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Centrally isotopic quasigroups

Galina B. Belyavskaya

Abstract

Relation of central isotopy between usual quasigroups is considered. The con-
nection of this relation with central isotopy relation of equasigroups and with the
abelian subgroup of the multiplication group of a quasigroup corresponding to the

centre congruence of this quasigroup is established.

1. Introduction

In the work [10] and in Chapter III of [8] J.D.H.Smith has considered
the relation of central isotopy between equasigroups (i.e. primitive
quasigroups). This relation is tighter than isotopy but looser than
isomorphism. In the base of this relation lies the concept of the cen-
tre congruence of an equasigroup Q(-,\,/), introduced in the same
works. In the articles [2, 3] the concept of the h-centre Z, for an
usual quasigroup Q(-) where h is an arbitrary fixed element of Q) was
introduced and it was proved that the h-centre defines a normal con-
gruence which is called the centre congruence of Q(-) and does not
depend on the element h. Finally, in article [5] a proof was given that
the centre congruence of a quasigroup Q(-) coincides with the centre
congruence of the equasigroup Q(-, \, /), corresponding to Q(-). Thus,
it was established that the h -centre is an inner characterization of the
centre congruence of an equasigroup.
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In this article we consider the relation of central isotopy between
usual quasigroups, establish its connection with the relation of central
isotopy of the corresponding equasigroups and also with the abelian
subgroup I of the multiplication group of a quasigroup @(-). This sub-
group was picked out in [4] and corresponds to the centre congruence
of a quasigroup (I'h = Z), for any h € Q).

2. Preliminaries

An algebra Q(-,\, /) with the three binary operations -, \, / satisfying
the identities

(zy)/y==z, z\(zy)=vy, (r/y)ly==x, x(x\y) =y

is called an equasigroup [6] (or a primitive quasigroup [1]).

A groupoid Q(-) is called a quasigroup if each of the equations ax =
b, xa = b has a unique solution for any a,b € ). The equasigroup
Q(+,\,/) corresponds to quasigroup Q(-) where

r\y=z<=axz=y, z/y=z<=2y=nu.

The quasigroups Q(\) and Q(/) are called the right inverse and
the left inverse quasigroups for Q(-) respectively.

A quasigroup Q(-) is said to be isotopic to a quasigroup P(o) if
there exist three bijections a, 3,7 : Q@ — P such that aa o b = v(ab)
for all a,b € Q). The ordered triple T' = («, 3,7) is called an isotopy.

According to [10], two equasigroups Q(-, \,/) and P(o,\\,//) are
called isotopic if for each operation w from o,\\,// (-,\,/, respec-
tively) there exist bijections 6, 6s and 65 : Q — P such that

01awbzb = O3(awbd)

for all a,b € Q.

It is easy to see that if equasigroups Q(-,\,/) and P(o,\\,//) are
isotopic then the pairs of the quasigroups Q(-) and P(o), Q(\) and
P(\\), Q(/) and P(//) are isotopic, and conversely, isotopy of any
such pair implies isotopy of corresponding equasigroups (it suffices to
make the suitable permutation in the triplet of bijections).
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According to [8], a congruence « of an equasigroup Q(-,\,/) is
central iff the diagonal Q = {(¢,¢) | ¢ € Q} is a normal subquasigroup
on «, i.e. if it is a class of some congruence V on «. In his case the
congruence « is considered as a subquasigroup of the direct product
(Qx Q)(-,\, /) containing the diagonal Q. This congruence V on «a is
said to centre « [6].

By Theorem IT1.3.10 from [8] an equasigroup Q(-,\, /) has a unique
maximal central congruence called the centre congruence ((Q) (or
C(-,\,/)) of Q(-,\,/). Thus, the centre congruence (@) of an equasi-
group Q(-,\, /) is the (unique) maximal subquasigroup in (Q@xQ)(, \, /)
containing the diagonal Q as a normal subquasigroup.

