Quasigroups and Related Systems 9 (2002), 55 — 64

A note on the Akivis algebra

of a smooth hyporeductive loop

A. Nourou Issa

Abstract

Using the fundamental tensors of a smooth loop and the differential geometric character-
ization of smooth hyporeductive loops, the Akivis operations of a local smooth hypore-
ductive loop are expressed through the two binary and the one ternary operations of the
hyporeductive triple algebra (h.t.a.) associated with the given hyporeductive loop. Those
Akivis operations are also given in terms of Lie brackets of a Lie algebra of vector fields
with the hyporeductive decomposition which generalizes the reductive decomposition of

Lie algebras. A nontrivial real two-dimensional h.t.a. is presented.

1. Introduction

A quasigroup is a set () with a binary operation of multiplication denoted
by o or juxtaposition such that the knowledge of any two of x,y, 2 in the
equation x oy = z uniquely specifies the third. A loop is a quasigroup
(Q,0) with a two-sided identity e. In the case when @ is a neighborhood
of the fixed point e in a smooth (real finite-dimensional) manifold and the
operation o is a smooth function @ x @ — @, then (Q, o) is called a local
smooth loop.

As for Lie groups, an infinitesimal theory for smooth quasigroups is
considered by M. A. Akivis (see [1], [2], [3]). If (@, 0) is a smooth loop then
in a sufficiently small neighborhood of e, the binary operation o has the
following Taylor expansion [1]:

(x o y)i =2+ + T;kxjyk + ,uj»klxjxkyl + V;klxjykyl + ..
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Where the quantities ug-kl and V;kl have the p'ropeyties u;-kl = Nij and
l/;.kl = V;lk. The so-called fundamental tensors a;k, ﬂl’jk of the given smooth
loop (@, o, ¢€) are defined as follows:

i i i i o i s i i s
Ak = 5 (The — 74s) > Bijk = 2150 — 2V + Qo — Qg0 -

The commutator and the associator at the identity e of (Q,o,e) are
expressed in terms of the fundamental tensors oy, and ﬁfjk as follows:

(woy) — (yoa) =2al,a'y" + o(p?),

[(zoy)oz]' —[zo(yo2) = Bualy’ 2" + o(p®),

where p = max(|z?|, |y¢]).

Therefore the tensor aék (respectively Blijk) characterizes the principal
part of the deviation degree from commutativity (respectively associativ-
ity) of the loop (@, o0,e). It should be noted that these expressions of the
commutator and the associator hold in any smooth loop (more precisely,
in a sufficiently small neighborhood of any element of that loop) and the
tensors aé-k and ﬂfjk are defined at any point of the manifold @ (cf. [1]).
For oz;-k =0 and ijk = 0, the loop (Q,o,€) becomes locally an abelian
group and for S}, =0 it is a local Lie group.

Using the fundamental tensors, the tangent space T.Q may be provided
with a structure of a binary-ternary algebra (the tangent algebra of the
smooth loop) if define

(X oY) =204, X9Y*, XY, 2)" = B}, X'Y/ ZF, (1)
for all X,Y,Z € T.Q. It is shown [2] that ¢ and [—, —, —] satisfy the
following identities

XoX =0, (2)
(X, X, X]=0, (3)
o{XY o Z} =o{[X,Y, Z]} — o{[V, X, Z]}, (4)

where o denotes the cyclic sum with respect to X, Y, Z and juxtaposition is
used to reduce the number of brackets, that is XY ¢ Z means (X oY) ¢ Z.
Following [4], a (real finite-dimensional) vector space is called an Akivis
algebra if it carries a bilinear operation ¢ and a trilinear operation [—, —, —]
satisfying the identities (2) — (4). The identity (4) is known as the Akivis
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identity. Hereafter we shall refer to the operations ¢ and [—, —, —] as defined
in (1) as to the Akivis operations.

