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n-groups as n-groupoids with laws
Janez Usan

Abstract

In this article n-group (@, A) is described as an n-groupoid (Q, B) in which the
following two laws hold:  B(B(x,z,b7"?), B(y,a} 2, 2),a""?) = B(z,y, b7 ?)

1. Preliminaries

1.1. Definition. Let n > 2 and let (@), A) be an n-groupoid. We
say that (@, A) is a Dérnte n—group (briefly: n—group) iff it is an n—
semigroup and an n—quasigroup as well.

1.2. Proposition. ([17]) Let n > 2 and let (Q, A) be an n—groupoid.
Then the following statements are equivalent:

(1) (Q,A) is an n-group,
(i) there are mappings ~' and e respectively of the sets Q" and
Q"2 into the set Q such that the following laws hold in the
algebra (Q,{A, ~',e}) (of the type (n,n —1,n — 2))
(a) Ay~ A(2"3?), won-1) = A2y A1),
(b) Ale(ai™),ai 7% 2) ==,

(c) A((a17%,a) 7\ ai™? a) = e(a]™?),
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(i11) there are mappings ~' and e respectively of the sets Q"' and

Q"2 into the set Q such that the following laws hold in the
algebra (Q,{A, ~',e}) (of the type (n,n —1,n — 2))

(@) A(A(27), 2770") = Az, Alas™), 275")

(b) A(z,ai™* e(a™?))

(€) Ala,a™* (a7 %,a) 7) = e(ai™?).

I

S

x,

1.3. Remarks. e is an {1,n}-neutral operation of n—groupoid
(Q, A) iff algebra (Q,{A,e}) of type (n,n — 2) satisfies the laws (b)
and (b) from 1.2 (cf. [14]). The notion of {i,j} neutral operation
(1,7 € {1,...,n}, i < j) of an n—groupoid is defined in a similar way
(cf. [14]). Every n—groupoid has at most one {i,j}-neutral opera-
tion. In every n—group (n > 2) there is an {1,n}-neutral operation
(cf. [14]). There are n—groups without {7, j}-neutral operation with
{i,j} # {1,n}. In [16], n—groups with {7, j}-neutral operations, for
{i,7} # {1,n} are described. Operation ~! from 1.2 is a generalization
of the inverse operation in a group. In fact, if (Q, A) is an n—group,
n > 2, then for every a € @ and for every sequence af > over @ is
(a2, a)™ = E(a 0,017,

2
where E is an {1, 2n—1}-neutral operation of the (2n—1)-group (@, A),

jl (") = A(A(2}), 22 (cf. [15]). (For n =2, a~! =E(a), a™*
is the inverse element of the element a with respect to the neutral
element e()) of the group (@, A).)

1.4. Proposition. ([18|) Let n > 2 and let (Q, A) be an n-groupoid.
Then, (Q, A) is an n-group iff the following statements hold:

(1) (Y € Q"M A(A(T), 23") = Al A ),

(2) (Vo € Q" AT, A(2"57), wan1) = A2l A(z? ™)) or
(Vs € QF" T A(A(2}), 2717 ") = A, A(z5™), 2713')

(3) for every a} € Q there is at least one x € Q) and at least one
y € Q such that A(a}™,2) = a, and A(y,a}™) = a, .
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Note that the following proposition has been proved in [13]:

An n-semigroup (Q, A) is an n—group iff for each a} € Q there exists
at least one © € ) and at least one y € Q) such that the following
equalities hold: A(a}™', 2) = a, and A(y,a}™") = a,.

This assertion has been already formulated in [11], but the proof
is missing there. W.A. Dudek has pointed my attention to this fact.
Similar issues have been considered in [5] (Proposition 1).

1.5. Proposition. Let n > 3 and let (Q, A) be an n-groupoid. Also
let:

(1) the (1,2)-associative law holds in (Q,A),

(i1) for every z,y,a} t € Q the following implication holds
A(z,ai™") = Ay, i) = 2 =y.

Then (Q, A) is an n-semigroup.

Proposition 1.5 is a part of proposition 3.5 from [17]|. In the proof
of this proposition we use the method of E. I. Sokolov from [11].

