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Transversals in groups. 3.
Semidirect product of a transversal operation

and subgroup
Eugene A. Kuznetsov

Abstract

The investigation of transversals in groups beginned in [6, 7] is continued in a present
article. The main aim of this article is a demonstration of a natural way of a construction
of a semidirect product of a left quasigroup with two-sided unit and some group by the

help of transversals.

The present article is a continuation of a cycle of works about the inves-
tigations of transversals in groups, beginned in [6, 7]. As it is known, the
concept of transversal is introduced for investigation of left (right) cosets in
a group by its proper subgroup. The case when this subgroup is not normal,
is the most interesting one.

T
In [6] it was proved that the operation of (E, (o)), corresponding to the
left transversal T' in a group G to its subgroup H, is a left quasigroup with
two-sided unit 1. So, by the natural way, the following problem is appears

define correctly such product of the left quasigroup (F, @, 1) with two-sided
unit 1 and a subgroup H that the result of this product will be isomorphic
to the initial group G.

The analogous investigations took place in [8, 9, 2] and especially in [10].
In these works we may see some formula (formula (7) in the present article)
of a semidirect product mentioned above. But in these works the way of a
construction of this formula is not clear and, moreover, the uniqueness of
this formula as a formula of a semidirect product satisfying the conditions
mentioned above was not shown.
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The author of this article want to show the natural way of constructing
of above mentioned product by the help of the concept of transversal in a
group. The uniqueness of the formula (7) of semidirect product satisfying
the conditions mentioned above immediately follows from the method of
constructing.

1. Necessary definitions and notations

Definition 1. A system (FE,-) is called a left (right) quasigroup, if for ar-
bitrary a,b € F the equation x -a = b (respectively: a-y = b) has a unique
solution in the set E. If (E,-) in the same times is a left and right quasi-
group, then it is called a quasigroup. A quasigroup containing an element
e satisfying the identity z-e =-e-x = e is called a loop.

Definition 2. (cf. [1]) Let G be a group and H its subgroup. A complete
system T = {t;};cp of representatives of the left (right) cosets of H in G
(e =t; € H) is called a left (right) transversal in G to H.

Let T = {t; }icp be a left transversal in G to H. We can define correctly
(see |1, 7]) the following operation on the set E (E is an index set; left
cosets in G to H are numbered by indexes from E):

T
:c(‘)y:z g toty =t:h, heH.

In [7] it is proved that (£, -) is a left quasigroup with two-sided unit 1.

Below we assume (for simplicity) that Coreq(H) = e and we study a
permutation representation G of a group G by its left cosets of a subgroup
H. According to [5], we have G = G, where

N def
ix)=y &

Note that H = St;(G).

gt H = t,H.

Lemma 1. ([6], Lemma 4) Let T' be an arbitrary left transversal in G to
H. Then the following statements are true:

1. h(1)=1 VheH.

. T - .
2. Foranyx,y€c E tx(y)zm(-)y; ti(x) =t (1) = x;
. (T) (T) .
i) =a\y; ) =2\1 @) =1,

(T) (T) )

T
where \ is the left division m<E,(-),1 > (e x\y=z<=uz - 'z=y).
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Since an arbitrary element g € G is contained in some left coset of H in
G, then it can be a uniquely represented in the form:
g = tyh, (1)

where t, € T, h € H.
Let g1g92 = g3 be the product of two arbitrary elements of G. According
to the representation (1) we have

tyzhityho =t h3. (2)
Let x @ Yy = . In view of Lemma 1 we have
t.(1) = ( ) = tohatyha(1) = ity (1) = i (y) = w0 ha(y). (3)

Applying (2) and (3) we obtain

— -1
hs =1} txhltyhg = tI.A

| R -1 -1
o lettuhe = (6 bty () (6 htyhy b,

h1(y)

which implies

_ N -1 R
tohityhy = tmhl(y)(tml(y)txthl(y))( L Yhihy . (4)

Now let .
t-Ltaty,

t=1 ht,h1
h(u)

loy =
o(u,h) =
(for details see [10]).
Lemma 2. The following sentences are true:
1) Za’b € H for any a,b e E.
2) @¢(u,h) € H for anyue€ E and h € H.
Proof. 1) For any a,b € E we have
(1) = Eyibfaty(1) = Erbfa(b) = f2 (e b) = (a @ b)\(a o b) =
ie. lopeSt(G)=H.

2) For any v € E and h € H we obtain
Bl h)(1) = £ (ﬁ)hf (1) = i (1)
o (u N\ (A (
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Remark 1. All permutations lAavb generate the group
LI((E,-, 1)) = (lapla,b € E),

which is called a left inner mapping group of operation (E,-,1). In view of
Lemma 2 we have

LI(<E7'>1>) gf{ (5)

Remark 2. In [10] it is shown that ¢(u, LI((E,-,1))) € LI((E,-, 1)), for
any u € F, i.e. all elements of the group LI((E,-, 1)) satisfy both the
conditions of Lemma 2.

2. Semidirect products

The investigations in the previous chapter lead us in the natural way to the
definition of a product of the left quasigroup (FE,e,1) with two-sided unit
1 and a group H (satisfying some conditions connected with the operation
in (E,e,1)).