We will be interested in the situation when a smooth loop (Q,o,e) is
related to an affine connection space (@, V). In [8], [11] a construction of
a loop centered at a fixed point e of (Q, V) is given. Such a loop is called
the geodesic loop of (Q, V) at the point e (it turns out that e is the two-
sided identity element of that loop). Moreover the geodesic loop operation
o is supplemented by an unary multiplication (¢,z) +— tz of any element x
€ (Q,0,¢€) by a real scalar ¢, giving rise to the concept of a geodesic odule
(see [11]). The identity

((t+u)x)oy =txo (uroy) (5)

is called the left monoalternative property, where t and w are real numbers;
likewise is defined the right monoalternative property. The right monoal-
ternative property plays a key role in the differential geometric theory of
some classes of loops. It turns out that (see [3]) for a geodesic loop (Q, o, €)
of an affine connection space (@, V), its fundamental tensors are expressed
in terms of the torsion and curvature of the space (Q, V) as follows:

. 1 .
G = — 5 Tj(e), Bk =

5 (Rijx— ViTi;) (e).- (6)

N | =

Accordingly the Akivis operations of (@, o, e) are also expressed in terms of
the torsion and curvature of (@, V).

For the general theory of specific classes of smooth loops it is sometimes
convenient to give the explicit form of their Akivis operations. This is easy,
according to (6), whenever a suitable differential geometric theory is built
for a given class of smooth loops. The tangent algebra to a smooth Bol
loop is called a Bol algebra (see [10], [15]) while the tangent algebra to a
smooth homogeneous loop is called a Lie triple algebra (see [9], [12]). One
observes that a Bol algebra (resp. a Lie triple algebra) is an Akivis algebra
of a smooth Bol loop (resp. a smooth homogeneous loop) with additional
conditions.

In [5] the Lie triple algebra of a smooth homogeneous loop was related
to its Akivis algebra. It is our purpose in this note to do the same for
hyporeductive loops since they are a generalization both of Bol loops and
homogeneous loops (|13], [14]). Here the approach is geometric in the sense
of (6) (see Section 2) and algebraic meaning that the Akivis operations of
a smooth hyporeductive loop are expressed in terms of the Lie brackets
of a Lie algebra satisfying some specific conditions (see Section 3). We
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wonder whether the method of the algebraic calculus of formal power series,
developed in [5] for the case of smooth homogeneous loops, could be applied
to smooth hyporeductive loops.

2. Tangent algebras to smooth hyporeductive loops:
hyporeductive triple algebras (h.t.a.)

A loop (@, o, €) is said left hypospecial if there exists b(x,y) € Q with z,y €
Q such that b(z,e) = e = b(e, z) and the mapping ¢(z,y) = Ly y)lzy has
the property
-1
PL:¢™" = Lig2) o)

where L,v = uowv, l,, = L;}ULULV and / denotes the right division in

(Q,0,e). A left hyporeductive loop is a left hypospecial loop with the left
monoalternative property (5). Similarly is defined a right hyporeductive
loop. An infinitesimal theory for smooth hyporeductive loops is initiated
by L.V. Sabinin in [13], [14], where he constructed a tangent algebra for such
loops that is called a hyporeductive algebra. It should be noted that there is
a one-to-one correspondance between hyporeductive algebras and smooth
hyporeductive loops. In [6] (see also [7]) a differential geometric study for
smooth hyporeductive loops is suggested. In particular it is shown that a
smooth hyporeductive loop (@,o,e) can locally be seen as an affine con-
nection space (@, V) with zero curvature satisfying the following structure
equations

A
dw' = 3 ik W A w”, (7)
i I S S 7 !
AT}, = (T}(Tj, + afy) — i) @' (8)
where ajk and Tla jk are constants and az.k = —a};j , ri ik = —rli’kj. More-

over, the geodesic loop at a fixed point of an affine connection space with
structure equations (7), (8) is a (right) hyporeductive loop. Using the known
differential geometric techniques we obtained [6] that the integrability cri-
teria of (7), (8) constitute the determining identities of a hyporeductive
algebra if we set

(XY) = al XY",  (XxY)' = (=Thle) —di)X7Y*",
<Z XY > = —r] , XIYFZF (9)
for X,Y,Z € T.QQ. The operations *, . and < —; —, — > are linked by a

certain set of identities ([6], [7], [14]). They are as follows:
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o{&.(n.Q)—<&n,¢>}1=0,
o{¢*x(&.n)}=0,
o {<0;¢ Em>} =0,

k. < GEN>—C <K En>+ < (R §n>=
=< Ex (R > — < CxR3 &N > 0k < RjEm > —Rx < GG >+
+(Exm) x (Cx k) + (Exn).(C*xK),

