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On TS-n-groups

Janez U²an

Abstract

In this article totally simmetric n-group is described as an n-groupoid (Q,B)
in which the following laws hold: B(x, y, an−2

1 ) = B(y, x, an−2
1 ),

B(a, cn−2
1 , B(B(B(z, cn−2

1 , z), cn−2
1 , b), cn−2

1 , B(B(z, cn−2
1 , z), cn−2

1 , a))) = b,
B(x, an−2

1 , y) = B(x, an−2
1 , B(B(y, an−2

1 , y), an−2
1 , y)) and

B(B(x, z, bn−2
1 ), B(y, an−2

1 , z), an−2
1 ) = B(x, y, bn−2

1 ).

1. Introduction
De�nition 1.1. Let (Q,A) be an n-quasigroup and n > 2. Also let
α be a permutation in the set {1, 2, ..., n + 1}. Moreover, let

Aα(xn
1 ) = an+1 ⇐⇒ A(xα(1), ..., xα(n)) = xα(n+1)

for all xn+1
1 ∈ Q. We say that (Q,A) is a totally simmetric n-

quasigroup ( brie�y: TS-n-quasigroup) i� for any permutation α on
{1, 2, ..., n + 1} we have Aα = A. In the case when α = (1, n + 1)
instead of Aα we write −1A. Similarly in the case α = (n, n + 1)
instead of Aα we write A−1.
Proposition 1.2. Let (Q,A) be an n-group, −1 its inversing opera-
tion, e its {1, n}-neutral operation and n > 2. Also let

(a) −1A(x, an−2
1 , y) = z ⇐⇒ A(z, an−2

1 , y) = x,
(b) A−1(x, an−2

1 , y) = z ⇐⇒ A(x, an−2
1 , z) = y
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for all x, y, z ∈ Q and for every an−2
1 ∈ Q. Then, for all x, y ∈ Q and

for every an−2
1 ∈ Q the following equalities hold

(1) −1A(x, an−2
1 , y) = A(x, an−2

1 , (an−2
1 , y) −1),

(2) A−1(x, an−2
1 , y) = A((an−2

1 , x) −1, an−2
1 , y),

(3) e(an−2
1 ) = −1A(x, an−2

1 , x),
(4) (an−2

1 , x) −1 = −1A( −1A(x, an−2
1 , x), an−2

1 , x),
(5) A(x, an−2

1 , y) = −1A(x, an−2
1 , −1A( −1A(y, an−2

1 , y), an−2
1 , y)).

Proof. To prove (2) observe that
A−1(x, an−2

1 , y) = z ⇐⇒ A(x, an−2
1 , z) = y

⇐⇒ A((an−2
1 , x) −1, an−2

1 , A(x, an−2
1 , z)) = A((an−2

1 , x) −1, an−2
1 , y)

⇐⇒ A(A((an−2
1 , x) −1, an−2

1 , x), an−2
1 , z) = A((an−2

1 , x) −1, an−2
1 , y)

⇐⇒ A(e(an−2
1 ), an−2

1 , z) = A((an−2
1 , x) −1, an−2

1 , y)

⇐⇒ z = A((an−2
1 , x) −1, an−2

1 , y).
The rest is proved in [7].

As a simple consequence of [2], [3] and [4] (see also [6]) we obtain:
Proposition 1.3. Let n > 2. An n-group (Q,A) is a TS-n-group i�
there exist a boolean group (Q, ·) and element b ∈ Q such that

A(xn
1 ) = x1 · . . . · xn · b

for all xn
1 ∈ Q.

2. Results
From the above we conclude that the following proposition holds.
Proposition 2.1. Let (Q,B) be a TS-n-group with n > 2. Then

(i) B(B(x, z, bn−2
1 ), B(y, an−2

1 , z), an−2
1 ) = B(x, y, bn−2

1 ),
(ii) B(a, cn−2

1 , B(B(B(z, cn−2
1 , z), cn−2

1 , b), cn−2
1 ,

B(B(z, cn−2
1 , z), cn−2

1 , a))) = b,
(iii) B(x, an−2

1 , y) = B(x, an−2
1 , B(B(y, an−2

1 , y), an−2
1 , y)),

(iv) B(x, y, an−2
1 ) = B(y, x, an−2

1 ).
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Theorem 2.2. If the following laws
(i) B(B(x, z, bn−2

1 ), B(y, an−2
1 , z), an−2

1 ) = B(x, y, bn−2
1 ),

(ii) B(a, cn−2
1 , B(B(B(z, cn−2

1 , z), cn−2
1 , b), cn−2

1 ,
B(B(z, cn−2

1 , z), cn−2
1 , a))) = b,

(iii) B(x, an−2
1 , y) = B(x, an−2

1 , B(B(y, an−2
1 , y), an−2

1 , y)),
(iv) B(x, y, an−2

1 ) = B(y, x, an−2
1 )

hold in an n-groupoid (Q,B), n > 2, then (Q,B) is a TS-n-group.
Proof. For n > 2 the following statements hold.