Let (F,e,1) be a left quasigroup with two-sided unit 1 and let H be a
permutation group on the set £ (H C St;(SE)) such that

Va,b € B lap = L 0 LoLy € H,

Yu€ B, Yhe H ¢(uh) =Ly} hL,h~t€H, (6)

where L, is the left translation by a in (E,e,1). In the set
ExH={(u,h)lue E,he H}

we define the operation

(s ) * (v, h2) (w0 11 (0), Ty (o) (0, B ) R ) (7)

(see [10]). In view of (6) this definition is correct.
On the set E we define the function:
(u,h): E— E,
(u, h)(x) e h(z),
Lemma 3. The following sentences are true:

1. The function (u,h): E — E is an action, i.e.

(a) it is a permutation on the set F,
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(0) if (u,h1)(x) = (v,he)(x) for all z € E, then uw=v and hy = ha,

2. (u, h1)((v, h2)(x)) = ((u, h1) * (v, he))(z) for any x € E, where * is
defined by (7),

3. (1,id) is an unit of (E x H,x),

4. (R~ Y (u\1), (LyhLp-1401))"") is an inverse element of (u,h) in
(E x H,*,(1,id)),

5. G = (E x H,x,(1,id)) is a group.

Proof. la. According to (8), we have (u,h)(x) = u e h(x) = L,h(z). Be-

cause L, is a permutation of the set F, then also L,h is a permutation of
E. Obviously (1,id)(x) = x.

Ib. If (u,h1)(z) = (v, he)(x) for all z € E, then Lyhi(x) = Lyha(x).
This for x =1 gives L, = L,. Thus u = v. Hence hi(z) = ho(z) for all
x € F, and, in the consequence, hy = ho.

2. For a = (u, hy) and B = (v, hs) we have
a(B(z)) = (u, h1)((v, he)(x)) = (u, h1)(v ® ha(x))
— w o hy(veha(x)) = Luhi Loho() .
But on the other hand
((uy h1) * (v, h2)) () = (u ® h1(v), Ly py (v) (v, h1)h1ho)(2)

= (uehi(v)) ® Ly o LuLny )Ly, (1 Lohy Hhiha ()

= Luah, (v) Loy, (v Lul1 Loha(x) = Luhi Lyha(x)

So (u, h)((v, he)(2)) = ((u, h1) * (v, ha)) ().

3. According to the previous paragraph we have
((u, h1) * (v, he))(x) = Lyhi Lyho(z), 9)
which gives
((1,4d) * (u, h))(z) = Liid Lyh(x) = Lyh(z) = (u, h)(z)

for any = € E. Thus (1,id) * (u, h) = (u, h).
We obtain also

((u,h) * (1,id))(z) = LyhLyid (x) = Lyh(x) = (u, h)(x).
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Hence (u,h)*(1,id) = (u, h), which proves that (1,id) is a two-sided unit.
4. According to the general properties of {Ly}uer in LM((E, e, 1)) to
LI((E,e,1)) C H we have L;'= L,h' for some ' € H. So
(h 1\ L), (L, th-1<u\1>>—1> — (AL, L g h ML)
= (h=Y(u\1), L ( \Uh_lLu\lhh”) = (R~ Y(u\1),o(u\1,h 1) € E x H.

But by (9) we have also
((w, h) % (W1 (u\1), (LuhLp-1001)) 1) (2)

= LuhLp-1(\1)L WL (2) = =,

= 1( \1)
which proves (u,h) * (h™'(u\1), (LuhLp-1(01)) " = (1,id).
In the same way

(R (u\D), (LuhLp-1(u\1) ~" * (u, h))(2)
= L1 Ly it Ly Luh(z) =
implies (h™'(u\1), (LuhLp-10,01)) " * (u, h) = (1,id).
5. It is a simple consequence of 2, 3 and 4. O
Lemma 4. Let G = (E x H,x,(1,id)) be a group. Then
1. H=(H* * (1,id)) (where H* = {(1,h)|h € H}) is a subgroup of G
and it is isomorphic to the group H.
2. T = {(u,id)|u € E} is a left transversal in G to its subgroup H and
the operation of (E, (:C), 1) coincides with the operation of (E,e,1).
Proof. 1. According to (9) we have
((1,h1) % (1, h2))(x) = hiha(x) = (1, hihe)(x),

which proves that H= (H*, *,
bijection ¢ : H* — H, ¢((1
groups H and H.

(1,id)) is a subgroup of G. Moreover, the
,h)) = h defines an isomorphism between

2. In view of (9) we have
((u,id) * (1, h))(z) = Lyid L1h(x) = Lyh(x) = (u, h)(x),
which gives (u,id) * (1,h) = (u, h). Then for any u € E the set
Hy, = (u,id) « H* = {(u,h)|h € H}
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is a left coset of H in G. Obviously (u,id) € H, and (1,id) € H; = H.
So, T = {(u,id)|u € E} is a left transversal in G to its subgroup

. T T
H. Moreover, for (E, (o), 1) we have wu @ v=2z, (u,id)* (v,id) = (z,h),

T
z=wuev and h =I[,,, which implies u(o)v:uov. O

3. The case of a left A;-loop

Note that if in the previous part of this work the permutation h € H is an
automorphism of (F, e, 1), then any u,x € F we have

hL,h™'(z) = h(ue h™'(2)) = h(u) ® & = Ly, (2).

Thus hLyh™' = Ly and @(u,h) = Ly hLuh™" = Ly, Ly = id.

This means that the study of the general construction of a semidirect
product from the previous chapter can be interesting in the case when

LI((E,e,1)) C H C Aut ((E,e,1)).

In this case the left loop (E, e, 1) is a left special loop (left A;-loop) and (7)
can be written in the form

(u, hl) * (’U, hg) = (u L] hl(v), lu,hl(v)hth)- (10)

Obviously such defined product has all properties mentioned in Lemmas 3
and 4.

Remark 3. By Lemma 3, for any v € £ and h € H we have
(ua h)_l = (h_l(u\1)> (LuLu\lh)_1>7
and, in the consequence, (u,id)™' = (u\1, (LyLy1) ™).

Remark 4. Formula (10) coincides with the formula of a gyrosemidirect
product of a left gyrogroup and its gyroautomorphism group (see [11, 4]).
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