1.6. Proposition. Let (Q, A) be an n—group, ~' its inverse opera-

tion, e its {1,n}-neutral operation and n > 2. Also let

U a) 2 y) =2 EL Az @ y) =0
for all x,y, 2z € Q and for every sequence a?™ % over Q. Then, for all
z,y € Q and for every sequence al ™% over Q the following equalities
hold:
(1) “A(z, a1 y) = Az, a7 7%, (a7 72, y) ),

(2) e(ai™) = “A(z,a] %, 2),
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Sketch of the proof.

a) “YU(z,al % y) = 2 <= A(z,a} % y) = v <=
A(A(z, a1, y), al ™, (a7 7%, y) ") = A(
A(z,a772, Ay, a7, (a2, y) 7)) = Az, ai 7%, (a1 7% y) ™)
Az, a77% e(a7?)) = Az, 0772, (a1 7% y) ) <=
2= Az, a1, (a1 7% y) ).

b) A(x,al % 1) = e(a}?) = A(e(ay ?),a} % z) = .

c) TA(TU(x,af 2 ), a0t 2 r) = (o) )T =
A((ai™, )" a1 7% x) = e(a 7).

d) Alz,ai % y) = ~A(z,af 7" AT Ay, a7 y) a1 7 y)) =

z,a! 7 y),al % (al 7 y) ) =

&

I
A
2

= Az,a}? Ay, a! 2, (af %, y) 7)) =

= Alx,ay % e(a}™?)). O

2. Results

2.1. Theorem. Let n > 2 and let (Q,A) be an n—group. Further-
more, let B = 1A, where
A, T y) = 2= Al T y) =

for all z,y,2z € Q and for every sequence 272 over Q. Then the
following laws

(i) B(B(x,2,b77%), Bly,ai™% 2),ai*) = B(x,y,b1?),

(47)

Bla, 2, B(B(B(z,¢}7%,2),c72,b), ¢y 2, B(B(z, 472, 2), ¢4 2,a))) = b
hold in the n-groupoid (Q, B). Moreover, for all x,y € Q and for

every sequence at > over Q the following equality holds

B(z, a1~ y) = A(z,ai ™% (a7 %, 9) "),
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-1

where is an inverse operation of the n—group (Q,A).

Proof. Let n > 2 and let (Q, A) be an n—group, ~! its inverse operation
and e its {1, n}—neutral operation. Also let

(0) Uz, A y) =2 EL Az A y) =2
for all z,y, 2 € Q and for every sequence 22 over Q.

1) By 1.1 and (0), we conclude that for all z,y,z,u,v € @, for every
sequence a2 over Q and for every sequence b} "2 over  the following
series of implications holds

A(A(z,y,a17%),2,007%) = Aw, Ay, ai™*,2), b177) =

TA(A(r, Ay, ai 72, 2),007%), 2, 007%) = Az, y, a1 7%) =

“A(A(x,u,b17?), 2,b772) = Az, "A(u,af 2, 2),a} %) =

U, 2,077 = A(THA(v, u, b7, TA(u, a7 2), af ) =
(v,

“A(v,u, 077%) = TA(TA(v, 2,0772), “A(u, b2, 2), a2
But
Ay, a2, 2) =u <=y = "Au,a} 2 2), A(z,u, b} ?) = v <=
== Av,u,bP).
Whence, by the substitution B = A, we conclude that
B(B(x,z,017%), B(y,a1 ™% 2),a1™%) = B(,y, b/
holds in the n—groupoid (Q, B).

2) By 1.1, 1.2, 1.3 and (0), we conclude that for all a,b,z € @ and for
every sequence c? over Q the following series of equivalences holds

“U(a, i x) = b <= Alb,c} % 1) = a =

A((G720) 7L AT AD, 72 a) = A7 0) L T a) =

r = A((c] 73, b) Lel™2a) <=

Az, 7% (17%,a)7") = A(A((¢7 2 b)_l i a), 17 (7 a) ) =
Az, 7% (7% a)7") = (172,0) 7!

TA(ETD) T AT ()T ) = =

*M(*A(*A(z AT 2), b)), A TA(T A, 2L ), R a)) =
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But
(172 0)7 = TA(e(c17?), 1% 0) == e(c] %) = A((c17%,0) 7 1 ¢)
and

e(c?) = (2,72 2) ==z = Ale(c] ), 12, 2).
Whence, by the substitution B = ~!A, we conclude that (ii) holds in
the n—groupoid (@, B).

3) By the substitution B = ~'A and by Proposition 1.6, we conclude
that for all z,y € Q and for every sequence a2 over @ the following
equality holds

B(z,at?y) = A(z,a! > (a7 % y) 7). O

2.2. Theorem. Let n > 2 and let (Q, B) be an n—groupoid in which
the laws (i) and (ii) from the previous theorem holds. Then, there is
an n-group (Q, A) such that ~*A = B. Moreover, for all x,y € Q and
for every sequence a2 over Q the following equalities hold

e(ai™?) = B(z,ai™* ),

(a17%,2)"" = B(B(z,a1"*, x),a1 7% x),

A(z, a7 y) = B(x,ai™?, B(B(y, a1, y), ai*,y)),
where is an inverse operation, and e is an {1, n}-neutral operation
of the n—group (Q,A).