Let V' be the congruence centering the centre congruence of an

equasigroup P(o,\\,//).
Definition 1. An equasigroup Q(-,\, /) is said to be a central isotope
of an equasigroup P(o,\\,//) iff there is a bijection 6§ : Q@ — P,
called a central shift, such that for each of the operations o,\\,//
(correspondingly, -,\,/) denoted w, there is an element (p,,p.) of
¢(P) such that

(P, D)V (01w g2), 0q100g,) (1)

for each pair g1, g2 of elements of Q.

In [8] the following properties of central isotopy were proved.

- Centrally isotopic equasigroups are isotopic (Proposition I11.4.2.).

- Isomorphic equasigroups are centrally isotopic (Proposition 111.4.3).

- A central shift 6 : ) — P mapping an idempotent of ) to an
idempotent of P is an isomorphism (Proposition I11.4.4).

- Central isotopy is an equivalence relation. Further, if 6 : Q) — P
is a central shift and the centre congruence ((Q) of @Q is centered
by W, then 6¢(Q) = ¢(P) and §W center ((P), where

0:QxQ—PxP; (q1,q0)— (0q,0q)

0:(QxQ)x(QxQ)— (PxP)x(PxP);
((q1, ), (g3, 94)) = ((0q1,0q2), (0g3, 0q4)) -

(Theorem II1.4.5).
- Centrally isotopic quasigroups have isomorphic multiplication
groups (Proposition I11.4.6).

and
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In articles [2, 3| the concept of h-centre Z;, of a quasigroup Q(-)
where h is an arbitrary fixed element in ) was introduced. It was
also proved that the h-centre Zj defines the same normal congruence
0.() on Q(-) by any h € (). This congruence is called the centre
congruence of the quasigroup @(-). Remind that each congruence of
an equasigroup Q(-, \, /) is a normal congruence in Q(-) and conversely.

Let the centre congruence ((Q) of an equasigroup Q(-,\,/) be de-
noted by ((+,\,/). By Theorem 1 from [5]

C('? \7 /) - ‘9z<> - ‘gz(\) - 0z</)7

where Q(\) and Q(/) are the right inverse and the left inverse quasi-
groups for Q(-). Thus, the h-centre Z, is the ((-,\, /)-class containing
the element h.

Let G(.y be the multiplication group of a quasigroup Q(-), i.e. the
group generated by its translations L., R, (L,x = ax, R,x = xa) for
all @ € Q. In [4] it was picked out an abelian normal subgroup I' in G,
corresponding to the centre congruence and acting sharply transitively
on each h-centre, h € (). The subgroup I' is characterized by means
of the groups of left and right regular mappings of a quasigroup Q(-),
in the sense of [9]. Recall these concepts.

Let Q(:) be a quasigroup. A mapping A (p) of the set Q) onto @
is called left (right) regular if there is a mapping A* (p*) such that

Ar -y =N(zy), x-py=p(zy) (2)

for each z,y € (). The mappings A, \*, p, p* are permutations on ()
and \* (p*) is called a conjugate to A (p). The set of all left (right)
regular mappings of a quasigroup (the set of all mappings conjugate
to them) forms the group A, respectively A* (R, correspondingly, R*).
These groups are subgroups of the multiplication group G(.) of Q(-)
since

N = R;\AR, = Ly, L;', p" = L.pL;' = R, R;} (3)

x )

for each x € Q.
Let Coreg(H) be the maximal normal subgroup of a group G which

lies in a subgroup H. By Theorem 1 from [4| Z;, = T'h where
' = Coreg(ANR) = Coreg(A* N R*),
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Zp, is the h-centre of a quasigroup Q(+), G is the multiplication group
of Q(:).
In view of Corollary 3 from [4]
I'={R.R' | (z,y) € 0.()} = {La Ly | (x,) € 0:()}
={R.R;' |z € 2,y ={L.L;," | v € Z},}
for any arbitrary fixed h in Q).

