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Transversals in groups. 4.

Derivation construction

Eugene A. Kuznetsov

Abstract

In the present work the derivation construction is studied by means of transversals
in a group to a proper subgroup. It is shown that the method of derivation may be

understood as a connection between different transversals in a group to a subgroup.

1. Introduction

The method of derivation has appeared in Dickson’s works at the first time.
It has been used to construct nearfields and quasifields from fields and skew-
fields (see [14], [15]). Karzel [6] axiomatized and generalized this method
for groups. Kiechle [7]| gave a generalization of method of derivation which
applied to construct loops with determined conditions by the help of groups.

In a present work the derivation construction is studied by means of
transversals in a group to a proper subgroup. It is shown that the method of
derivation may be understood as a connection between different transversals
in a group to a subgroup. It give us a possibility to generalize the deriva-
tion construction for loops, i.e. to construct loops with some determined
conditions by the help of some "good” loops.

2. Necessary definitions and notations

Definition 1. [2] A system (F,-) is called a right (left) quasigroup, if for
arbitrary a,b € E the equation z-a =0 (a-y=">) has a unique solution
in the set E. If in quasigroup (E,-) there exists element e € E such that

r-e—=e-Tr—==e
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for every x € E, then system (E, -) is called a loop.

Definition 2. [1] Let G be a group and H be a subgroup in G. A complete
system T = {t;};,cp of representatives of the left (right) cosets of H in G
(e =t; € H) is called a left (right) transversal in G to H.

Let T' = {t;}ickr be a left transversal in G to H. We can define correctly
(see |1, 9]) the following operation on the set E (E is an index set; left
cosets of H in G are numbered by indexes from E):

T e
:c(‘)y:z SN tyty =t h, heH. (1)

T
In [1] (and [9]) it is proved that (E, (-)) is a left quasigroup with two-
sided unit 1.
Below we shall consider (for simplicity) that Coreg(H) = e (where

Coreg(H) = N gHg™ !

a(H) = 0.9Hg
is the maximal normal subgroup of the group G contained in the subgroup
H) and shall study a permutation representation G of group G by left cosets
on the subgroup H. According to [5], we have G = G, where

i) =y &L g.H=t,H

Note that H = St1(G).

Lemma 1. ([9], Lemma 4) Let T' be an arbitrary left transversal in G to
H. Then the following statements are true:

1. h(1)=1 forall he H.
- T - .
2. For every x,y € E we have: ty(y) ==z (-)y, ti(z) =t,(1) =z,
. (T) . (T)
Ly =2\y, ) =2\1, @) =1

@ (T)

where \ s the left division in the system (E, -
@ (1)

(le. x\y=2 & x - z=y). O

Let us denote

i) =17k Lol
a b
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(CON N (T)
where L,(z) = a - z is a left translation in the left loop (E, -°,1). The
group
T
Li((e, " 1)) = (1D abe B)

is called a left inner permutation group. It is easy to see that

(T)

zgj (z) = (a (b - z)) = f;(;)bfafb(x) . (2)

T
Note that for every a,b € E lfhb)(l) =1
Definition 3. A left loop (E, -, 1) is called
1. left alternative, if for every z,y € E: x-(x-y) = (z-x) -y,

2. left IP-loop (or LIP-loop), if for every x € E there exists the element
a2’ € E such that 2’ - (z-y) =y for every y € E,

3. left Aj-loop, if for every a,be E I,y € Aut((E,-,1)).

Lemma 2. Let a set T = {t;}icg be a left transversal in the group G to
its subgroup H. Then the following conditions are equivalent:

T
1. The system <E,('), 1) is a left Aj-loop,
T . .
2. For every o € LI((E,(-), 1)) we have aTa t CT.

