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On loops with universal elasticity

Paraskovya N. Syrbu

Abstract

A property P of a loop Q(-) is called universal for Q(-) if it holds in every loop
isotopic to Q(-) ([1,2]). Loops with universal law of elasticity are considered in
this article. Necessary and sufficient conditions for a commutative I P-loop with

universal elasticity to be a Moufang loop are proved.

Loops with universal law of elasticity x - yx = xy - * were mentioned
in [2] and partially studied in [6]. It is our purpose in this paper to
continue the study of algebraic properties of loops with universal elas-
ticity. It was shown in [6| that the identity of elasticity z - yz = xy - x
is universal for a loop Q(-) if and only if one of identities

2\[(zy/b)(a\xb)] = a\[(ay/b)(a\zb)] (1)
or

[(bz/a)(D\yx)]/x = [(bx/a)(b\ya)] /a, (2)
holds in the primitive loop Q(-,/,\). So, the identities (1) and (2) are
equivalent in Q(-, /,\). More, they are symmetric (dual). If Q(-) is an
I P-loop then each of the identities (1) and (2) is equivalent in Q(-) to
the following identity:

[z(az - y) - zx]a = z|az - (y - zx)ad], (3)

which is universal for a loop Q(+) if and only if Q(-) is a Moufang loop.
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It is clear that each Moufang loop is a loop with universal elasticity.
More, the class of Moufang loops is strictly contained in that of loops
with universal elasticity. The following examples give loops with uni-
versal elasticity which are not Moufang.

Example 1. Let R(+,-) be the ring of integers modulo 2 and Q = R3.
Define on @) the operation (-) as follows:

Q(-) is a loop with universal elasticity of order 8 and exponent 4 (with
(0,0,0) as a neutral element). O

Example 2. Let Q(+,-) be the ring from Example 1 and Q = R3.
Define on @ the operation (+):

(i,7,k)-(p,q,r) = (i+p,j+q,k+r+ijp+ipg).
Then Q(-) is a loop with universal elasticity (not Moufang). O

In what follows will be useful the identity

(bz - ay)x - ab = bx - a(yz - ab) (4)

which is equivalent to (3). Indeed, making the substitutions:a — az~!,

x — z 'z and after this 2=' — b in (3), we find the identity (4),
and analogously, from (4) follows (3).

I. As it was shown in [6], loops with universal elasticity are strong
power-associative (i.e. each element generates an associative subloop).

Let (o) be a strong power-associative loop. Define a new loop
Q(-) as follows:

wy:x//y(il)v
where "//" is the left division in Q(o), -y~Y =1, 1 is the neutral
element of Q(-). Then

Toy= m/y(_l) ,

where " /" is the left division in Q(-).
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Proposition 1.

i) 1=-e, where e is the unit of Q(o),

1

ii) if xox ' =e, then v~ =2 = g

-1

where 'z x=x-2Y =1 for every = in Q(-).

Proof. i) Indeed, as
r=xzo0e=umx/e"V,

we have z=x-eY. So eV =1, or e=1.

i1) Q(o) is strong power-associative and
1

e=ztox =g /27D,
S0
g7 = ex(™1) = (=1,
Now
(Ny.z=e = Ny =¢c/fz=cox ! =271 O

Proposition 2. Q(-) is a LIP-loop if and only if the permutation
I:2— x7' is an antiautomorphism of Q(o).

Proof. Let Q(-) be a LIP-loop, i.e. 2! -zy =1y for every z,y in Q
hence y/xy = z~'. Making the substitution z — x/y and using the
strong power-associativity of Q(o), we get y/z = (z/y)7?, i.e.

yor '=(zoy ™)' or yloxl=(zoy)t.
The proof is reversible. 0
Remind that Bs-loops have been considered in [3, 4] by A.Gwaramija.

A loop Q(:) is called a Bs-loop (or a medial Bol loop) if Q(-,/,\)
satisfies the identity

w(y2\r) = (x/2)(y\z).

Mention that the loops from Examples 1 and 2 are Bs-loops as well.
We have below another proof of a Gwaramija’s result.
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Corollary. (A. Gwaramija [4]) If Q(-) is a left Bol loop, then Q(o)
18 a Bs-loop.