X-(k < GEN>—C <K En >+ < Cksén>) +
+ << x;6n >0 6> — << X3 G R >80 >+
+ <x: (< RN >> — < iR, < (6 >>=0,

Xx* (k. <GEN>—C.<m&En>+<(.REn>) =0,
<6;X7 K. <<7§777>_< <l€;€77]>+<C'K;§7n>>:07

K.<GEN>—C. <k §n>+ <R En >+
+77-<§§C7/f>—f‘<77§Caﬁ>+<§-77§€7ﬁ>:07

Cr < K;&,m > —kx < GEN > +Ex <1 (k> k< &0k >=0,

Y{< (<& r>4n. <&EGR> =€ < GR>) A u > +
+ <A< CGR>E> Fp. < < (R >E > —
— A << CGR>E>S —(K A< &ECGR > >+
< N<EGR>N > A< < E¢GR>n>) =0,

S{(<m <G R>E> =< ;< &§¢R>n>) A
HN<EGR> N> =< <R >, 6 >) %t =0,

S{< O (< ;<R >,6> — <y < &R >m>), A >+
+ <O (<K N<EGR> N> =< < GR>,E>),u> =0,

where o denotes the cyclic sum with respect to £,7,( and ¥ the one with
respect to pairs (§,7), (¢,k), (A, p). Any (real finite-dimensional) vector
space with two anticommutative bilinear operations and one trilinear, skew-
symmetric with respect to the two last variables, operation satisfying those
identities is called an abstract hyporeductive triple algebra (h.t.a. for short).



60 A. N. Issa

It is worthy of note that such identities are obtained [14] if work out
the Jacobi identities of the Lie algebra of vector fields enveloping the given
hyporeductive algebra and satisfying some specific conditions.

We give an example of a nontrivial real 2-dimensional h.t.a.

Example. Let m be a 2-dimensional algebra over the field of real numbers
with basis {u,v}. Define on m the following operations:

UV =u UUV=v, <Uuv>=v, <v;uv>=0

with the symmetries u*xu = 0 = vu, < tju,u >= 0, where t = u or
v. Then it could be checked that m is a nontrivial h.t.a. that is not a Bol
algebra nor a Lie triple algebra. 0

We have the following theorem whose proof is somewhat elementary in
view of structure equations (7), (8) above.

Theorem 1. Let (Q,0,¢e) be a given smooth local hyporeductive loop and

(T.Q, .,*,< —;—,— >) be the corresponding (up to an isomorphism) h.t.a.
Then the Akivis operations ¢ and [—, —, —] of (Q,0,e) are linked with ., *,
< —;—,— > as follows:

(i) XoY =XY+X#Y,

(il) [X,Y,Z)=-3(<Z;X,Y > +Zo(X*Y))

forall X\Y,Z € T.Q.

Proof. Let (X xY)! = b;kaYk, that is bé-k = —T;k(e) - aék. Then from
(1), (6) and (9) we get (7).

Next, from (8) we know that —rj ;. = (Vi1 + Tj;b5;)(e). Therefore,
since < Z; X,Y >i= —Tli’ijijZl = ((VZT;k + ]}ibik)(e))XijZl, from
(1), (6) we get (ii) (recall that R} ;. = 0). O

Remark 1. (a) Using () the Akivis operation [X,Y, Z] in (i7) can also be
expressed by ¢ and . as follows:

(iii) [X,Y,Z]=-3(<Z;X,Y >+Zo(X oY)~ Zo(X.Y)).
(b) From (7) and (ii) we see that if X.Y = 0 for all X,Y € T.Q, then
XoY =X+Y and [X,Y,Z] = (~1/2)(< Z; X,Y > +Z o (X oY) and we
are in the situation of Bol algebras (see [10], [15]). Likewise for X Y = 0 for
all XY € T.Q we get XoV = X.Y and [X,Y,Z] = (—-1/2) < Z; X,Y >
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and we have the case of Lie triple algebras [5].

With the remarks above one could think of the operation . (resp. )
as of a deviation degree of a h.t.a. from a Bol algebra (resp. a Lie triple
algebra). Although the transformations are somewhat tedious and lengthy,
one could write down the determining identities of a h.t.a. in terms of the
Akivis operations ¢, [—, —, —] and the operation . (or ).