T
Proof. 1 = 2. Let the system (FE, (-), 1) be a left A;-loop, i.e. let

e (T)
1) =ttty € Aut((B, -, 1))
for every a,b € E. Then
Li((e, ", 1) € Aut((, 1)), (3)

T R R
Let a € LI((E, (-), 1)). Because afya~! € G for every z € E, then

atgcof1 = guill (4)

for some v € E and hq € H. In view of Lemma 1 we have

u=1,1) = t,h1(1) = atza™ (1) = at(1) = a(z),
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i.e. the equation (4) may be rewritten in the following form

~ ~

atxa_l = fa(m)hl . (5)
On the other hand, for every z,y € £

atiroflafya_l =at ) a_lalg‘g)a_l,
z -y
which, by (5), gives

fa(x)hlfa(y)hg = fa(x@)y)hS Oélg(g;}a*l

for some ho,hs € H. In view of Lemma 1 we have also

fa(@illfa(y)hg(l) = fa (T)y)ilg Ozl;T)Oz_l(l),

a(@) " b)) = az V' y). (6)

T T
But a € LI((E,(-), 1)). Thus, by (3), we have «(x @

So, by (6), we obtain:

()

hi(a(y)) = a(x)

a(r)

T
for every z,y € E. Since the system (F, (-), 1) is a left quasigroup with
two-sided unit 1, for every y € E we get

Function « is a permutation on the set E, so for every z € E hy(z) = z,
i.e. hy =e. Then in view of (5) we obtain:

atxofl = Ea(m) eT (7)

T
for every a € LI((E,('), 1)) and x € E.
(T)

2 = 1. (See [8]) Let for every a« € LI((E, -',1)) and = € F exists an
element u € F such that

atya =1, eT. (8)
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Then, in view of Lemma 1, we have

i.e. the equation (8) may be rewritten in the following way
Oéfgcoz_l = tAa(a;). (9)

But every z,y € E we have

Then

which, by (9), gives

and, in the consequence,

allDa™' € LI((E, DycH,

(T)

because a,léﬂ) € LI(E, -",1)). Now, applying the definition of the left

transversal T', we obtain

T T
This means that a € Aut((E,(-), 1)) and (E, (-), 1) is a left A;-loop. O

Lemma 3. Let (E,-,1) be a left loop. Then the following statements are
true:

1. System (E,-,1) is LIP-loop if and only if for everya € E: if a-a’ =1
for some a' € E then lq o = id.

2. System (E,-,1) is left alternative if and only if l,q. = id for every
a€ b

Proof. See |7]. O
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3. Derivation as a connection between transversals
in a group by the same subgroup

Let us remind the general method of derivation used for construction of
loops [7], section 7.

Let (A, -, 1) be a group. The function ¢ : A — S4 such that p(a) = @a,
w1 = id and 4(1) = 1 for any a € A is called a weak deriwation. It is
called a derivation if furthemore for all a,b € A there exists a unique x € A
such that z - ¢, (a) = b.

In [7], section 7, it was proved the following

Lemma 4. Let (A,-,1) be a group with a weak derivation . Let us define
the operation
def
zoy =z pu(y). (10)
Then:

1. The system (A, o,1) is a left loop with two-sided unit 1 (the identity
elements of (A,-,1) and (A,o,1) coincide). Moreover, for all a € A
if aoa =1, then a' = ¢, (a™t).

2. If v is a derivation, then system (A,o,1) is a loop.

The system (A, o, 1) is called a derived (left) loop. If ¢, € Aut A for
every a € A, then derivation is called automorphic derivation.

For the connection between two different left transversals in a group G
by the same subgroup H see [9, 10].

Let T = {ty}recr and P = {p;}zcr are two left transversals in a group
G to its subgroup H. It is evident that for every z € E' py = tyh,) for
some collection {h () }eer, h(z) € H. As it was proved in [9], for systems

(T) (P) :
(E, -",1) and (E, -",1) corresponding to the transversals 7' and P, by

formula (1), we have:
(P) (T) +
Ty=x - h(y) (11)
It is easy to see that formulas (10) and (11) almost coincide; moreover,
hay = id and hg)(1) = 1 for every x € E. Note that unlike the deriva-

tion construction described above the system (F, (:-F), 1) is not a group; in a
general case it is a left loop with two-sided unit. This means that the con-
struction of new operations by the help of the connection between different
left transversals in a group G to its subgroup H (formula (11)) generalize
the derivation method (formula (10)). So the construction of weak deriva-
tion from formula (10) may be generalized up to the class of left loops which
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are corresponding to the left transversals in a some group G to its subgroup

P
H. The system (E, “ ), 1) from formula (11) will be called derived left loop
and the set of permutations {h(y)}zer will be called a deriving set.

