Quasigroups and Related Systems 7 (2000), 29 — 36

On the classes of algebras reciprocally

closed under direct products

O. U. Kirnasovsky

Abstract

The class K of algebras with the property that two algebras belongs to K iff
their direct product belongs to K is studied.

The class K of algebras with the property that two algebras be-
longs to K iff their direct product belongs to K is called reciprocally
closed under direct products. The formula ® is reciprocally preserved
under direct products if the class of algebras satisfying ® is recipro-
cally closed under direct products (cf. [1]).

Three following assertions are evident.

Proposition 1. A class of algebras closed under direct products and
homomorphisms s reciprocally closed under direct products.

Proposition 2. A class of idempotent algebras closed under direct
products and subalgebras is reciprocally closed under direct products.

Proposition 3. The conjunction of formulas of a fixed signature,
which are reciprocally preserved under direct products, is reciprocally
preserved under direct products. Similarly, the intersection of classes
of algebras reciprocally closed under direct products is a class of alge-
bras reciprocally closed under direct products.

In this paper by a groupoid we mean an algebra (@, f) with one
(binary or m-ary) operation f. A groupoid (@, f) in which for all

2000 Mathematics Subject Classification: 20N15
Keywords: n-ary quasigroup, isotope



30 0. U. Kirnasovsky

1<i<n and a; € () the equation
f(al,...,ai_l,xi,ai+17...,an) = Q;

has a unique solution z; € @ (denoted by f*(ay,...,a,)) is called a
quasigroup. A loop is a quasigroup with a neutral element; a semigroup
- an associative groupoid; a group - an associative quasigroup.

A formula @ of the signature € is called conjunctively-positive iff
its record has no predicate letter, except the symbols of equality, no
logical connective, except the symbols of conjunction, and no term,
except terms of the signature ).

A formula ® is prenex almost conjunctively-positive formula of a
signature €, iff all quantifiers and symbols “3!” in its shortened record,
obtained only by reductions to the symbols “3!”, precede the quantifier-
free part, and the shortened record has no predicate letter, except the
symbols of equality, no logical connective, except the symbols of con-
junction, and no term, except terms of the signature €2. Obviously,
prenex normal form of a conjunctively-positive formula of a signature
(2 is a prenex almost conjunctively-positive formula of the signature
Q.

Lemma 4. Fvery prenex almost conjunctively-positive formula is re-
ciprocally preserved under direct products.

Proof. The given formula is equivalent to a closed formula of the form

(lel) e (le‘k)(wl = W2 & ce &wgm_l = U}Qm), (1)

where ()1, ..., Qr are quantifiers V, 3 and symbols “3!”, and wq, ..., wa,,
are terms of the signature of the given formula. The formula (1) has
the signature of algebras of some type. Fix arbitrary algebras (G, Q)
and (H, () of the type. Denote the direct product of the first of them
by the second of them by (M, Q). Validity of the formula (1) in the
algebra (M, Q) is equivalent to the formula

(Quiy1, z1) € M) .. (Qr(yr, 2) € M) P({yr, 21)5 - -5 Uk, 28)),  (2)

where P(xy, ..., xy) is the quantifier-free part of the formula (1). Next,
the formula (2) is equivalent to the formula

(Q1y1 < G,Zl c H) (Qkyk c G,Zk < H) (Pl<y1,,yk)& (3)
&P"(z1,...,21)),
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where P’ and P” are formulas obtained from P by the way of the re-
placement of every propositional variable x; respectively with y; and z;
and of every functional variable f of the signature €2 with the respec-
tive functional variable (f; of the signature €; and f; of the signature
2y respectively). At last, formula (3) and, therefore, formula (2), are
equivalent to the formula

(@ € G) ... (Quys € G) P'(yr, - yw)) &
&((Quzr € H) ... (Quar € H)P"(z1, ..., ),

that is equivalent to simultaneous validity of the formula (1) in both
(G,€) and (H, Q) algebras. O

Corollary 5. FEvery conjunctively-positive formula is reciprocally pre-
served under direct products.

Corollary 6. The class of all quasigroups (of all groups, of all semi-
groups, of all monoids, of all loops) is reciprocally closed under direct
products.

