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On topological n-semigroups

Vladimir V. Mukhin

Abstract

We study n�ary semigroups with a topology. We established the conditions under
which topology from n�semigroup is continuing to enveloping semigroup up to
topology coordinated with semigroup operation.

1. Introduction
The same set may be a carrier of an algebraic structure and a topo-
logical space structure at once. As this takes place, the algebraic
operations are assumed to be continuous in the appropriate topology.
This permits using both the algebraic and topological methods simul-
taneously for investigation of those objects.

The subjects of this article are n-semigroups with topology. In this
work there been obtained the results concerning the continuity of n-
ary operation, established the conditions under which topology from
n-semigroup is continuing to enveloping semigroup up to topology
coordinated with semigroup by operation. There has been introduced
the notion of right (left) reversible n-semigroup and was shown that
if on such semigroup with locally compact topology the translations
are continuous, then n-ary operation is continuous and n-semigroup is
topologically imbedded into local compact group.

We keep to the terminology from [8]. However, we write n-semigroup
and n-group instead of n-ary semigroup, n-ary group. If < X, ( ) >
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is n-semigroup and cn−1
1 ∈ Xn−1, then the mapping x 7→ (ck

1xcn−1
k+1)

from X to X is called translation. If each translation of < X, ( ) >
is injective then < X, ( ) > is called a cancellative n-semigroup. Let
a1, ..., ak, cl+1, ..., cn be the elements of n-semigroup < X, ( ) > and
Bk+1, ..., Bl be the subsets of this semigroup. Image of Cartesian
product {a1} × ... × {ak} × Bk+1 × ... × Bl × {cl+1} × ... × {cn}
on mapping ( ) we will designate as (ak

1B
l
k+1c

n
l+1). By symbol Xk

we designate Cartesian product of k specimens of the X set and set
{x1...xk : x1, x2, ... , xk ∈ X} if X is the subset of binary semigroup.

2. Topological n�semigroups and groups
A triple < X, ( ), τ > is called a topological n-semigroup if X is a
nonempty set, τ is a topology on X and ( ) : Xn → X is an associative
operation, which is a continuous mapping.

Let < X, ( ) > be an n-semigroup and an−2
1 ∈ Xn−1. Then formula

x ∗ y = (xan−2
1 y) (x, y ∈ X) (1)

de�nes an associative binary operation ∗ on X, which is continuous if
< X, ( ), τ > is a topological n-semigroup.

If τ is any topology on an n-semigroup < X, ( ) > and the opera-
tion ∗ is continuous then the n-ary operation ( ) may be disconnected.
This illustrates the next example.

Example 1. Let X = (1, +∞), n > 2 and the operation ( ) be an
ordinary sum of n numbers. The topology τ on X we de�ne with help
of the next base {(a, b) : 1 < a < b < ∞} ∪ {n + 1} of open sets.
Then the operation ( ) is disconnected in the point cn

1 ∈ Xn, where
ci = (n + 1)/n, i = 1, 2, .., n. But the operation ∗ is continuous if
an−2

1 ∈ Xn−2 and a1 + ... + an−2 > n− 1.

Theorem 1. Let n�semigroup < x, ( ) > and a topology τ on X
be such that for a certain sequence an−2

1 ∈ Xn−2 the binary operation
∗ de�ned by the formula (1) is continuous, for a certain a ∈ X the
identity (xan−2

1 a) = x is realized and the translation β(x) = (axan−2
1 )
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is continuous. Then < X, ( ), τ > is a topological n�semigroup.

The proof of this theorem is given in [4].

Theorem 2. Let < x, ( ) > be an n�semigroup and let a locally com-
pact topology τ on X be such that for certain sequence an−2

1 ∈ Xn−2

and for each x ∈ X translations x 7→ (xan−2
1 z), x 7→ (zan−2

1 x) are
continuous and open. Moreover, let for a certain a ∈ X the identity
(xan−2

1 a) = x is realized and the translation β(x) = (axan−2
1 ) is con-

tinuous. If a binary semigroup < X, ∗ >, where ∗ is de�ned by (1),
is algebraically embedded into a binary group, then < X, ( ), τ > is a
topological n�semigroup.