P
Lemma 5. Let <E,(-), 1) be a derived left loop obtained by the method of

T
weak derivation (formula (11)) from the left loop (E, (-), 1) by the help of
derived set {h(x)}er. Then the following sentences are true:

. . (P) (T) o
1. Two-sided units of the left loops (E, -, 1) and (E, -,1) coincide.
(P) (P) (P)
2. If a=' is a right inverse to the element a in (E, - 1), then a~! =
(T) (T) )

A . : (T
is a right inverse to the element a in (E, -, 1).

P
3. The left loop (E, “ ), 1) is a loop (i.e. weak derivation is a derivation)

fl(_aa(a_l), where a

T
if and only if the operations (E, (-), 1) and B(z,y) = h(;l) (y) are
orthogonal.

T
Proof. 1. Tt is easy to see that if 1 is a unit in (FE, (-), 1), then

1 (I‘D)x =1 ™ fl(l)(x) =1 ™ x =,
x ) l==x ™ il(x)(l) ==z ™ 1=z
) (P) ) )
2. If a=! is a right inverse to a in (E, -',1), then a - a~! = 1. Thus
(P) (P) (T

T) » .
a(-) h(a™') =1 and o' = h(_al)(a_ ).
P
3. (See also [3], [10]) It is enough to prove that the equation x “ )a = b has

a unique solution in E for any fixed a,b € E if and only if the operations

T R
(E, (.)7 1) and B(z,y) = h(;l) (y) are orthogonal, i.e. if and only if the system

(T)
x -y=a
B(z,y) =b
has a unique solution in the set £ x F for any a,b € F.
We have

(T) <

—
z=1b

x
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B&l)(z) =a B(z,z)=a
<~ (T) <~ (T) _
. xr - Z =
T
Last system has a unique solution if and only if the operations (E, ¥ , 1)
and B(z,y) = h&l) (y) are orthogonal. O

Remark 1. According to Cayley’s Theorem (see [5], theorem 12.1.1, 12.1.3)
every group K may be represented as a permutation group on the set K;
this representation is regular. So any group K may be represented as a
group transversal in Sk to St1(Sk). Then the construction of weak deriva-
tion of an arbitrary group (A4, -, 1) to the derived left loop (A, o, 1) may be
represented as a construction of the left transversal P = {p;}.cpr in the
group Sy to St1(S4) by the help of the group transversal A* = {t;},ecp in

A
the group Sa to St1(S4). The corresponding system <E,(‘), 1) is isomor-

P
phic to the group (A,-, 1) and the system <E,(-), 1) is isomorphic to the
derived left loop (A4, o0,1).

Remark 2. The construction of weak derivation may also take place when
there exists a group transversal T in the group G to its subgroup H. Then
any other left transversal P in the group G to its subgroup H may be
represented as a weak derivation of the group transversal T by the help of
the deriving set {il(gg)}acEE C H.

Remark 3. The construction of automorphic derivation may be naturally
represented as a connection between left transversals in the group G to its
subgroup H, where G is a semidirect product (see [13], [11]) of a left loop
(E,-,1) and group H, and LI((E,-,1)) C H C Aut((E,-,1)).

4. Automorphic derivations

Let us investigate the case of weak automorphic derivation of left loops, i.e.
the case of weak derivation with the condition

(A Yo C Aut((E, -, 1)).

P
Lemma 6. Let <E,(-), 1) be a derived left loop, which is obtained from a

T
left loop (E,(~), 1) by means of weak automorphic derivation by the help of

‘A

the deriving set {h(y)}zer. We have

1. The following conditions are equivalent:
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(a) ae Aut(< ,A(T), 1)) is an automorphism of (E (I?), 1),
(b) ah(x = h(a(x)) for every x € E,

(P) . . (T)
(¢) a€Aut((E, -',1)) is an automorphism of (E, - ,1).