1◦ Let (Q,B) be an n-groupoid. If the following two laws
B(B(x, z, bn−2

1 ), B(y, an−2
1 , z), an−2

1 ) = B(x, y, bn−2
1 ),

B(a, cn−2
1 , B(B(B(z, cn−2

1 , z), cn−2
1 , b), cn−2

1 ,
B(B(z, cn−2

1 , z), cn−2
1 , a))) = b

hold in (Q, B), then there is an n-group (Q,A) such that −1A = B.
(see Theorem 2.2 in [7]).

2◦ There exists the n-ary operation −1B in Q such that (Q, −1B)
is an n-group and −1B = B.

Indeed, by 1◦, we conclude that there is an n-group (Q,A) such
that −1A = B. Hence
−1( −1A)(x, an−2

1 , y) = z ⇔ −1A(z, an−2
1 , y) = x ⇔ A(x, an−2

1 , y) = z.
Moreover for all x, y ∈ Q and an−2

1 ∈ Q we have
B(x, an−2

1 , y) = B(x, an−2
1 , B(B(y, an−2

1 , y), an−2
1 , y)),

and
−1B(x, an−2

1 , y) = B(x, an−2
1 , B(B(y, an−2

1 , y), an−2
1 , y)),

which proves that −1B = B.
3◦ For all x ∈ Q and for every sequence an−2

1 over Q we have
(an−2

1 , x) −1 = x (see Proposition 1.2 and Remark 1.3 in [7]). Thus
B −1 = B, because by [7] we have

B −1(x, an−2
1 , y) = B((an−2

1 , x) −1, an−2
1 , y).

4◦ For all x, y ∈ Q and for every sequence an−2
1 over Q the fol-

lowing equality holds B(x, an−2
1 , y) = B(y, an−2

1 , x). Indeed,
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B(x, an−2
1 , y) = z ⇐⇒ −1B(x, an−2

1 , y) = z ⇐⇒ B(z, an−2
1 , y) = x

⇐⇒ B −1(z, an−2
1 , y) = x ⇐⇒ B(z, an−2

1 , x) = y

⇐⇒ −1B(y, an−2
1 , x) = z ⇐⇒ B(y, an−2

1 , x) = z.

5◦ Let n ≥ 3 and e be a {1, n}-neutral operation of the n-group
(Q,B). Then for all x, y ∈ Q and for every sequence an−2

1 over Q the
following equality holds

B(e(an−2
1 ), x, an−2

1 ) = x.
To prove it we consider the new operation F de�ned by

F (x, an−2
1 )

def
= B(x, e(an−2

1 ), an−2
1 ).

Then
B(F (x, an−2

1 ), e(an−2
1 ), an−2

1 ) = B(B(x, e(an−2
1 ), an−2

1 ), e(an−2
1 ), an−2

1 )

and
B(F (x, an−2

1 ), e(an−2
1 ), an−2

1 ) = B(x,B(e(an−2
1 ), an−2

1 , e(an−2
1 )), an−2

1 ).
This implies

B(F (x, an−2
1 ), e(an−2

1 ), an−2
1 ) = B(x, e(an−2

1 ), an−2
1 ).

Thus
F (x, an−2

1 ) = x ⇐⇒ B(x, e(an−2
1 ), an−2

1 ) = x.
But by (iv) we have

B(e(an−2
1 ), x, an−2

1 ) = B(x, e(an−2
1 ), an−2

1 ) = x,
which completes the proof of 5◦.

6◦ Let (Q, {., ϕ, b}) be an arbitrary nHG-algebra associated to the
n-group (Q,B) (see [8]). Then, by Proposition 1.6 from [8], there is
at least one sequence an−2

1 ∈ Q such that
x · y = B(x, an−2

1 , y) and ϕ(x) = B(e(an−2
1 ), x, an−2

1 )

for all x, y ∈ Q. Whence, by 4◦ and 5◦, we conclude that
x · y = y · x and ϕ(x) = x.

Thus
e(an−2

1 ) · x = x · e(an−2
1 ) = B(x, an−2

1 , e(an−2
1 )) = x
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and
(an−2

1 , x) −1 · x = x · (an−2
1 , x) −1 = B(x, an−2

1 , (an−2
1 , x) −1) = e(an−2

1 )

by [7]. Hence x −1 def
= (an−2

1 , x) −1 = x, which by our Proposition 1.3
completes the proof.

Remark 2.3. Let (K, ·), where K = {1, 2, 3, 4}, be the Klein's
group with the multiplication de�ned by the following table:

· 1 2 3 4
1 1 2 3 4
2 2 1 4 3
3 3 4 1 2
4 4 3 2 1

Then the permutation ϕ of K de�ned by

ϕ =

(
1 2 3 4
1 2 4 3

)

is an automorphism of (K, ·) and (K, {·, ϕ, 2}) is a 3HG-algebra
associated to a 3-group (K, A), where

A(x, y, z) = x · ϕ(y) · z · 2.

Moreover, e(x) = 2 · ϕ(x), (a, x) −1 = x, and −1A = A = A−1.
It is not di�cult to see that the laws (i)−(iii) hold in this 3-group,

but A(2, 4, 2) = 4 6= 3 = A(4, 2, 2).
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