3. An alternative approach

Let m be a (real finite-dimensional) vector space of covariantly constant
vector fields of an affine connection space with zero curvature (@, V) and
e € @ a fixed point. Let g be the Lie algebra of vector fields generated
by m and such that g = m + [m, m] (here [m,m] denotes the subset of g
generated by all [X,Y] with X,Y € m) and let h be the subalgebra of ¢
defined by h = {X € g: X(e) = o}. Then

g=m-+h (10)

(direct sum of vector spaces; see [16]). Additionally let assume that there
exists in g a subspace n such that

g=m +n (direct sum of subspaces), (11)
[n,m] C m. (12)

A pair (g, h) with the decomposition (10) such that (11), (12) hold is said
hyporeductive ([13], [14]).

Proposition 2. The hyporeductive pair (g, h) with conditions (10) — (12)
induces on m a structure of a h.t.a.

Proof. If X, Y € m then [X,Y] € g and the decomposition (11) induces a
binary operation, say ., on m

Xi. X = [Xi, Xl (13)
(here and in the sequel [X,Y]Y¥ denotes the projection on v parallely w),
where X5 (s = 1,...,1, | = dim m) constitute a basis of m. We denote by

D(X;, X;) = [Xi, Xj] — X3.X; (i # j) the basis elements of n. Further,
using (10) and (12), we define on m a binary operation

Xi* Xj = [Xi, X0 — X,.X; (14)
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and a ternary operation
<Xk§Xi,Xj >= —{Xk,D(XZ,X])] (15)

Now using the procedure described in [13], [14] one could write down the
Jacobi identities in g with respect to the set {X,, D(Xpg,X,)} of basis
elements. This in turn leads to the set of determining identities of a h.t.a.
so that (m,.,*, < —;—, — >) becomes a h.t.a. of vector fields. O

Above we considered m as the linear space of covariantly constant vec-
tor fields on an affine connection manifold (Q, V) with zero curvature; this
is intended for a relation with local smooth loops with the right monoal-
ternative property and, further, with local smooth hyporeductive loops.
Specifically we mean the following. If e is a fixed point on (@, V), then
m may be identified with the tangent space T, and therefore, in the case
when m is a h.t.a., T.Q is a h.t.a. Moreover, since (@, V) has zero curva-
ture, the geodesic loop (Q,.,e) of (Q,V) centered at the point e has the
right monoalternative property [15] and, if TeQ is a h.t.a., (@, .,e) has the
(right) hypospecial property ([6], [7]). Thus we get a (right) hyporeduc-
tive geodesic loop (@, ., e) with T.Q as its tangent algebra. But then from
(6), (8), (9), (13), (14) and (15) we see that its Akivis operations have the
following expressions through the Lie brackets of g:

XoY =[X,Y], (16)

(XY, 2] = %([Za XY = (2, X Y Lo + (2 XY ) ()

Thus we have the following

Theorem 3. Let g be a real finite-dimensional Lie algebra gemerated by
a subspace of vector fields and let (g,h) be the hyporeductive pair with the
hyporeductive decomposition (10) — (12). Then the Akivis operations of the
local smooth hyporeductive loop corresponding (up to an isomorphism) to
the h.t.a. in g are expressed as in (16), (17). O

One observes that we have worked with an h.t.a. of covariantly constant
vector fields in a smooth affine connection space with zero curvature. But
one can also start from a structure of abstract h.t.a. given on the tangent
space W to a fixed point e of that connection space and then extend this
structure to the one of a h.t.a. of covariantly constant vector fields V'
through the identification of W with V' = {X¢ : X¢(e) =& € W}



The Akivis algebra of a smooth hyporeductive loop 63

We conclude with the following remarks in full analogy with the ones
we done in Section 2.

Remark 2. (a) We get the Bol theory ([10], [15]) if n = [m,m], i.e.
[X,Y]" =0 in which case we have g = m + h, and [[m, m], m] C m so that
(17) reads

(XY, Z) = §([2.[X,Y]] - [Z,[X, V)5, )1
((16) remains the same).

(b) The hyporeductive pair (g, h) (see (10) — (12)) becomes reductive when
n coincides with h, i.e. ¢ = m + h and [h,m| C m. Therefore the Akivis
operation (17) reduces to the following

(XY, Z] = % [2,[X,Y]]']

(again (16) remains the same) and one observes that we get precisely the
Akivis operations of the local smooth loop associated with the correspond-
ing reductive decomposition ([5]).
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