3. Isotopic quasigroups and the subgroup I

Let an equasigroup Q(+,\, /) be a central isotope of P(o,\\,//). Then
condition (1) means that for all ¢i,q of @ the pairs of the form
(0(q192), 0q1 0 0¢2) lie in the same class of the congruence V' centering
the centre congruence ((P) of the equasigroup P(o,\\,//). Analo-
gously, in the same class by V' all pairs (0(q1/q2),0q1//0q2) (all pairs
(0(q1 \ q2), 01 \ \0q2) ) are contained. But, as it was noted above, the
diagonal P is one of the classes of the congruence V', so all classes of
V have the form

A

P(ay,by) = {(p,p)(ar,b1) | p € P, (a1, br) € ((P)}.
Thus

(0(q1q2), 0q1 0 0g2) = (p,p) © (a1, b1)
and

9((116]2) =poay, 0gobgp=pob
for all g1, g2 € Q. From these equalities it follows that

R, (0q 0 0g2) = R '0(q1q2) = p,

or
(0q1 0 0g2) = Ry, R, '0(q142) (4)
where R,z =z oa, i.e.
Ty = (0,0, Ry, R, '0) (5)

is an isotopy of the quasigroups Q(:) and P(o). In the same way we
establish that

Ty = (‘97 0, Rb2R;216)) (6)
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is an isotopy of Q(\) and P(\\), R,z = x \ \a, and
Ts = (0,0, Ry, R, '0) (7)

is an isotopy of Q(/) and P(//), R,z = x//a, for some (as, bs), (a3, b3)
in ((P). Therefore, if an equasigroup Q(-,\,/) is a central isotope of
P(o,\\,//) and 0 is a central shift of this central isotopy, then there
are the three isotopies (5), (6), (7) of the quasigroups Q(-) and P(o)
(Q(\) and P(\\), Q(/) and P(//) correspondingly) for some (ay,by),
(ag,b2), (as,bs) in ((P).

Let 67 denote the centre congruence of a quasigroup P(o). It is
natural to give the following

Definition 2. A quasigroup Q(-) is said to be a central isotope of a
quasigroup P(o) iff there are a bijection 6 : Q — P, a pair (a,b) € 7
such that

RyR. ' 0(q1g2) = 0g1 0 Ogs (8)

for all q1,q2 € QQ, where R,x = x o a.

In this case T = (0,0, R,R;'0) is an isotopy between Q(-) and
P(o).

Let I';) be the subgroup of the multiplication group G of a
quasigroup P(o) corresponding to the centre congruence 07 of P(o)
(in the sense of Theorem 1 from [4]). Then we can give the following
statement that is equivalent to Definition 2 (see also Corollary 3 in

[4])-
Proposition 1. A quasigroup Q(-) is a central isotope of a quasigroup
P(o) iff there are a bijection 6 : Q — P and o € I'oy such that

ab(q1gz) = 0q1 © Oge (9)

for all 1,42 € Q. O
A substitution o on P (a bijection ) we shall call a central tor-
sion (a central shift) of the central isotopy defined by (9). By a cen-

tral torsion of a quasigroup P(o) we mean its isotope P(x), where
rxy=a t(zoy) forallz,y € P, a €T,.



Centrally isotopic quasigroups 7

From Proposition 1 we have

Corollary 1. If a quasigroup Q(-) is a central isotope of P(o), then
Q(-) = P(x), where P(x) is a central torsion of P(o).

Proof. Indeed, let x xy = a~ Yz oy), a € I'o, for all z,y € P. From
(9) it follows that

q1q2 = 6’_104_1(9611 0 fqy) = 9_1(9% * 0q2)

Le. Q(-) = P(x). O

Thus, a central isotopy is a sequential taking of a central torsion
and an isomorphism.
Now we shall prove the following

Theorem 1. An equasigroup Q(-,\,/) is centrally isotopic to an
equasigroup P(o,\\,//) iff the quasigroup Q(-) is centrally isotopic
to P(o).