(P) _7-1 () .
2. la h(( )la,ﬁ(a)(b)h(a)h(b) for every a,b € E,

P
3. The system (E, “ ), 1) is left alternative if and only if for everya € E

7 (T) 2
h(a“.’> ) la Jray(a )h(a)

P
4. The system (E, “ ), 1) 4s a LIP-loop if and only if for every a € E

hl=h 1) where o = cizi)l
(a) — ( (a)( a’))’a,a’’ - ’

P
5. The system (E, “ ), 1) is a left Bol loop if and only if for every a,b € E

h = il Ty
P06 ainy 0a) (@)°b,hpy (a)"*(0) (@)
P
6. The system <E,(-), 1) 4s a group if and only if for every a,b € E

~ . (T) A A
h(a@)b) =l by @P0)

T
Proof. 1. (a) <= (b). If a € Aut(<E7(-), 1)), we have for every z,y € E

(P)
aly) =alz - y),

. (T) - T -
ha@paly) = a(z " he(y) = a(z) - ahe(y),

Mo (y) = ah)(y),

ha(xy) = @y

(T)

az) -

(¢) <= (b). For every z,y € E we have x (~)y =z - iz&l)(y) So the
result follows as before.

. T
2. Because of h(, € Aut((E,(-), 1)) for every a € E, so we have for
every a,b,x € K

A O R R )
(T) » (T) » (T) » (T)
@ b by @) = (@ b ®) ) )lé,R( 2),
(T) ,» (T) ~ - (1) » (1) »
a - (hay(®) - by (@) = (@ hay®) - h @ (@),
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5 (T . A
- (hay(b) h(a>h<b)(3«")>)=h(aw>b 1) ().

In view of formula (2) we obtain for every x € E

@ @b P
'y a(()())hw)h( >(33)( ) h oy lay (2);
Py - T s
lay = h( S )laﬁ(a)(b)h(a)h(b)'

P
3. According to Lemma 3 the system (F, “ ), 1) is left alternative if and
only if lC(L];) = id for every a € E. So by the condition 2) the result follows.
P
4. According to Lemma 3 the system (F, “ ), 1) is a LIP-loop if and only

P
if for every a € E: if a(-)a” =1 for some a” € E, then ZEL}Z),, =id. So in

view of the proposition 2) of present Lemma we obtain

(T)

Because of a” = B(_a%( 1), then h(_a)

5. It is easy to prove (see |7]) that the left Bol identity

(
h( (a"'))l(ﬂ)’”v where /' = a

for every a,b,z € E is equivalent to the identity l(P)(P) = (lélz))*l for
a,b - a
every a,b € E. So in view of the condition 2) of the present Lemma we

obtain

p—1 (T) p—1p—1,(T) =1 7
D0y bt )h(“)h( Py = @ 0 b @ 6y
h S hal™ hyhia.
@070 a6 @k (@) O

P
6. It is easy to prove that system <E,('), 1) is a group if and only if

l((llz) = id for every a,b € E. So in view of the condition 2) of present
Lemma we obtain the result. O

Corollary 1. Let the general assumptions of Lemma 6 hold. If the system

P) .\ . (T) :
(E, -",1) is a group, then the system (E, -, 1) is an A;-loop.
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Proof. In view of proposition 6) of Lemma 6 if the system (E, -",1) is a
; T & s o (1)
group then h(a({g)b) = l((z,iz)(a>(b)h(“)h(b)' Because of h(y) € Aut((E, -, 1)) for
T .
every a € E, then l((lTh) v € Aut((E,(-), 1)) for every a,b € E. But h,
(a)
T
is a permutation on the set E for every a € E, then lffc) € Aut((E, « ), 1))
T
for every a,c € E. So (F, (-), 1) is an A;-loop. O
4.1. An automorphic derivation of group
T
Let us apply the previous lemma to the case when (F, (' ), 1) is a group.

P
Lemma 7. (See [7]) Let (E, “ ), 1) be a derived left loop, which is obtained

T
from a group <E,(-),A1> by means of weak automorphic derivation by the
help of deriving set {h(x)}er. Then the following statements are true:
1. The following conditions are equivalent:
T
(a) a€ Aut((E, (-), 1)) is an automorphism of (E,
(b) ah(w)ofl = h(a(x)) for every x € E,
(¢) a € Aut((E,

R P T
2. l((f;) =ht hiayhe) € Aut((E,(~), 1)) for every a,b€ E,
a -'b)

1),

>

—

(T)

P
-, 1)) is an automorphism of the operation (E, -, 1).

