqua! to the order of
the group. For all pairs <8,¢>e Auf{(Q:+)x () we do the following: if

(07007 @) v (7o 8) vl ¢

then we put “-” in the box of the table 4, corresponding to the pair
<8“(p9,(1qx9)*"w6>; otherwise, for every e¢lement m  of the group
(when the corresponding box contains “+” in the table B} if
M:B"I(q)c +ye+m—c¢) has a number, which s reater than the
number of the element m, then in the table B we put "-" In the
hox corresponding to the element n. As the result, we get all triples
<o,¥,a> where a runs the set of all elements of the group having
the sign “+” in the table B.

Having run all the table 4 w- obiain, according to
Theorems 1.7, 1.8, a list of all linear isotopes of the group (0O.4).
Using Theorems 1.4, 1.6 f), we select in this list the isotopes
from the known classes of quasigroups and find all subguasigroups of
every isotope.

This algorithm was applied to all 28 groups up to the 15-th
order using a personal computer. Linear sotopes of the first and

the second orders are isomorphic to groups of the same order.
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Thus, we consider linear isotopes of order greater than two. To
account the results on such groups, we need some designations.

The elements of the group H be denoted as follows:

e "0 'm-1"if H=2,,

e "y where <x,y> is a corresponding vector, f H=Z xZ,
or H=2yx1s;

® da+2b+c, where <a,b,c> is a corresponding vector, if
H=12yx2yx 1,

e "xy' if H=D, (diedr group) and a corresponding element
is obtained after the application of y symmetries with respect to
a fixed axis of the m-angle and then of x elementary turns in
the fixed direction,;

® "1" , n i"

"j"," k“,”"ln,"—fu,"—j","'"k" as usual, if H = Q"-{r

e "xy" where ¢ is a corresponding element and #pl=x, ¢2=y, if
H = A, is an alternating group;
e "mn", where a™b" is a corresponding element, if

H=G,={a"t"{m=0123,n=012 a=8 =1 ba=ab’}

As sequences of the generators select the following: "I" in
cyclic groups; "4","2""I" in Z,xZyxZ,; """/ in (g "13"."21" in
Aq; "0","01" in the others. The automorphisms will be denoted by a
sequence of images of the generators.

All right cosets by all subgroups (except the group itself) will
be numbered. The writing "N ay,..a,+8, ,5" 1in the next
paragraph means that the number N is denoted a subgroup H

created by the generators 4,..,q,, and the numbers N+, N+/

are the cosets H+b, . ,H+b respectively.
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26:

17:

19:
38:

16:

17:
39

13

Group Z;. 1: 0+1,2.

Group Z,. 1: 0+1,2,3; 5: 2+1.

Group 7. 1: 0+1,..,4.

Group Z;. 1. 0+1,.,5; 7: 3+1,2; 10: 2+1.
Group Z,;.1: 0+1,..,6.

Group 7Z5. 1: 0+1,.,7; 9: 4+1,2,3; 13: 2+1.

Group Z,. 1:0+1,.,8; 10: 3+1,2.

Group Z,. 1: 0+1,.,9; 11: 5+1,...4; 16: 2+1.

Group Z;;. 1: 0+1,.,10.

Group Z,. 1: 0+1,.,11; 13: 6+1,.5; 19: 4+1,23; 23: 3+1,2;
2+1,

Group 73 L. 0+1,.,12.

Group 7, 1: 0+1,.,13; 15: 7+1,.,6; 22: 2+1.

Group 7. 1: 0+1,.,14; 16: 5+1,..4; 21: 3+1,2.

Group Z,xZ,.1: 00+01,10,11; 5: 01+10; 7: 16+01; 9: 11+01.

Group Z,xZ,. 1:00+01,10,.,31; 9: 01+10,20,30; 13: 20+01,10,11;
21+01,10,11; 21: 01,20+10; 23: 10+01; 25: 11+01.

Group Z xZ,. 1: 00+01,10,..,51; 13: 01+10,20,..50;
30+61,10,..,21; 25: 31+01,10,.,21; 31: 20+061,10,11; 35: 01,30+10,20;
01,20+10; 40: 10+01; 42: 11+01.

Group Z;xZ;. 1: 00+01,02,.,22; 10: 01+10,20; 13: 10+01,02,
11+01,02; 19: 12+01,02.

Group ZoxZyxZy 10 0+1,7, 9 14246, 13: 2+145;
3+1,4.5; 21: 4+1,2,3; 25: 5+1,2.3; 29: 6+1,2 3; 33: 7+1,2,3; 37: 1,2+4;
1,4+2; 41: 1,6+2; 43: 2,41, 45: 2,5+1; 47: 3,4+1; 49: 3,5+1.

Group D 1: 00+01,10,.,21; 7: 01+10,11; 10: 11+01,20;
21+01,10; 16: 10+01,
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Group D,. 1: 00+01,10,.,31; 9: 01+10,11,20; 13: 11+01,20,21;
17: 20+401,10,11; 21: 21+01,10,30; 25: 31+01,10,11; 29: 01,2010,
31:10+01; 33: 11,20+01.

Group Ds. 1: 00+01,10,..,41; 11: 01+10,11.20,21;
16: 11+01,20,21,30; 21:  21+01,10,30,31; 26 314+01,10,11 40,
31: 41+4+01,10,11,20; 36: 10+01.