Proof. Let an equasigroup Q(+, \, /) be a central isotope of P(o,\\, //),
then as it was shown above, the quasigroup Q(-) is a central isotope
of P(o) (see (4)).
Conversely, let a quasigroup Q(-) be centrally isotopic to a quasi-
group P(o), i.e.
0q1 0 0g2 = RyR,'0(q1¢2) (10)

for all ¢, ¢ € Q where 0 is a central shift, (a,b) € 0. But then for
all 1,42 € Q

R'0(q1q2) = R, ' (0q1 0 0g2) =p € P
and
0(¢1q2) =poa, 6Bq obg =pob.
Whence,

(0(q192), 0q1 © 6q2) = (p, p) © (a,b) € P o (a,b).
It means that all pairs of such form lie in the same class of the congru-
ence V centering the centre congruence of the equasigroup P(o,\\,//)
since from (a,b) € 0 it follows that (a,b) € ((-,\,/) (see Theorem
1 in [5]). Hence, the condition of Definition 1 is satisfied for the op-
erations (-) and (o).We shall show that this condition holds for the

operations (/) and (//) ((\) and (\\)).
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From (10) it follows that
R Ry (01 © 0g2) = 0(q102) (11)

for all ¢1,q2 € Q. But (a,b) € 7, so by Theorem 1 from [4]
RQR;I S F(o) C A*N R*.
If \* € I'(), then by (3)
A= R;l)\*Rm S P(o)
for any x € P since ') is a normal subgroup in the multiplication
group Gy of P(o). So A = R.R;' for some pair (c,d) € 6 by
Corollary 3 in [4]. Now by the definition of a left regular mapping (see
(2)) we get
R, Ry (01 0 0g2) = R.R;' 01 0 gy

for all ¢1, ¢2 € Q. Taking into account (11), we have
0(q1q2) = R.Ry "0y 0 g,

ie. Ty = (R.R;'0,0,0) is an isotopy between Q(-) and P(o). But
then T/ = (0,60, R.R ") is an isotopy between Q(/) and P(//).
Indeed, if ax o By = v(xy) = vz, then vz//By = ax = a(z/y), i.e.

(o, B,7) = (v, B, ).

R.R;'0(q1/q2) = 001/ /0qs

and, as in the first case, we receive that

(0(q1/a2). 01/ /0g2) = (p1od,proc) € Po(d,c)

for (d,c) € OF and for all ¢, ¢ € Q, i.e. all pairs (0(q1/q2),0q1//0q2)
lie in the same class. This means that the condition of Definition 1
holds for the operations (/) and (//).

It remains to check this condition for the operations (\) and (\\).
Since ') is a normal subgroup in G, and RaRb_1 € I'ey € R,
then R, R, ' = p* and p = L;'p*L, € I'(,) for any = € P (see (3)). By
Corollary 3 from [4] there exists a pair (s,t) € 8 such that p = R R;!
and so

Therefore,

R,R; 1 (0g; 0 0gs) = 0q1 o R,R; 0g,
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by the definition of a right regular mapping (see (2)). Taking into
account (11), we get

0(q1q2) = 0q o Rth_IQ%

and Ty = (0, R,R;'0,0) is an isotopy between Q(-) and P(o). But
then T) = (6,0, R,R;'0) is an isotopy between Q(\) and P(\\) and
S0

R70(q\ ¢2) = Ry (01 \ \Ogg).
From this equality it follows that

(g1 \ @2),0q1 \ \Og) € Po (t,s), (t s)eb’.

This proves that Q(-,\,/) is an isotope of P(o,\\,//) with the
central shift # in the sense of Definition 1. g

From this proof and Proposition 1 the following result follows.

Corollary 2 The transformation of central isotopy of quasigroups is
invariant with respect to parastrophy of quasigroups (i.e. with respect
to passage to a conjugate quasigroup). U

Corollary 3. If a quasigroup Q(-) is a central isotope of a quasigroup
P(o), then there exist substitutions o, oq, o from Iy such that
af(qiq2) = g1 0 Ogz,
0(q1q2) = a10qy 0 O,
0(q192) = 0q1 o 20y
for all q1,q2 € Q. |

Using now Theorem I11.4.5 from [8], we get

Corollary 4. Central isotopy of quasigroups is an equivalence rela-
tion.