P
3. The system (E, ¢ ), 1) is left alternative if and only if for every a € E

_ 52
P
4. The system (FE, “ ), 1) 4s LIP-loop if and only if for every a € E

7—1 7 / (7:)1
h( ) = h(fz@l)(a’))f where a' =a™".
(

a

P
5. The system (E, -, 1) is a left Bol loop if and only if for every a,b € E

h = ha hiny ha)-
@Dy (a)"*(b)"(a)
P
6. The system <E,(-), 1) 4s a group if and only if for every a,b € E

~ ~

by = @l

(
Proof. 1t is the evident corollary of Lemma 6, because l((zj;) =1d for every

T
a,b € E, if the system (F, (-), 1) is a group. See also [7]. O
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Corollary 2. Let the conditions of Lemma 7 hold. If for every h € H we
P
have hh(x)h_l = h(h(z)), then the system (F, (-), 1) 4s an A;-loop.

P .
Proof. Tt is evident because LI((FE, “ ), 1)) € H for every left transversal

P in a group G to a subgroup H. O

P
Corollary 3. (See [15]) Let the conditions of Lemma 7 hold. If (E (-), 1)

is a group, then (H,),-, hq)), where H(,y = {hg|r € E}, is a subgroup of
the group H.

Proof. Tt is an evident corollary of 4) and 6) from Lemma 7. O

2. An automorphic derivation of Aj-loop

T
Let us apply Lemma 6 in a case when (F, (- ), 1) is an A;-loop.

Lemma 8. Let (E, -, 1) be a derived left loop, which is obtained from the

Aj-loop (E, -, 1) by means of weak automorphic derivation by the help of
the deriving set { o) yecE - Then:

1. Z(P) = h L Z(TA) h(a)h(b) S Aut((E

(T)
(a (P) b) a,h(q)(b) ?

, 1)) for every a,b € E,
(P)

P
2. (E, “ ), 1) is an Al loop if and only if for every a € LI(E, -7, 1))
we have Oéh(x) = h(a(a:))
T T
Proof. 1. Since the system (E,(~), 1) is an A;-loop, lg)) € Aut((E,(-), 1))

for every a,b € E. But by the definition of a weak automorphic derivation

. T
h(zy € Aut((FE, “ )7 1)) for every z € E. Thus, by the condition 2) of Lemma
6, we obtain our thesis.

P
2. It <E,(-),1> is a Aj-loop, then in view of 1) from Lemma 6 and
1) from the present Lemma it is equivalent to I,

)
()i (P)-1 _
plh@lay = h(li{?(w))
(P)

for every a,b € E. Since LI((E, -,1)) = <l((£)\a,b € E), for every a €

P . .
LI((E, “ ), 1)) we obtain ah(x)a_l = h(q(x))- But according to the condition

)
P T
2) of the present Lemma we have LI((E (-), 1)) C Aut((E, (-), 1)). O
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(T) (T) .
Corollary 4. Let (E, -",1) be an Aj-loop and G = LM ((E, -",1)) its left
P
multiplication group. Then the system <E,(-), 1) is an A;-loop if and only
P
if ah(x)ofl = h(a@)) for every a € ILJ'((E,(~)7 1)).

T T
Proof. Since the system <E,(-), 1) is an Aj-loop and H = LI((E,(-), 1)),

T
every element h € H is an automorphism of (E, ¥ ), 1). Soin this case every

T
weak derivation of the A;-loop (F, “ ), 1) is an automorphic weak derivation.
In view of the condition 2) of Lemma 8 we obtain the necessity. O

Corollary 5. Let the conditions of Corollary 4 hold. If for every h € H we
P
have hh(w)h_l = N(h(x)), then the system <E,('), 1) is an A;-loop.

(P)

Proof. Tt is a consequence of our Corollary 4, because LI((E, -",1)) C H
O

for every left transversal P in a group G to a subgroup H.

Definition 4. A transversal T in the group G by its subgroup H is called
a gyrotransversal if T—' =T and hTh~!' C T for every h € H.