Group D;. 1. 00+01,10,..51; 13: 01+10,11,..30
19: 11+01,20,21,30,3%; 25: 21+401,10,30,31,40; 31 30: +01,10,..21
37:  31+01,10,11,40,41; 43: 41+01,10,11,20,50; 9. 51+01,10,.21
55: 20+01,10,11; 59: 01,30+10,11; 62: 11,30+01,20; 65 21,30+01 10
68: 01,20+10; 70: 10+01; 72: 11,20+01.

Group D 1: 00+01,10,..,61; 15 01+10,11,..,31
22: 11+01,20,21,..,40; 29: 21+01,10,30,31,40,41; 36: 31+01,10,11,40,41,50
43:  41401,10,11,20,50,51; 50: 51+01,10,.,21,60; 57: 61+01,10,.,30
64: 10+01.

Group (g 1: 1+ij,..,-k; 9: -1+ij3k; 13: i+j; 15 j+i; 17 k+i

Group A4;. 1. 12+13,14,..43; 13: 21+13,14,31,32,34;
19: 34+13,14,.,24; 25: 43+13,14,.,24; 31 13+21,23,24 35 23+13,14,41 
390 24+13,14,31; 43: 32+13,14,21; 47 21,34+13,14.

Group Gy, 1: 00+01,02,..,32; 13: 20+01,02,.,12; 19: 01+10,20,30
23: 10+01,02; 26: 11+01,02; 29: 12-+01,02; 32: 03,20+10.

Now we number the sequences of the numbers of cosets
(regardless of the groups). The notations
"Noay+h-¢,.,a.+b.-¢," in the next paragraph msans that with the
number N (this will be an integer or an integer with a letter) a
sequence

(11,(11 +C],.,.?C71 +[ﬁcl,az,az+(;2,...,az ‘+“h:(2, IR P hi.('_&.
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is denoted.  Here, instead of "a+ b 1" "a+1-",
"a+0-c""a+b-c,d+e- [" (where d=a+bc) we write
"a+b""awe ,d","a+b-c+e- f'  respectively. The empty sequence

will be denoted with the number 1.

2a: 1; 2b: 11; 2c¢: 17; 2d: 18; 2e: 19; 2f: 20; 2g: 21, 2h: 22; 2i: 23,
2k: 33; 21: 34; 2m: 35; 2n: 36; 20: 37; 2p: 3Y9; 2q: 45; 2r: 46; 2s: 47;
2t: 48; 2u: 49; 2v: 50; 2w: 64; 2x: 65; 3a(4c): 1,5; 3b: 1,9; 3c: 1D9;
3d: 1,13; 3e: 1,16; 3f: 1,19; 3g: 1,25; 3h: 1,36; 3i: 1,39; 3} 1,45;
3k: 1,64; 31. 39D8; 3m: 3,16; 3n: 3,36; 3o: 3,64; 3p: 417, 3q: 4,37,
3r: 465; 3s: 5,16, 3t 5,36; 3u: 5,49; 3v: 5,64 3w: 6B4; 3x: 6,37;
Jy: 6,6b; 3z: 7,36; 3A: 7,64; 3B: 8,37, 3C: 8.,6h; 3D: 9,36, 3E: 9,64;
3F: 10,37, 3G: 10,65; 3H: 11,48; 3I. 11,64, 371 12,47, 3K: 12,65
3L: 13,64; 3M: 14,65; 3N: 2087; 30: 20,33; 3P: 2295; 3Q: 22,33;
3R: 32,43; 3S: 33,43; 3T: 58,71; 4a: 1,2; 4b: 14, 4c{3a): 1,5, 4d: 1,6,
de: 1,7; 4f: 1,8; 4g: 31+1; 4h: 33+1; ba: 1+2; 5b: 14,7, 5c: 1,5,9;
5d: 1,6,8; 5e: 10+2; 5f: 16+2; 5g: 21+2; 5h: 35+2; 6a: 1,793, 6b: 1,7D9;
be: 1,11B5; 6d: 1,11,36; 6e: 1,13,39; 6f: 1,1587; 6g: 1,15,64; 6h: 1,16E3;
6i: 1,1665; 6j: 1,314; 6k: 285,17, 61: 29,37, 6m: 2,15,65; 6n: 2,31,48;
o: 3,31,49; 7a: 1,9®4; 7b: 1,906, Tc: 1+2-8;‘ 7d: 1,1388; T7e: 1,13,45;
7. 1,13,47; 7g: 1,17,31; Th: 1,25,39; Ti: 1,25,45; 7. 1+2:24; Tk: 1,33,45,
M 2+28; Tm: 2,18,32; "n: 2,26,48; 70: 3B8D7; Tp: 3,19.31; Tq: 485,
r 409,47; 7s: 4,20,32; Tt: 5,23,49; Tu: 6B4E8; Tv THIDT; Tw: T+2-12;
x: 8+24; Ty: 8®4D5; Tz: 8+2.12;, TA: 88,1249, 7B. 10,2349,
7C: 126,47, 8a: 1,2,39; 8b: 1,6/45; 8c: 1,7,49; 8d: 1,8,45; 8e: 5,849,
8f. 665,48; 9a: 1+3; 9b: 1,2,7,8; 9c: 14,6,7, 9d: 31+3, 10a: 1,579,
10b:  33@6+143; 10c: 58,6992+1;, 1la: 1,59®7, 11b: 1,68]16G;
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