As it is well known, the direct product p x T of binary relations p
and 7 is defined as the relation

(a,b)(p X T)(c,d) <= (apc)& (b1 d).

It is clear, that for mappings f and g the relation f X g is a mapping
with the domain equal to the Cartesian product of the domains of the
mappings f and g and (f x g)({z,y)) = (f(2),9(y))-

A groupoid (G, g) is called an isotope of a binary semigroup (Q,+)
iff there exists a collection (aq,...,a,,a) of bijections from the set
G onto the set () satisfying the identity

ag(zy,..., ) = aqxy + - + Ty, (4)

An isotope of a group is called also a group isotope. It is easy to see
that an isotope of a group is a quasigroup. A transformation « of
a set @ is called a linear transformation of a group (Q,+) if there
exist an endomorphism ¢ and a right translation R. of this group
such that « = R.0. An isotope of a group (Q,+) defined by (4) is
called i-linear if the bijections a; and « are linear transformations of
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(Q,+). An isotope is linear if it is i-linear for all i. Obviously, every
groupoid isomorphic to a linear or i-linear group isotope is a linear or,
respectively, i-linear group isotope.

Lemma 7. The direct product of an isotope (A,g) of a semigroup
(G,+) by an isotope (B, h) of a semigroup (H,-) defined by (4) and
5h(.’171, e 71:71) = 61131 IR ﬁnxn

is an isotope (C, f) of the semigroup (M, o) determined by
(M,0) = (G x H,0) = (G,+) x (H,)
and by
(ax B)f(z1,...,xn) = (ag X B1)x10...0 (ap X Bp)Tn,

where aq,...,a, and a are bijections from A onto G, and [, ..., B,
and 3 are bijections from B onto H.

Proof. Indeed, let f be the operation of the given direct product of
the isotopes of the semigroups. Then

(ax B)f({z1,41), -+ (T Yn))
(Oz x B)({g(@1, - zn) Ay, - yn)))
= (ag(z1,. .., zn), BA(YL, -, Yn))
= (x4 ...+ @Tn, S1y1 - Buln)
<041$1751?Jl> -0 (T, Bryn)
= (ay X ﬁ1)<x1>y1> o...0(an X Bp){Tn; Yn),
which completes the proof. O

If (Q, f) is a quasigroup of an arity n > 2 then (Q, f, f*,..., f") is
called the primitive quasigroup which corresponds to the quasigroup
(Q, f). Such quasigroup maybe defined as an algebra (Q, f, f*,..., f")
with n + 1 n-ary operations satisfying 2n identities:

f(ajlv"'axi—lvfi(xla"'a n/s
fi('rlv"'axi—laf(xla"'a n/)s

A congruence on a quasigroup (Q, f) is called normal if it is a con-
gruence on the corresponding primitive quasigroup.



Classes closed under direct products 33

Lemma 8. The homomorphic image of a group isotope, where the
congruence which corresponds to the respective homomorphism s nor-
mal, is a group isotope.

Proof. TLet (Q, f) be the given group isotope, ¢ the given homo-
morphism of the group isotope (@, f) onto a groupoid (G, g), and =
the respective normal congruence on (@, f). Then 7 is a congruence
on the primitive quasigroup (Q, f, f,..., f*). Denote the respective
natural homomorphism by . From [2] it follows that the class of all
n-ary group isotopes is a variety of quasigroups. Therefore, the class
of all primitive quasigroups which correspond to n-ary group isotopes
is closed under homomorphisms, whence v is a homomorphism of the
group isotope (Q, f) onto some group isotope (Q)/m, h). Hence (G, g)
is a group isotope. U

Lemma 9. A homomorphism of a quasigroup (Q, f) into a quasi-
group (G, g) is a homomorphism of a quasigroup (Q, f, f1,..., f™) into

a quasigroup (G,g,g",...,9").