Proof. Let G be a binary group such that < X, ∗ > is its subsemigroup
which generates G. By Corollary 2.3 from [6] (see also [7]) G admits
a unique locally compact topology τG making it a topological group
such that τ ⊂ τG . Then the binary operation ∗ de�ned by (1) is
continuous.

A triple < X, ( ), τ > is called a topological n-group if < X, ( ) >
is an n-group, the operation ( ) is continuous and the solution x of
each equations (xbn−1

1 ) = b and (bn−1
1 x) = b is continuously depend

on bn−1
1 b ∈ Xn. This de�nition is equivalent the de�nition topological

n-group which gives G. Crombez and G. Six in [1] for n > 2 and
it is equivalent the de�nition topological n-group which gives S. A.
Rusakov for n > 1 (cf. [8]).

Note that if < X, ( > is an n�group the for every an−2
1 ∈ Xn−2 there

exists an uniquely determined element a ∈ X such that (xan−2
1 a) = x

for any x ∈ X. This element is called right inverse to the sequence
an−2

1 .

Theorem 3. Let < X, ( ) > be a cancellative n-semigroup and τ be
a compact topology on X such that each translation in < X, ( ), τ > is
continuous. Then < X, ( ), τ > is a topological n-group.

Proof. Let an−2
1 ∈ Xn−2 and ∗ be a binary operation on X which

is de�ned by formula (1). Then < X, ∗ > is the binary cancella-
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tive semigroup, each a translation < X, ∗, τ > is continuous and τ
is a compact topology. Hence, < X, ∗, τ > is the compact binary
group. Let a be a neutral element of this group and cn−1

1 c ∈ Xn.
The equation x ∗ (acn−1

1 ) = c has the solution in < X, ∗ >. As
x ∗ (acn−1

1 ) = (xan−2
1 acn−1

1 ) = ([x ∗ a]cn−1
1 ) = (xcn−1

1 ), then the equa-
tion (xcn−1

1 ) = c is solved in < X, ( ) >. It is similarly shown that
the equation (cn−1

1 x) = c is solved in < X, ( ) >. Hence, by results
obtained in [4], < X, ( ) > is a topological n-group.

3. Enveloping semigroups
Let < X, ( ) > be an n-semigroup. A binary semigroup < S, • > is
called an enveloping semigroup for < X, ( ) > if X ⊂ S, (xn

1 ) = x1...xn

for each sequence xn
1 ∈ Xn and S = X∪X2∪...∪Xn−1. An enveloping

semigroup < S, • > for < X, ( ) > is called the universal enveloping
semigroup if the sets X, X2, ..., Xn−1 are disjoints. The smallest uni-
versal enveloping semigroup is called the universal covering semigroup.
In [3] is mentioned that S. Markovski proved that for any cancellative
n-semigroup exists a cancellative enveloping (universal) semigroup.

Theorem 4. Let < X, ( ), τ > be a cancellative n-semigroup and let τ
be a topology on X such that each translation of < X, ( ), τ > is contin-
uous and open. Then there exists an universal enveloping semigroup
< S, • > for n-semigroup < X, ( ) > and there exists a topology τS

on S such that each translation of < S, •, τ > is open and continuous
mapping, X, X2, ..., Xn−1 ∈ τS and restriction of τS to X is the same
as τ . If the topology τ is Hausdor� then the topology τS is Hausdor�.
If the topology τ is locally compact then τS is locally compact topology.

Proof. Let < S, • > be a cancellative universal enveloping semigroup
for an n-semigroup < X, ( ) >. Then S = X ∪X2 ∪ ... ∪Xn−1, where
X i = {x1...x1 : x1, ..., xi ∈ X} and X i ∩Xj = ∅ if i 6= j. Let
A = {a1...akBb1...bl : 0 ≥ k, l ≥ n− 1, B ∈ τ, ak

1 ∈ Xk, b l
1 ∈ X l } .

