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Quadratical quasigroups

Wiesªaw A. Dudek

Abstract

Quadratical quasigroups, which have a beautiful geometrical interpretation, are
characterized by commutative groups and some of their automorphisms.

A groupoid (G, ·) is said to be quadratical if the identity

xy · x = zx · yz (1)

holds and the equation ax = b has a unique solution x ∈ G for all
a, b ∈ G.

Quadratical groupoids arose originally from the geometrical situa-
tion described by the �eld of complex numbers C and the operation
∗ on C de�ned by

x ∗ y = (1− q)x + qy ,

where q = 1
2
(1 + i) (cf. [3] or [4]). The geometrical interpretation of

(G, ∗) motivates us to the further study of quadratical groupoids.
Quadratical groupoids are idempotent quasigroups (cf. [4]). Such

quasigroups are also medial and distributive (cf. [4]). This means (cf.
Theorem 8.3 from [2]) that such quasigroups are transitive. Hence (cf.
Theorem 8.1 from [2]) every quadratical groupoid is isotopic to some
commutative Moufang loop.

The above results together with the above example suggest that
every quadratical groupoid may be described by some commutative
group and some of its automorphisms.
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Theorem. A groupoid (G, ·) is a quadratical quasigroup if and only
if there exists a commutative group (G, +) in which for every a ∈ G
the equation z + z = a has a unique solution z = 1

2
a ∈ G and ϕ, ψ are

automorphisms of (G, +) such that for all x, y ∈ G

xy = ϕ(x) + ψ(y), (2)

ϕ(x) + ψ(x) = x, (3)
2ψϕ(x) = x. (4)

Proof. Since a quadratical groupoid (G, ·) is a transitive distributive
quasigroup, then from results obtained in [1] it follows that there exists
a commutative group (G, +) and its automorphisms ϕ, ψ such that
(2) and (3) hold.

Replacing in (1) an element x by 0 (i.e. by the neutral element of
(G, +)) and applying (2) we obtain

ϕψ(y) = ϕ2(z) + ψϕ(y) + ψ2(z),

which for y = 0 gives

ϕ2(z) + ψ2(z) = 0. (5)

Hence
ϕψ(y) = ψϕ(y) (6)

for every y ∈ G.
Since from (3) immediately follows ϕ2(x) + ϕψ(x) = ϕ(x) and

ψ2(x) + ψϕ(x) = ψ(x), then

ϕ2(x) + ψ2(x) + ϕψ(x) + ψϕ(x) = ϕ(x) + ψ(x) = x,

which together with (5) and (6) implies (4).
Now applying (2) and (6) to the identity y = xy · yx, which holds

in all quadratical groupoids (cf. [4] Theorem 1) we obtain

y = ϕ2(x) + ϕψ(y) + ψϕ(y) + ψ2(x) = ϕψ(y) + ϕψ(y) .

Hence
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ϕ−1(y) = ψ(y) + ψ(y)

for all y ∈ G. This proves that every a ∈ G (a = ϕ−1(y)) may be
written as a = z + z.

If also a = u + u for some u ∈ G, then there exists v ∈ G such
that u = ψ(v). Hence

a = ψ(v) + ψ(v) = ϕ−1(v) ,

which gives ϕ−1(y) = ϕ−1(v). Thus y = v and, in the consequence,
z = u. This proves that the equation a = z + z has a unique solution
for every a ∈ G.

Conversely, assume that (G, +) is a commutative group in which
for every a ∈ G there is only one x = 1

2
a such that x + x = a. If

ϕ and ψ are automorphisms of (G, +) satisfying (3) and (4), then
a groupoid (G, ·) de�ned by (2) is a quasigroup and its quasigroup
operation may be written in the form

xy = x + ψ(y − x). (7)

From (3) and (4) we obtain also

ψ2(x)− ψ(x) =
1

2
x

for all x ∈ G.
This together with (7) (after some simpli�cations) gives

xy · x = x− ψ(x) + ψ2(x) + ψ(y)− ψ2(y) = 1
2
x + 1

2
y ,

zx·yz = ψ(x)−ψ2(x)+ψ(y)−ψ2(y)+z−2ψ(z)+2ψ2(z) = 1
2
x+ 1

2
y,

which proves (1). Hence this groupoid is a quadratical quasigroup.

Corollary 1. A �nite quadratical quasigroup has odd order.
Proof. Indeed, by Cauchy's theorem, in a group of even order there
are at least two elements x satisfying x + x = 0.
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Corollary 2. A quadratical groupoid de�ned by the additive group of
a �eld (F, +, · ) with char F 6= 2 has the form

x ∗ y = ax + (1− a)y ,

where a ∈ F is a solution of the equation

2a2 − 2a + 1 = 0 . (8)

Proof. All automorphisms of the additive group of F have the form
ϕ(x) = ax , where a ∈ F. Moreover, (3) and (4) are equivalent to (8).
Hence a quasigroup de�ned by ϕ(x) = ax and ψ(x) = (1 − a)x is
quadratical if and only if a satis�es (8).

Now we compute all quadratical quasigroups of order n ≤ 24. As
it is well known commutative groups of odd order n ≤ 24 are (up to
isomorphism) either Zn or Z3×Z3. In the �rst case all automorphisms
have the form ϕ(x) = ax, where a ∈ {1, 2, ..., n − 1}. Hence, by the
Theorem, all quadratical quasigroups de�ned on Zn have the form
xy = ax+by, where a+b ≡ 1(mod n), 2ab ≡ 1(mod n) and n is odd.
Direct computations show that for odd n ≤ 24 the last two equations
have solutions (listed bellow) only for n = 5, 13, 17.

n 5 13 17

a 2 4 3 11 7 11

b 4 2 11 3 11 7

This means that a quadratical quasigroup de�ned on the group
Zn , n ≤ 24, has the form

x ∗ y = 2x + 4y(mod 5),
x ∗ y = 4x + 2y(mod 5),
x ∗ y = 3x + 11y(mod 13),
x ∗ y = 11x + 3y(mod 13),
x ∗ y = 7x + 11y(mod 17),
x ∗ y = 11x + 7y(mod 17).



Quadratical quasigroups 13

In the second case, all automorphisms are determined (as a linear
transformations of the vector space Z3 × Z3 ) by some matrices (in
the basis e1 = (1, 0), e2 = (0, 1) ) such that A + B ≡ I(mod 3) and
2AB ≡ I(mod 3). Direct calculations show that the matrix A has the
forms:[

0 1
1 1

]
,

[
0 2
2 1

]
,

[
1 1
1 0

]
,

[
1 2
2 0

]
,

[
2 1
2 2

]
,

[
2 2
1 2

]
.

Computing B and replacing obtained matrices by corresponding linear
transformations, we see that the quadratical quasigroup de�ned on the
group Z3 × Z3 has one of the following forms:

(x, y) ∗ (z, u) = (y + z + 2u , x + y + 2z),

(x, y) ∗ (z, u) = (2y + z + u , 2x + y + z),

(x, y) ∗ (z, u) = (x + y + 2u , x + 2z + u),

(x, y) ∗ (z, u) = (x + 2y + u , 2x + z + u),

(x, y) ∗ (z, u) = (2x + y + 2z + 2u , 2x + 2y + z + 2u),

(x, y) ∗ (z, u) = (2x + 2y + 2z + u , x + 2y + 2z + 2u).
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