Proof. Tt is known ([2|) that a Bs-loop is a loop for which the identity

(zy) =y a7

is universal and a left Bol loop is a loop with universal LI P-property.
Let Q(o) be a Bs-loop and consider an arbitrary principal isotope
(¥) = ()@ of Q(o). If Q(o) is a Bs-loop, then I(z xy) = Iy * Ix,
or
Iax/IBy) = I(ax o By) = I(xxy) = Iy x [z = alyo flx = aly/Ifx.
So we get
Iaw/18y) = aly/ I8z,

or, making the substitution © — o 'z and after that = — z - I3y
in the last equality, we obtain:

I = aly/[[f1a (& - 1Y),
aly = Iz - [IfIa Y (x- IBy)],
or finally,
y=1Ive(zey),
where (o) = (-)©1F10759 Go if Q(-) is a left Bol loop, then each its
principal isotope (e) (defined above) has the LIP-property and this

fact implies that every principal isotope (x) = (0)(@#9 of Q(o)
satisfies the identity [(z*y) = Iy * Ix. g

Proposition 3. Q(o) is a RIP-loop if and only if Q(+) is a RIP-loop.

Proof. Let (o) be a RIP-loop. If by "//" is denoted the left division
in Q(o), then we have z//y =xy~*. So

1

(yox)ox l=y = y//o ' =yor = yr=youx

for every x, y in Q. Conversely, if yz - 271 =y for every z,y in Q
then y/x™' =wu-x or yox =y-x. So the operations (-) and (o)
coincide in both cases. o
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Let Q(o) be a loop with universal elasticity and @(-) be the loop
defined in previous propositions: z oy = x/y~! for every z,y € Q
(where (/) is the left division for (-)).

Proposition 4. Q(-) is left alternative if and only if the identity

1)2

(royoxr 12 =(zoy)o(yoar!)

holds in Q(o).

Proof. If Q(o) is left alternative, i.e. x - xy = 22 -y, for every z, y in
@, then the equality

o/ (@//y™) = (//z7)] [y

is true for every z, y in Q as z//y = zy~'. Now using x//z~' = 2* in
the previous equality (Q(o) is strong power-associative) and replacing
x by xoy ! we get:

(woy )/ /a™ = (zoy )/ /y™"

[(oy™)//a oy ' =(zoy™)?. ()

But Q(o) is a loop with universal elasticity, so it satisfies the identity

(woy)oa ' =zo(yoa)

(which is a corollary of (1) for x = b = e). From the last identity
(using y — y~'//x7!) we get

(woy )/ fzt =wo(y'//z7")

and using this identity in (5) it follows

[wo(y//a)]oy™ = (zoy™)?,
or after replacing 3! by yoxz™! in the last equality:

(oy)o(yoa™)=(voyoa™).
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The proof is reversible. o

IT. An element a of a loop Q(-) is called Moufang, if for every
z,y € Q we have ax-ya = a(zy-a) ([5]). Denote

M={aeQ :ax-ya=alzy-a) Vr,ye Q}.

The Moufang center of a loop is defined as the set of all elements c
such that

ry=cr-cy

for all z,y € Q. It is known ([5]), that the Moufang center of a Mo-
ufang loop Q(-) is a commutative subloop of Q(:). More, if N is the
nucleus, C' is the Moufang center and Z is the center of a Moufang
loop, then NN C = Z. For an arbitrary loop Q(-) the fact that ¢ € C
does not necessarily imply cz = zc.

Proposition 5. The Moufang center C(-) of an I P-loop with univer-
sal elasticity Q(-) is a commutative subloop of Q(-).

Proof. Let a € C and put y = e in a®-xy = ax-ay, where e is the
unit of Q(-). We get

a’r = a*(ze) =ar-a=a-za.

So

a-r=a-ar=a-zxa

and axr = xa for every z € ). Here was used the law of left alterna-
tivity which holds in 7 P-loops with universal elasticity as was proved
in [6]. We shall prove below that C(-) is a subloop of Q(:). If a € C
then replacing x by au and y by av in the equality a? - 2y = ax - ay
we get

2 2 4 2 2

a*(au - av) = a®u-a*v, or a*-wv =d*u-a*v
for every u,v € Q. Hence a®> € C. Let a,b € C. Then
a*(b? - xy) = a*(bx - by) = (a® - bx)(a* - by) = (ab - ax)(ab - ay),
for every z,y € ). But

a*(b* - zy) = a®b? - (a® - xy) = a*b* - (ax - ay),
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for every z,y € ) and
a’b* = a* - bb = ab - ab = (ab)?,
so we get
(ab)?(az - ay) = (ab - az)(ab - ay) ,
for every z,y € @, i.e. abe C. If a € C' then we get

a2 w=atu- a_lv,

1 1

after replacing by a™'u and y by a v in a®- 2y = ax - ay. So,
a~' € C and C(-) is a commutative subloop of Q(-). O

Corollary. If Q(:) s an [P-loop with universal elasticity then
C<M<Q. O

The following proposition contains some properties of the Moufang
elements in / P-loops with universal elasticity.