We show that there exists a unique topology τS on S having A as
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a basis open sets.
Let a1...akAc1...cl∩d1...dsBb1...bm 6= ∅, where 0 ≥ k, l, s, m ≥ n−1,

A,B ∈ τ and ak
1, b

m
1 , cl

1, d
s
1 are the sequences of elements from the

n-semigroup X.
We must consider the following four cases:

a) k + l < n− 1, s + m < n− 1,
b) k + l < n− 1, s + m ≥ n− 1,
c) k + l ≥ n− 1, s + m < n− 1,
d) k + l ≥ n− 1, s + m ≥ n− 1.

a) Let k + l < n− 1 and s+m < n− 1. Then k + l = s+m and there
exists a ∈ A, b ∈ B such that

a1...akac1...cl = d1...dsbb1...bm .
Let x ∈ X . Then

(
(n−k−l−1)

x ak
1ac l

1) = (
(n−k−l−1)

x ds
1bb

m
1 ) .

The set (
(n−k−l−1)

x ak
1Ac l

1) is nonempty and belongs to τ . As all
translations of < X, ( ), τ > are continuous, then there exist U ∈ τ
and b ∈ U ⊂ B such that

(
(n−k−l−1)

x ds
1Ubm

1 ) ⊂ (
(n−k−l−1)

x ak
1Ac l

1) .
From here we have

xn−k−l−1d1...dsUb1...bm ⊂ xn−k−l−1a1...akAc1...cl

in S. As S is a cancellative semigroup, then
d1...dsUb1...bm ⊂ a1...akAc1...cl .

Hence
d1...dsUb1...bm ⊂ a1...akAc1...cl ∩ d1...dsBb1...bm .

b) Let k + l < n− 1, s + m ≥ n− 1. Then s + m = n− 1 + k + l. Let
x ∈ X. Then for any a ∈ A and b ∈ B we have

(
(n−k−l−1)

x ak
1ac l

1) = (
(n−k−l−1)

x ds
1bb

m
1 ) .

Then, as above, there exists U ∈ τ and b ∈ U ⊂ B such that
d1...dsUb1...bm ⊂ a1...akAc1...cl ∩ d1...dsBb1...bm .
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c) Analogously as b).
d) Let k + l ≥ n− 1, s + m ≥ n− 1. Then

d1...dsBb1...bm = d1...ds+m+1−n(ds
s+m+2−nBbm

1 ) = d1...ds+m+1−nB1 ,
where B1 = (ds

s+m+2−nBbm
1 ) ∈ τ and

a1...akAc1...cl = a1...ak+l+1−n(ak
k+l+2−nAc l

1) = a1...ak+l+1−nA1 ,
where A1 = (ak

k+l+2−nAc l
1) ∈ τ . By the case a) there exists U ∈ τ

such that d1...dsUb1...bm ⊂ a1...akAc1...cl ∩ d1...dsBb1...bm. It is clear
that ∪{B : B ∈ A} = S. But then there exists an unique topology
τS on S such that A is a basis of open sets for this topology.

As Xk = ∪{x1...xk−1X : xk−1
1 ∈ Xk−1}, then Xk ∈ τS for k =

1, 2, .., n − 1. It is clear that τ ⊂ τS . Let A 3 a∞...a‖Bb∞...bl ⊂ X .
Then either k = 0, l = 0 and hence τ 3 B = a1...akBb1...bl , or
k+ l = n−1 or k+ l = 2n−2 and then a1...akBb1...bl = (ak

1Bbl
1) ∈ τ ,

as the translations of < X, ( ), τ > are open. Hence, restrictions of τS

to X coincide with τ .
Let A ∈ τ , and let ak

1, bl
1, xs

1 be the sequences of elements of X and
0 ≥ k ≥ n − 1, 0 ≥ l ≤ n − 1. Then the set .x1...xs{a1...akAb1...bl}
is equal to x1...xsa1...akAb1...bl , if s + k ≥ n − 1 and it is equal to
(xs