-1

Proof. By (ii), we conclude that the following statement holds:

1° For every a} € @ there is at least one x € () such that
B(a} ™' 7) = a,.

Furthermore, the following statements hold:
2° (Va € Q) (Vz € Q) (Ve; € Q)72 Bla, Bz, %, 2), 4 %) =a.

3° For every a} € @) there is exactly one y € () such that
B(y,a}™) = a,.

4° There exists n—ary operation ~!B in () such that for all
z,y € Q and for every sequence a} ' over Q
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(0) “'B(z,ai7") =y <= B(y,a{™) = x.

5 For every af € @) there is exactly one y € () such that
By, at™) = a,.

6° For every a} € @) there is at least one x € () such that
“Bla} ™ 2) = a,.

7° The (1, 2)-associative law holds in (Q, ~'B).

8° (Q, ~'B) is an n-semigroup.

Sketch of the proof of 2°.
a) n > 3. Putting z =y in (i) we obtain
B(B(z,y,0{7%), B(y,ai "%, y),ai~?) = B(z,y,0{ )
which together with 1° gives
(Vo,y € Q) (Vb; € Q)7 (Va € Q) (3,2 € Q) B(z,y,bi %) =a.
b) n = 2. As in the previous case from (i) we obtain
B(B(x,y), B(y,y)) = B(x,y),
which for B(x,y) =a (by 1°) proves that
(Vo € Q) (VaeQ)(3y € Q) Bla,Bly,y)) =a,
(Vy € Q) (Vue @) (BeeQ) y=B(uc),
B(y,y) = B(B(u,¢), B(u, ¢)) = B(u,u),
which completes the proof of 2°.
Sketch of the proof of 3° and 4°.
a) B(z,a,b7?) = B(y,a,b} %) =
B(B(w,a,b1™%), B(u,ai™*,a),a1™*)=B(B(y,a,b;*), B(u,ai %, a),ai™?)
— B(x,u,b}?) = B(y,u, by ?).
Now, putting u = A(v, b} ?,v) and using 2°, we obtain
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b) B(z,a,b} ?) =c <=
B(B(z,a,b77?), B(u,a} 2 a),ay?) = B(c, B(u,a} 2, a),a}?) <=
B(z,u,b7"%) = B(e, B(u,ay 2, a),a}?)

by (i). Putting u = A(v, b7 2,v) we obtain
B(x, B(v, by™%,v),b17%) = B(C B(B(v,0{7,v),a™* a),ai™?),
which (by 2°) is equivalent to
x = B(c, B(B(v,b} 2 v),a} % a),a}™?).
Sketch of the proof of 5°.
Bz, e} = u <= B(u, )

I
8

By, i ") =v < Bv,d{") =y.

Thus
r=y=—u=0v and u=v=>r=1y.
Sketch of the proof of 6°.
“B(a,a} % x) =b<+<= B(b,a} ? 2)=a.
Sketch of the proof of 7°.
B(v,u,b77%) = B(B(v, 2,b77%), B(u,ay"?, 2), a7 ?) =
B(v,z,b77%) = "'B(B(v,u, b} ?), B(u,a} %, 2),a}?) =
B(7'B(x,u,by7%), 2,b77%) = "'B(x, B(u,a} 2, 2)a} %) =
B(7'B(z, 'B(y,ai™?,2),b77%), 2,07 7%) = “'B(z,y,a7"%) =
“'B(T'B(x,y,a17?), 2, 007%) = T'B(z, T'B(y,ai™?,2),b177).
Since
B(v,u,b77?) = v <= "'B(z,u,b} %) =0

and

B(u a’rll 27 >:y<:> _1B(y7a? 272):’&.

Sketch of the proof of 8°.

The case n = 2 follows from 7°. The case n > 3 is a consequence of
7°,5% and 1.5.
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Now, by 5°, 6°, 8%, 1.4, (6) and the substitution A = ~'B, we
conclude that (@, A) is an n—group. Hence, 1.3 and 1.6 completes the
proof. O

2.3. Remark. In this paper n—group (@, A), n > 2, is described as
an n—groupoid (Q, ~*A) with two laws. Similarly, the n—group (Q, A)
can be described as the n—groupoid (Q, A™') such that

ANz, a1 y) = 2 = Az, a1 2) = y.

Variety of groups of the type (2) has been considered in [7] (see, also
|8] and [3]). The investigation of this paper was extended in |12] for
groups, for rings and, more generally, for {2-groups. In [6] group is
described as an groupoid (@, B) which satisfies one law (i.e. our (7)
for n = 2) and in which the equality B(a,z) = b has at least one
solution x for each a,b € Q.
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