Theorem II1.4.5 in [8] describes how a central shift acts at the
centre congruence. The following statement shows how a central shift
and a central torsion act at the Zj-centres, i.e. at the classes of the
centre congruence.
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Proposition 2. Let a quasigroup Q(-) be a central isotope of P(o) with
a central shift 0 and a central torsion o, Zy(-),h € Q (Zn(o),h € P)
be the h-centre of Q(-) (of P(o)). Then

OéZh(O) = Zh(O), QZh() = Z@h(0>.
Proof. Let a € I'(oy. Taking into account Theorem 1 in [4], we get

CYZh(O) = a(F(O)h) = F(O)h = Zh(o),

since a € I',). Comparing Theorem 1 from [4] and Theorem II1.4.5
from [8], we get 06,(-) = 6.(o), where

0 QxQ—PxP; (q,q0)— 0q,0q).

Then for any h € )

0(Z1();h) = (0Zn(-), 0h) € 0.(o)
and s0 0Z,(-) C Zpn(0). But 0,(-) = 0710.(c), (Zon(o),0h) C 6.(o).
From these equalities it follows that 6717, (o) C Z,(-). Hence,
HZh<) = Zgh(o). [l

According to Proposition I11.4.6 from [8], centrally isotopic equasi-
groups have isomorphic multiplication groups. It is found that an
analogous result is true for subgroups I'¢.y and I'(q).

Proposition 3. If a quasigroup Q(-) is centrally isotopic to a quasi-
group P(o) with a central shift 0, then I'(y = I'«), namely, 'y =
9_11—‘(0)9.

Proof. Let -y = 0"*a ' (#z00y), o €'y Then R, = 0 a1 Ry,0
for all a € Q, where R, (Ry,) is a right translation in Q(-) (in P(o)).
From the last equality we get

R.Ry ' = Hfla’légaﬁgbloﬂ, a,b e qQ.

Using this equality, Corollary 3 from [4] and Theorem III.4.5 from 8],
we obtain
F(.) = 9710471F(o)049 = 6’11“(0)9,

since a € I'(o). O



Centrally isotopic quasigroups 11

The centre Z.y of a loop Q(-), i.e. the set of a € @ such that
ar-y=a-rYy, T-ya=2IY-a, ar=Ia

for all z,y € @ is a subloop of Q(-) (cf. [7]). Note that Z, is also the
h-centre for h = e, where e is the unit of the loop Q(-) (cf. [2]).

It is known that every quasigroup is isotopic to a loop. This result
is not true in the case of central isotopy.

Theorem 2. A quasigroup P(o) is centrally isotopic to a loop iff there
erists an element a € P such that R, = L, € I'o) where R,z = w o a,
L,x=aox.

Proof. By Corollary 1 it suffices to consider the case when a central
shift is equal to the identity mapping. Let a quasigroup P(o) be
centrally isotopic to a loop P(-) with a central torsion a. Then P(-)
is centrally isotopic to the quasigroup P(o) with the central torsion
a ! zy = a(zoy), a €I, since by Proposition 3 I'(y = I'(o). Let
e be the unit of the loop P(-), then

ecx=x-e=alecor)=a(roe) =ux,

ie. R, = [~/e =a ! € ['(c). Conversely, let there exist an element

a € P in quasigroup P(o) such that R, = L, = a € I';). Then the
. . o -1 . . .

quasigroup P(:): zy = a '(z oy) is a loop with the unit a. O

Corollary 5. Every loop Q(o) with nontrivial centre Z ) is centrally
1sotopic to a loop with a nonidentical central torsion.

Proof. Indeed, if a € Zo) # 0, then R, = L, € I'(o) since by Corollary
3 from [4] Iy = {R.R.* = R,, a € Z) = Z.} where e is the unit
of Q(o) and the quasigroup Q(-): z -y = R;'(x oy) is a loop with
the unit a , centrally isotopic to the loop Q(o). It means that Q(o) is
a central isotope of Q(-) with the central torsion R;' € I, since in
this case I'(y = I'(,) by Proposition 3. O
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