Lemma 9. Let the set T = {t,}.cr be a gyrotransversal in the group G
by the subgroup H. Then hty,h~! = t}}(z) and t;! = ty\1 for every h € H,
reFE.

Proof. As the set T = {t;},cp is a gyrotransversal in the group G by the
subgroup H, so for every h € H we have hTh™' C T, i.e. ht,h™' = t,,
where v = £,(1) = hi,h ™' (1) = hiy(1) = b (z). Thus ht.h™ =t} .

By the definition we have also 77! = T, i.e. t;! =t, for every x € T,
where z =1,(1) =#;1(1) = 2\1. Thus ;! = a1 O

Lemma 10. Let the conditions of Lemma 8 hold. If T is a gyrotransversal
in the group G by a subgroup H, then the following conditions are equivalent:
1. the set P is a gyrotransversal in the group G by a subgroup H,
2. hh(x)h_l = h(,;(gg)) and h(;l) = h\1) foreveryh € H, z € E.

Proof. 1. = 2. Let the conditions of the present Lemma hold and let
P be a gyrotransversal in the group G by its subgroup H. Then, by the
definition, for h € H we have hPh™' C P and P~! = P, which implies
htmh(x)h_l =tyh) forall h € H, z € F and some u € E. Thus

~

u=t,(1) = tuhy (1) = hizhh (1) = hiy(1) = h(2).
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Thus the previous equation can be rewritten in the form htwh(@h_l =
t;, (x)h(iz (@) and, in the consequence, in the form

-1 -1 _ 3 —1;-1
ity hteh ™ = B oy SR (12)

As the set T is a gyrotransversal in the group G by the subgroup H, so,
by Lemma 9, ht,h~! = tj () for h € H and = € E. Hence (12) has the
form e = hy;, wphhiyh ™ e hhgh™ = h, ), which proves the first
condition of 2.

To prove the second, observe that P~! = P implies (txh(m))_l = twh(w)
for x € E, where

w = (1) = by (1) = (o) ™ (1) = B3 (1) =BG (@\D).

This means that the equation (¢ h(x))*l = twh(w) can be written in the
form h( )t e = tj- (I\l)h(h | (@\1))" i.e. in the form

1 1,-1 1 1,-1 -1
Mzt = o @@t = Gz e tahe)heti

This together with ht, hl = th( ) gives t ( \l)h(w) x\lh(w) = e, ie.
-1 .

h(A(—l)(x\l)) = h(x)tx\ltxl, which by hh(x)h h(h (@) implies the equa-

tion h( (a:\l)) = h( )h(x\l)h(x)

So we can write the equation h( R @) = h( 1)75 in the form

\1 :
— . ~1,-1 -

hh@nhe =betats's ie tetaihenhe) =

Since the set T is a gyrotransversal in the group G by a subgroup H,
by Lemma 9, for every * € E we have ;! = tz\1, which together with
t;rtx\lh(x\l)h(x) = € implies h(:c\l)h(:(:) = e. Hence h(_xl) = h(m\l) This
proves the second condition of 2.

2. = 1. Let the conditions of Lemma 8 hold. If hh(x)h_ h( hz))

and h(_l,l) = h(p\1) for all h € H, z € E, then, by Lemma 9, for every h € H
and x € E we have

hpeh™ = htghih™" = (htzh ™) (hhh ') = t;

)P

(h(z)) = Ph(a)’
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i.e. hPh~' C P. Moreover, by Lemma 9, for every x € E we have also

p;1 = <t$h(x))_1 = h(_ml)tgl = h(:(:\l)tx\l =
—1
= hewtaahenhen =t enhen =
—1 o
th(w\l)(95\1)h(%\l)(ﬂf\l))h(ﬁ(z\n(:c\l))h(“”\l) B

N N —1 —1 _
= Ly @\ My @) D e 1) Py o) =
= By @A) Whay @\1) = Phayyn) €

This together with hPh~! C P proves that set P is a gyrotransversal in the
group G by a subgroup H. O

5. Examples

Using propositions that are proved in the previous section, we will demon-
strate some methods of construction of A;-loops by the help of groups and
Aj-loops.