1a
n−s
1 )an−s+1...akAb1...bl , if s + k > n − 1, i.e. this set belongs to

A. Hence, the left translations of < S, •, τs > are open. The right
translations case is proved as above.

Let a = a1...ak , b = b1...bl , where ai, bj ∈ X, 1 ≥ k ≥ n − 1,
1 ≥ l ≥ n− 1. Let U be a neighbourhood of ab in the topology τS.
We can suppose that U = c1...csBd1...dm, where 0 ≥ m, s ≥ n − 1
and B ∈ τ . Let k+ l < n and s+m < n−1 . Then k+ l = s+m+1
and for x ∈ X we have

(
(n−k−l)

x ak
1b

l
1) ∈ (

(n−k−l)
x cs

1Bdm
1 ).

As all translations of X are open, then the set (
(n−k−l)

x cs
1Bdm

1 )

is open in X. The translation y 7→ (
(n−k−l)

x ak
1b

l−1
1 y) is continuous.

Hence, there exists an open neighbourhood V of bl such that

(
(n−k−l)

x ak
1b

l−1
1 V ) ⊂ (

(n−k−l)
x cs

1Bdm
1 ) .

As S is a cancellative semigroup we have
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a1...akb1...bl−1V ⊂ c1...csBd1...dm ⊂ U .
As b1...bl−1V is neighbourhood of b in the topology τS, then left
translations of < S, •, τS > are continuous.

Let k + l ≥ n, s + m < n − 1. Then k + l = s + m + n and for
x ∈ X we have (

(2n−k−l)
x ak

1b
l
1) ∈ (

(2n−k−l)
x cs

1Bdm
1 ). As shown above we

can see that left translations of < S, •, τS > are continuous.
Let k + l < n and s + m ≥ n− 1. Then k + l + n− 1 = s + m + 1.

Therefore, for x ∈ X we have (
(2n−s−m−2)

x ak
1b

l
1) ∈ (

(2n−s−m−2)
x cs

1Bdm
1 )

and again as shown above we see that left translations of < S, •, τS >
are continuous.

If k + l ≥ n, s + m ≥ n − 1 then we have k + l = s + m + 1.
Let x ∈ X. Then we have (

(2n−k−l−1)
x ak

1b
l
1) ∈ (

(2n−k−l−1)
x cs

1Bdm
1 ) and

again left translations of < S, •, τS > will be continuous.
Let τ be a Hausdor� topology. Let a, b ∈ S, a 6= b. If a ∈ Xk,

b ∈ X l, k 6= l, 1 ≥ k, l ≥ n − 1, then Xk ∩ X l = ∅, Xk is the
neighbourhood of a and X l is the neighbourhood b. If a, b ∈ X,
then the disjoint neighbourhoods of this points in the space X are
the disjoint neighbourhoods of this points in the space < S, •, τS >.
Let a = a1...ak, b = b1...bk, where k ∈ {2, ..., n− 1} and ak

1, bk
1 are the

sequences of points of X. If x ∈ X then (
(n−k)

x ak
1) 6= (

(n−k)
x bk

1), because
S is a cancellative semigroup. Hence, open disjoint neighbourhoods of
U and V of points (

(n−k)
x ak

1) and (
(n−k)

x b k
1 ), respectively, exist. Then

λ−1(U)∩λ−1(V ) = ∅, where λ(t) = xn−kt, t ∈ S, is the left translation
of < S, •, τS >. Hence, λ−1(U) and λ−1(V ) are neighbourhoods of
points a and b, respectively, in the space < S, •, τS >. So the topology
τS is Hausdor�.

Let τ be a locally compact topology. The mapping x 7→ a1a2...akx,
where x ∈ X , is homeomorphisme between the open subset U of X
and open subset ak

1X ⊂ Xk+1 of the space < S, •, τS >. Hence,
each point of the space < S, •, τS > has a compact neighbourhood.
And so τS is a Hausdor� topology, therefore τS is a locally compact
topology.

