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Generalized Moufang G-loops

Alexander S. Basarab

Abstract

In this note some relations among generalized Moufang loops and G-loops are

considered.

A loop Q(+) is called:

(a) a G-loop [1], if every loop which is isotopic to Q(-) is also iso-
morphic to it;

(b) a generalized Moufang loop |2|, if one of the following identities
holds:

v-(yz-x) =111y -I"'z) 22, (w-y2)-x=ay- T (Iz-12);

(c) an Osborn loop [2], if the identity
2y - (Opz-z)= (v -yz)
holds, where ©, is a permutation which depends on x;
(d) a K-loop [3], if the following identities hold:
(x-ylr)-zz=x-yz and (y-x)-((I '2z)-2)=yz-z, (1)

where [z =27 ! and 7'z ="1 x;
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e) a -loop, 1f we have the equalities
VD-| if h h liti
(o= (5T and () = ()", (2)
which are true for any = € Q, where

()m - (.)(Lz,l,Lz) , w() _ (')(I,RZ,RZ) '

Any K-loop (any VD-loop) is a G-loop and any VD-loop is an Osborn
loop.

Theorem 1. A generalized Moufang loop Q(-) is a K-loop if and only
if 22 € N forany v € Q.

Proof. For a generalized Moufang loop Q(-) the property WIP is
universal [2|. Therefore, by a result from [4], one has the autotopy
T = (R,'L.,R;'Ly, L.R;"), where z = I"'(y- ). By identifying x
and y in the autotopy 7', one obtains

Ty = (R, ' Li-1(4a) , Ry 'Ly, L1 (py Ry

T

In any generalized Moufang loop [~!(z-z) = I(z-z) holds, hence T}
provides the equality

R Lipayu - R Lyv = Ly Ry ' (u - v). (3)
Let v =1 in (3), then
Ry Lies) = Liw= 1, (4)
- R _ -1 p-1 -1 —1
Identity (4) implies 1 = (Lo Ry Ry 'Ly, LiwoR;"). Hence T;

implies L 'R, is a pseudoautomorphism with the right companion
ay = RxLI_(;_x)l = (z-x)-z. Thus

(Vgzg = () Lo (5)

In any generalized Moufang loop the equalities

()= ()x (6)
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R.Li,=L'R,, L,R;, =R,'L, (7)
hold.

Let 22 € N, where N is the nucleus of the generalized Moufang
loop O(+). Since (-),2 = (-) (5) implies (-), = (-)% L=, or, in other
words,

T, = (Rm ) Lgle , Rx) = (R:v ) RyLj-, ) Rac)
(by (7)) is an autotopy, that yields yz- (I "'zz-z) = yz -z, which coin-
cides with the second equality from (1). By using (6) in the equality
(e = ()R L= we obtain I,(-) = (-)% L= and consequently, have the
autotopy

Ty = (L,'R,,Ri,L;'R, ,Rr,L,'R,) = (L' R, , L, ', L)1)

or
T;'=(R;'LyL,,L,) = (LyRry, Ly, Ly),

hence (x-yl,)-xz = x - yz, meaning that the first equality from (1) is
true. Thus, if in the generalized Moufang loop Q(-), #? € N for any
x € @, then Q(+) is a K-loop.

Now, let the generalized Moufang loop Q(-) be a K-loop, then the
equality (5) and the equality (-), = (-)R;ILZ are true and they imply
(Vaze = (")z, or ()e2=(), or 22 € N, O

Theorem 2. A generalized Moufang loop Q(-) is a VD-loop, if z* € N
whichever © € Q.

Proof. If Q(-) is a generalized Moufang loop, then (5) holds, so:
((Vaza)e = (VB L), or (e = ()Fe' Lo, Suppose z! € N,
then (-)p« = (-), hence (Bl = (), and (-), = ()%= B= . The
equalities 1,(1) = ()o = ()5 % supply (1,(-) = ()2 F) or
() = ()= "B If in the generalized Moufang loop Q(-) one has
!t € N for every x € Q, then Q(-) is a VD-loop. In each generalized
Moufang loop the equality

(Dot = ()= = (8)
holds. If the generalized Moufang loop is a VD-loop then (2) implies

()" = (). (9)



4 A. S. Basarab

(8) and (9) provide (-),« = (-), therefore z* € N. O

Theorem 3. Fach VD-loop is an Osborn loop.

Proof. Let Q(-) be a VD-loop, then the equalities (2) are true, that is
() = ()%= L=, They imply the autotopies

S=(L.,R'L,,R,'L,,L,R;"'L,)

and
S, =(L,'R,,R,L;'R, , R,L;'R,) .

By multiplying the autotopies S and S; we obtain
881 = (Ly, R,'LyRo L' Ry, Lo Ry Lo R, Ly Ry
which carries out the equality
Lou-R'L,R,L;'Ryv = L R, 'L,R,L;'R,(u-v). (10)
Let v =1 in (10) (1 is the unit of the loop Q(-)), then
R,L,=L,R;'L,R,L;'R, (11)

and
L,'R,L, = R,'L,R,L;'R,). (12)

Applying (11) and (12) to (10), we obtain

Lou-(R;'L'R,Lyv-7) = RyLy(u-v) or xu-O.wx=(x-uv)-x,

that is Q(-) is an Osborn loop. O
Theorem 3 implies

Corollary 1. The three nuclei of each VD-loop Q(-) coincide, i.e.
N, = N,, = N, = N. Moreover, N is a normal subloop in Q(-). O

Proposition 1. A K-loop Q(-) is a VD-loop if 2> € N for any z € Q.
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Proof. The following equalities are consequences of the definition of
K-loops:

(o= and ()= ()"
By means of the properties of the derived operations, one has

((a)e = ((VF)eand o(() = o(() )

or . )

(Joz = ()= B and 2() =, () M (13)
If 22 € N then

(az=1() and .2()=(). (14)

By using (14) in (13), we obtain (-) = ()% "= and (-) = ,()L;'R,,

or () = ()% B and ,(-) = (-)f L however, this means Q(-) is
a VD-loop. O

Proposition 2. A VD-loop Q(+) is a K-loop if x*> € N for any z € Q.

The proof is analogous to that of Proposition 1. 0O
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