Lemma 11. If K is a group, Inn (K) the group of its inner automorphisms,
M = K x Inn (K) the semidirect product of K and Inn (K), then the set
D = {(z,aq,)|x € K}, where a, € K are the indexes depended on x € K,
is a left transversal in the group M by a subgroup H = Inn (K). Moreover,
if au(az) = ag,(z) for every x,u € K/Z(K), where Z(K) is the cenler of

(D) .
K, then the system (K, -",1) is an A;-loop.

Proof. Let the conditions of the Lemma hold. Because Inn (K) C Aut K,
then for the group transversal Ko = {(x,id)|x € K} in the group M by

K
subgroup H = Inn (K) any weak derivation of group (K, " ), 1) is a weak

automorphic derivation. According to Corollary 5, the system (K, ([-)), 1) is
an Aj-loop if ayag,ant = Qa,, @ fOr ¢ € K, ay € Inn (K).

This shows that for every z,u,y € K holds ayaq,a;l(y) = Qa0 (U)-
Therefore

(uazu_l)y(uaglu_l) = O‘u(axu_lyuagl) = Oy Qq, (u_lyu) =

= 0Oy, O‘qjl(y) = Qay (2 (y) = aau(a:)ya;j(x) .

Hence au(ax)y(au(aw))fl = aau(r)yaa_j(:v) and Aoy (az) = Xagy ()

D
So, if ay(az) = aq,(y) holds, the system (K, “ ), 1) is an Aj-loop. O



82 E. A. Kuznetsov

Corollary 6. Let the conditions of Lemma 11 hold. If oy(az) = Gqy(z),
then ay € Ck(x) for every x € K, where Ci(x) is the centralizer of x in
the group K.

Proof. Tt follows from ay(as) = aq,(z) for u = . O

Remark 4. In the case a, = = we obtain so-called diagonal transversal
D = {(z,a;)|x € K} investigated in [4].

Remark 5. For a, = 2™, where m € Z — {0, 1} is fixed, we obtain the
generalized diagonal transversals D = {(z,a]')|x € K} described in [12].

Now we will demonstrate the method of constructing of A;-loops by the
help of A;-loop L with nontrivial right nucleus N,.(L).

Lemma 12. Let the conditions of Lemma 8 hold. If iL(x) =

T P
(-), 1)), co # 1, then the system (E, (-), 1) is an A;-loop.

T where
z,x - co

co € Nr(<E,

T
Proof. Since the system (F, (-), 1) is an A;-loop, then

(T)

by =1 e L1((B, 1) € w7 1)), (13)

T, - co

T P
i.e. the weak derivation of A;-loop <E,(-),1> onto left loop <E,(-),1> is
a weak automorphic derivation. Moreover, in view of 1), Lemma 8 and

~ ~ ~ T
(13) we obtain 1) = h(1<P>,,)l«(z,Tﬁ)(a) o) € LB, " 1)) for every

a,be FE, ie.
P T
Li(e, ", ) c Lie, ", ). (14)
T
But ¢y € NT((E,(-),D). Then lg))(co) = co for every a,b € E. So
T
a(cyg) = ¢o for every a € LI((E, (-), 1)). Then, by (7) and (14), for every
P
x € Fand a € LI((E,(-), 1)) we obtain:
aiz(x)ofl = al(T)m ol = af_(lT) - tot 7y @™t =
T,z - co z - (z -cg) T 00
= (O”?i(lT) (1) O‘_l)(afxa_l)(af (T) a_l) =
z - (z - co) z - 'co
= i (1), (1) tAoz(:r)L2 w =i (), (1) fa(z)f m =
a(z - (x -co)) az - "co) a(z) - a(z - co) a(z - co)
(T) _ (D _ (D) _7
! =1 =1 = Mag)

a(m),a(:p@)CO) a(w),a(x)(r)a(co) a(z),a(x) 4 co
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P
This, by 2) of Lemma 8, proves that (F, “ ), 1) is an A;-loop. O
Remark 6. The set {h(,)}scp may be chosen in the another way. For

(1)
Ri(z,c1),Ra(x,c2)’

),

example B(m) =D or, in the general case ﬁ(x) =1

(T) >
T,co - T
where Rj, Ry are terms of two variables on E. If ¢1,¢c0 € N, ((E,

P) .\ .
then the system (E, -, 1) is an A;-loop.
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