Theorem 5. Let < X, ( ), τ > be a topological n-semigroup such that
for a certain p ∈ {0, 1, ..., n−1} and for any cn−1

1 ∈ Xn−1 the trans-
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lation x 7→ (cp
1xcn−1

p+1 ) is open. If the universal enveloping semigroup
< S, • > for n-semigroup < X, ( ) > is cancellative semigroup, then
the collection

B = {A1...Ak : Ai ∈ τ, i = 1, 2, ..., k, k = 1, 2, ..., n− 1 }
is the base of topology τS on the enveloping semigroup < S, • >, where
each set X i ⊂ S (i = 1, 2, ..., n − 1) is open; restriction of τS to X
is the same as τ and the semigroup's operation is continuous. If each
translation of < X, ( ), τ > is open, then any translation of < S, •, τS >
is open too.

Proof. Note, that ∪{B : B ∈ B } = S. If A = A1...Ai ∩ B1...Bj 6= ∅,
where 1 ≥ i, j ≥ n − 1 and A1...Ai , B1...Bj ∈ τ , then i = j. Let
g ∈ A and let a be a certain but �xed an element of X. Then
a1 ∈ A1 , ... , ai 6= Ai are such that g = a1...ai . The set

(
(l)
a B1...Bi

(n−i−l)
a ) =

⋃
b1∈B1 , ... , bi∈Bi

(
(l)
a b1...bk−1Bkbk+1...bi

(n−i−l)
a )

is the open neighbourhood of (
(l)
a g

(n−i−l)
a ) , if k and l are chosen

so 1 ≥ k ≥ j, l + k = p + 1. As n-ary operation ( ) is continuous,
then for every m = 1, 2, ..., i, there exists the open neighbourhoods
Fm of points am such that (

(l)
a F1...Fi

(n−i−l)
a ) ⊂ (

(l)
a B1...Bi

(n−i−l)
a ).

Using the cancellation in S we have F1...Fi ⊂ B1...Bi . This proves
that am ∈ Gm = Am ∩ Fm ∈ τ and g ∈ G1...Gi ⊂ A1...Ai ∩ B1...Bj.
Hence, there exists a unique topology τS on S having B as a base of
open sets. Notice that X,X2, ..., Xn−1 ∈ τS and τ ⊂ τS. As for any
U ∈ τS, U ⊂ X we have U ∈ τ , then restriction of τS to X coincides
with τ .

Now we show that < S, •, τS > is a topological semigroup. Let
s = a1...ai, t = b1...bj, where a1, ..., ai, b1, ..., bj ∈ X and 1 ≥ i, j ≥
n − 1, and let g = st. If C ∈ B and g ∈ C, then C = C1...Ck, where
any Cl ∈ τ and Cl 6= ∅. Let cl ∈ Cl be so that g = c1...ck. If i+ j < n,
then we have ab = a1...aib1...bj = c1...ck and by hypothesis of the
theorem we conclude that k = i + j. Using cancellativity in S and
continuity of n-ary operation ( ) we conclude that there exists open
neighbourhoods A1, ..., Ai of points a1, ..., ai and open neighbourhoods
B1, ..., Bj of points b1, ..., bj such that A1...AiB1...Bj ⊂ C1...Ck = C.
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Note that A = A1...Ai is open neighbourhood of s and B1...Bj is
open neighbourhood of t. So AB ⊂ C.

Let i + j ≥ n and let a = (ai
1b

n−i
1 ). Then abn−i+1...bj = c1...ck.