Proposition 6. Let Q(-) be an IP-loop with universal elasticity.
Then a € M if and only if at least one of the equalities

i) (ax-y)r =a-zyz, i) aza-y=a(x-ay),
i) z(y-za) =zyx - a, i) x-aya = (za-y)a,
v) Ty-ar=z-ya-x, Vi) Ta-Yyr=x-ay-x

holds for every x,y € Q.

Proof. To prove this proposition we need the following identities which
are corollaries of (3) and (4):

(@) (o-ay-z)a=ala-yz-a),
b) (uwv - zu)v = u(vz - uw),

) (- uy) ww = ofuly - w)],

) vu - (yu-v) = [(vu - y)ulv.
Indeed, the identity (a) can be obtained from (3) taking z = e; the
identity (b) is a corollary of (4) for * — b~'u, a — vb™', y =15 and
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after this b~! = z; the identity (c) was obtained replacing = by 27!,

a by uz~! and after that 2~ by v in (3); (c) and (d) are symmetric.
Consider ¢ € M and substitute = by ¢ in (a):
(c-ay-c)a=cla-yc-a).
Hence
(ca-yc)a=cla-yc-a)
or, replacing yc by y:
(ca-y)a=c-aya
for every a,y € @, so i) is proved.
Analogously, taking v = ¢ in (b) we get: czc-v = c¢(z - cv) for
every v,z € (), i.e. ii) holds. For a = ¢ in (a) we have:
(x-cy-x)e=x(c-yz-c)=z(cy-xc),
SO
(x-cy-x)e=x(cy-xzc),
and after replacing cy by y: zyz-c=x(y-zc) for every z,y € Q,
i.e. iii) is proved.
Taking v = ¢ in (b) we get
(uc- zu)e = u(cz -uc) =u(c- zu-c),
S0
(uc - zu)c = u(c- zu - c)
or, replacing zu by z: (uc-x)c=u-czc for every u,z € @, i.e. iv)
is proved.
Substitute now u by ¢ in (c¢) and using ii) we get:
(v cy)ev = vle(y - cv)] = v(eye - v),
hence
(v-cy)-cv=uv(cyc-v),
or vz-cv = v(zc-v), where by z was denoted cy, ie. we get v).
Analogously, taking u = ¢ in (d) we have:

ve- (ye-v) = [(ve-y)cv = (v- eyc)o,
ve- (ye-v) = (v-cyc)v,

or (putting yc = 2) vc-zv = (v-cz)v, for every v,z € @), i.e. vi) is
proved. In each of this cases the proof is reversible, so Proposition 6
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is proved. O

A bijection v on @ is called a right (left) pseudo-automorphism of
a quasigroup Q(-) if there exists at least one element ¢ € @) such that

o (vy o) =vxy)-c,  (c-yx)yy =c-y(ay),
for every z,y € Q. The element c¢ is called a companion of ~ ([1,5]).
It is known ([1]), that every companion of a pseudo-automorphism in
I P-loops is a Moufang element. Let Q(-) be a loop with the law of
elasticity. A bijection © on @ is called a semiautomorphism of Q(-), if

O(xyxr) = Oz - Oy - Ox

for every z,y € @ and Oe = e. It is known ([1]) that every pseudo-
automorphism of a Moufang loop is its semiautomorphism.

Proposition 7. Any pseudo-automorphism of an IP-loop Q(-) with
universal elasticity is its semiautomorphism.

Proof. Let ¢ be a pseudo-automorphism of a loop Q(+) with universal
elasticity and ¢ be a right companion of ¢. Since

p(zy) - c=px-(py-c)
for every x,y € @, then

pleyz) - c =z - [p(yr) - = ez - [py - (pz - o)) = (pz - @y - pr)c

because ¢ is a Moufang element and so we can apply here iii) from
Proposition 6. Hence ¢(zyz) = @x - py - oz for every z,y € Q. The
proof is analogous in the case when c is a left companion of ¢. Note
that we = e for every pseudo-automorphism of an I P-loop with uni-
versal elasticity. Indeed, such loops are left and right alternative, so
taking x =y =e in p(ay) -c=px-(py-c), we get pe-c= (pe)’c,
thus e = ge.

ITI. Let Q(+) be an I P-loop with universal elasticity and define on
@ the operation (+) by
Tr+y= xyflx
for every z,y € Q. Then the groupoid Q(+) is called the core of Q(-).
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Remind ([1]) that the core of a Moufang loop Q(+) is a left-distributive
groupoid and it is a quasigroup if and only if the mapping z — z? is
a permutation on (). For our class of loops an analogous proposition
is true.

Proposition 8. The core Q(+) of an I P-loop with universal elasticity
is a quasigroup if and only if the mapping x — x* is a permutation

on Q.