Proof. Denote the given homomorphism by ¢. Let a4, ..., a, be ar-
bitrary elements from (), and ¢ be a natural number not greater than
n. If b; = f¥aq,...,a,), then

wa; = @f(ar, ..., a;—1,b;, Qix1, ..., Qp)
= g(@al, cee, P, gpbiv Phit1y .- -y Span)7
whence, it follows that
ofi(ay,...,a,) = ob; = g'(pay,. .., pa,)

for all aq, ..., a, € @ and all 1 < i < n. Thus we have the identity

@fy(xlu s 7xn) = gy(gglll? ER) QOI"IL)
This completes the proof. O

Corollary 10. The congruence which corresponds to a homomor-
phism of a quasigroup into a quasigroup s normal.

Corollary 11. If there exists a homomorphism ¢ of a group isotope
into a quasigroup (Q, f), then the groupoid (Imy, f) is a group isotope.
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Proof. Tt is enough to add the statement of Lemma 8 to the statement
of Corollary 10. u

Example 14. Let (Q,+) be an arbitrary infinite group. Since the
sets Q@ and Q? have the same cardinal number, then there exists
a bijection f of Q% onto Q. Let (Q3 %) be the direct product
(Q,+) x (Q,+) x (@Q,+) and let (Q>,g) be the isotope of the group
(@3, %) defined by the identity

g(T1, ..., Tp) = @y % ... % QTy,

where n > 2 is an arbitrary fixed number and « is a substitution of
Q? defined by the identity

al(z,y,2)) = (f(2), f(y,2))-

Let ¢ be a mapping ¢ : Q% — Q? such that

()0 : <£C7y72> = <‘I.7y>7

and let h be the operation of the arity n > 2 defined on Q? by the
formula

h(<[L’1,y1>, cry <xn,yn>) = QOg((l’l,thl), tey (xn,yn, ZTL>)7

where zp,...,2, € () are arbitrary.
The operation h is not dependent on that choice of z,..., 2, € Q,
since for the direct product (Q? %) of the group (Q,+) we have

g({T1, Y15 21); - -+ (T Yy Zn))

a((z1,y1,21)) * ... * a((Tn, Yns 20)))
(fH@0), flyn, 20)) %o (@), [ (Yns 20))
(fHa)x...x [z n),f(yuzl) oot [ (Y 20))
) *oox T T).

Moreover, from these equalities it follows that the operation h is not
a quasigroup one, since all divisions are multivalued. But the identity

h(pxy, ..., 0x,) = pg(x1,...,2,)
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holds. Thus, ¢ is a homomorphism of the group isotope (@3, g) onto

the groupoid (Q?, h), which is not even a quasigroup. The congruence
corresponding to it by Lemma 8 is not normal. |

Theorem 13. The class of all group isotopes is reciprocally closed
under direct products.

Proof. By Lemma 7 the direct product of two group isotopes of the
same arity is a group isotope. Let the direct product (M, f) of a
groupoid (G, g) by a groupoid (H, h) be a group isotope. By Corollary
6 the groupoids (G, g) and (H,h) are quasigroups. It is easy to see
that the mappings ¢; and ¢y from the group isotope (M, f) into the
quasigroups (G, g) and (H, h) respectively, for which

(Vo € G)(Vy € H)(p1((7, ) = v & pa((7, 7)) = v),

are homomorphisms of the group isotope (M, f) onto the quasigroups
(G, g) and (H, h), respectively. By Corollary 11 these two quasigroups
are group isotopes. O

Theorem 14. The class of all i-linear n-ary group isotopes, where i
and n are fized numbers, is reciprocally closed under direct products.

Proof. By Lemma 7 the direct product of two i-linear n-ary group
isotopes is an i-linear group isotope. Let the direct product (M, f) of
a groupoid (G, g) by a groupoid (H, h) be i-linear n-ary group isotope.
By Theorem 13 (G,g) and (H,h) are group isotopes. The repeated
application of Lemma 7 gives i-linearity of these group isotopes. 0O

Corollary 15. The class of all linear group isotopes is reciprocally
closed under direct products.

In spite of the collection of the above results and the results of
Horn from [1] which describe the structure of the classes of algebras
reciprocally closed under direct products, the question about criterion
for a class of algebras to be reciprocally closed under direct products,
or, at least, for a formula to be reciprocally preserved under direct
products, remains open.
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