As shown above we conclude that k = i + j − n − 1 and that there
exists open neighbourhoods F of point a and Bn−i+1, ..., Bj of points
bn−i+1, ..., bj such that FBn−i+1...Bj ⊂ C1...Ck = C. As the n-ary op-
eration ( ) is continuous there exists open neighbourhoods A1, ..., Ai

of points a1, ..., ai and open neighbourhoods B1, ..., Bn−i of points
b1, ..., bn−i such that (A1...AiB1...Bn−i) ⊂ F . Then for A = A1...Ai

and for B = B1...Bj we have AB ⊂ C, s ∈ A ∈ τS and t ∈ B ∈ τS.
Hence, < S, •, τS > is the topological semigroup.

Let B1, ..., Bj ∈ τ , a1, ..., ai ∈ X. If i + j < n, then for a ∈ X we
have

a1...aiB1...Bj = λ−1
(
(
(n−i−j)

a a1...aiB1...Bj)
)
,

where λ is a left translation of S on element an−i−j. It follows from
the fact that λ is injective mapping and

λ(a1...aiB1...Bj) = (
(n−i−j)

a a1...aiB1...Bj) .

Let each translation of < X, ( ), τ > be an open mapping. Then
the set (

(n−i−j)
a a1...aiB1...Bj) is open in X and therefore it is open in

S. Hence, the set a1...aiB1...Bj is open in S, as λ is the continuous
mapping from S to S.

If i + j > n− 1 , then the set
a1...aiB1...Bj = a...ai+j−n(ai+j−n+1...aiB1...Bj)

is open in < S, •, τS > as the set (ai+j−n+1...aiB1...Bj) is open in
< X, ( ), τ >. Hence, each left translation of < S, •, τS > is open map-
ping. It is similarly shown that each right translation of < S, •, τS >
is an open mapping.

Remark. The Theorem 6 is extension of the theorem of G. �upona
[2] on the case of topological n-semigroups.
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4. Reversible n-semigroups with topology
We say that an n-semigroup < X, ( ) > is right (left) reversible n-
semigroup if for any sequences an−1

1 and bn−1
1 of elements of X there

exists x and z from X such that
(xan−1

1 ) = (zbn−1
1 ) ( respectively : (an−1

1 x) = (bn−1
1 z) ).

An n-semigroup X is said to be algebraically imbedded in a binary
group G if there exists an injective homomorphism from X to G. An
n-semigroup X with the topology is said to be topologically imbedded
in a binary group G with a topology if there exists an injective bicon-
tinuous homomorphism from X to G.

Theorem 6. Let < S, • > be an enveloping semigroup for a right
(left) reversible n-semigroup < X, ( ) >. Then < S, • > is a right
(left) reversible semigroup.

Proof. Let < X, ( ) > be a right reversible n-semigroup and a, b ∈ S.
Then a = a1...ak, b = b1...bl, where ak

1 ∈ Xk, bl
1 ∈ X l, 1 ≥ k, l ≥ n−1.

Let c ∈ X. Then there exists x, z ∈ X such that (x
(n−k−l)

c ak
1) =

(z
(n−l−1)

c b l
1). As fa = gb, where f = xcn−k−1 ∈ S, g = ycn−l−1 ∈ S,

then the binary semigroup < S, • > is right reversible. It is similarly
proved that < S, • > is left reversible semigroup.

Corollary. For a right (left) reversible cancellative n-semigroup there
exists an universal enveloping right (left) reversible cancellative semi-
group and therefore right (left) reversible cancellative n-semigroup can
be algebraically imbedded in a binary group.

Theorem 7. Let < X, ( ), τ > be a right (left) reversible cancellative
n-semigroup with a locally compact topology τ such that each trans-
lation of < X, ( ), τ > is continuous and open. Then < X, ( ), τ >
is a topological n-semigroup and it can be topologically imbedded in a
locally compact binary group as open subset.
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Proof. By the Theorems 4 and 6 there exists an universal enveloping
right (left) reversible cancellation semigroup < S, • > for n-semigroup
< X, ( ) > and the locally compact topology τS such that X ∈ τS,
restriction of τS to X is the same as τ . By the Theorem 3 from
[9] semigroup < S, •, τS > can be topologically imbedded as open
subsemigroup of a locally compact topological group.
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