Proof. Let Q(+) be a quasigroup. Then there exists for each a € @ an

unic element = € () such that = 4+ e = a, where e is the unity of the

loop Q(+). So the equation ze 'x = x? = a has an unique solution in

Q(-) and consequently, = — z? is a permutation on Q.

Conversely, suppose that the mapping v : + — 22 is a permuta-
tion on Q. The equation a +x = b where a,b € Q or ax 'a =b has
the unique solution = = ab~'a. Consider now the equation x +a = b,
i.e. xa 'z = b, where a,b € Q. The last equation is equivalent to
za 'z - a™' = ba'. Returning to (3) and making the substitution
r=e, y=a, weget

[(az-a)z]la=az- (az-a),
or, using the alternativity of Q(-),
(az-a)z-a=(az)*-a,
so by (a) from Proposition 6:
aza-z=a-zaz = (az)?
for every a,z € Q. Now the considered equation z - a 'za™! = ba™*
can be represented as follows:

(ra™1)? = ba™!

and it has an unique solution because v is a permutation on ). U

Note that the core of an [P-loop with universal elasticity is a
groupoid with the law of elasticity. Indeed, using (c),

(x+y)+r=ay o (7t ay o) =ay ey ta =
=a(y ey =2y ey - x) =a(yrTly) e =2 + (y + )
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for every z,y € Q.

Proposition 9. The core Q(+) of an I P-loopQ(+) with universal elas-
ticity 1s a left-distributive groupoid if and only if the following identity

x(y-zrze - y)r = xyx - 2 - xYT (6)
holds in Q(-).

Proof. Let Q(+) be a left-distributive groupoid, i.e.

z+(y+z)=(@+y +(@@+2),
or
vy tzy e =ay ez oyl
After replacing y~! by y and z by xzz in the last identity we shall
obtain (6). O

Corollary 1. (|1]) The core of a Moufang loop is a left-distributive
groupoid. U

Corollary 2. If Q() is a commutative I P-loop with universal elas-
ticity for which the mapping v — z* is a bijection, then Q(-) is
a commutative Moufang loop if and only if its core Q(+) is a left-
distributive quasigroup.

Proof. Let Q(+) be a left-distributive quasigroup. The identities of
alternativity and the identity (d) hold in Q(-) (see [6]). So, from (6)
we have:
22(y? - 222) = (%)% = 2t - 2 = 2%yt - 2.
For 22 — x and y? — y in the last identity we get
x(y-zz) =xyx - 2,

thus @(-) is a commutative Moufang loop. The converse statement is
proved in [1]. O
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Proposition 10. The core Q(+) of an IP-loop Q(-) with universal
elasticity is right-distributive if and only if the identity

TYT - 2 YT = TIT - Y2 Y - T2 (7)

holds in Q(-).

Proof follows from the law of right-distributivity. |

Corollary. Let a quasigroup Q(+) be the left-distributive core of an
I P-loop with universal elasticity Q(-). Then Q(+) is right-distributive
if and only if the identity

zytr = yr’y (8)
holds in Q(-).

Proof. Let Q(-) be a loop with the identity (8). For y — zyz in (8)
we get

r(2yz)ir = zyz - 2? - 2yz2
or, using the left-distributivity of Q(+) and (8):
r(zyz)’e = 2(y - 222 - y)z.
Now we shall apply (8) to the last identity:

v(zy2)’r = 2(y - xv2%x - y)z,

or, after replacing y — 2 tyz~!:

vytr = z2(z 7yt x2?r 2y 2
So
1

1 1

leayr oz =2y e oy

1

and, making the substitutions y — y?, 2 — 27! in the last identity

and using (8),

2-ytaly? -z =yly - a2ty
But Q(+) is a left-distributive groupoid, hence taking z = e in (6),
we get

r-yrdy - x = (vyz)?.
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Thus from (8) and the last identity it follows

r-2yte - x = 2¥yPa? = (wvyx)?

((xPy)x? = 2P (yz?) in all IP-loops) and from these identities, using
(8), we get
2yay)z = y2ty - w2 e - Y22y,
or
yry - 22 - yry = y2?y - vz 2r - y2ty.

2

Making the substitution z* — 2 in the last identity, we obtain

yry -z - yry = yzy w2 lw - yzy,
i.e. Q(+) is right-distributive.
Conversely, let Q(+) be a right-distributive and left-distributive
groupoid. Then the identities (6) and (7) hold in Q(-). Hence

r(y-x2x-y)r = x20 - Y2 ly - w2,

and for z =¢
x-yr?y-x =2 =x -y o,

Thus yz?y = zy?x, which completes the proof. O
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