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Dual positive implicative hyper K-ideals of type 3

Lida Torkzadeh and Mohammad M. Zahedi

Abstract

In this note first we define the notion of dual positive implicative hyper K-ideal of type
3, where for simplicity is written by DPIHKI —T3. Then we determine all of the non-
isomorphic hyper K-algebras of order 3, which have D = {0,1} asa DPIHKI —T3. To
do this first we show that D = {1} and D = {1,2} can not be DPIHKI —T3. Then we
prove some lemmas which are needed for proving the main theorem. Finally we conclude
that there are exactly 219 non-isomorphic hyper K-algebras of order 3 with the requested
property.

1. Introduction

The hyperalgebraic structure theory was introduced by F. Marty [7] in
1934. Around the 40’s, several authors worked on hypergroups, especially
in France and in the United States, but also in Italy, Russia and Japan.
Over the following decades, many important results appeared, but above
all since 70’s onwards the most luxuriant flourishing of hyperstructures has
been seen (see for example [4]). Hyperstructures have many applications to
several sectors of both pure and applied sciences.

Imai and Iéki [5] in 1966 introduced the notion of a BCK-algebra. Re-
cently |2, 3, 9] Borzooei, Jun and Zahedi et .al. applied the hyperstructure
to BCK-algebras and introduced the concept of hyper K-algebra which is a
generalization of BCK-algebra. In [1], the authors have defined 8 types of
positive implicative hyper K-ideals. Now in this note we define the notion
of dual positive implicative hyper K-ideal of type 3, then we obtain some
related results which have been mentioned in the abstract.
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2. Preliminaries

Definition 2.1. Let H be a non-empty set and ” o” be a hyperoperation
on H, that is 7 o” is a function from H x H to P*(H) = P(H)\{0}. Then
H is called a hyper K-algebra if it contains a constant 0 and satisfies the
following axioms:

HK1) (zoz)o(yoz)<zoy,

HK2) (zoy)oz=(roz)oy,
) x <uw,
HK4) z<y,y<ax= x =y,
HK5) 0 < z,
for all z,y,2 € H, where ¢ < y is defined by 0 € x o y and for every
A,BC H, A< Bisdefined by da € A, 3b € B such that a < b.

Note that if A, B C H, then by A o B we mean the set-theoretic union
of all aob such that a € A, b € B.

The main properties of hyper K-algebras are described in [2] and [3].
For example in [2] the following theorem is proved.

Theorem 2.2. Let (H,0,0) be a hyper K-algebra. Then for oll z,y,z € H
and for all non-empty subsets A, B and C' of H we have:

(i) zoy<z<=uzoz<y, (vi) x€x00,

(i1) (xoz)o(roy)<yoz, (vii) (AoC)o(AoB)< BoC,
(191) zo(zxoy) <y, (viii) (AoC)o(Bo(C)< Ao B,
(lv) woy<w, (iz) AoB<(C<«<= Ao(C < B,
(v) ACB= A<B, (x) AoB<A. O

Definition 2.3. Let (H,o0,0) be a hyper K-algebra. If there exist an
element 1 € H such that 1 < x for all x € H, then H is called a bounded
hyper K-algebra and 1 is said to be the unit of H.

3. Dual positive implicative hyper K-algebras

From now H is a bounded hyper K-algebra with unit 1 and 1oz = Nz.

Definition 3.1. A non-empty subset D of H is called a dual positive
implicative hyper K-ideal type 3 (shortly: DPIHKI-T3) if
(i) 1€ D,
(7)) N((NxoNy)oNz)<D and N(NyoNz) <D imply
N(NxoNz)C D, Vx,y,z € H.
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Example 3.2. Let H = {0,1,2}. Then the following table shows a hyper
K-algebra structure on H with unit 1.
o| 0 1 2

0 {0} {0} {0}
L{1p {01} {1}
2| {1,2} {0,1} {0,1}

And I ={0,1}isa DPIHKI — T3. 0

Theorem 3.3. A non-empty subset D of H is « DPIHKI — T3 if and
only if N(NxoNz)C D forall z,z€ H.

Proof. L.et D be a DPIHKI — T3. Then by Definition 2.1 and Theorem
2.3 (z) we conclude that N((Nx o Ny)o Nz) < D and N(Nyo Nz) < D
for all x,y,z € H. So by hypothesis we get that N(Nx o Nz) C D for all
x,z € H. The converse statement is obvious. O

To avoid repetitions let in the sequel H = {0, 1,2} be a bounded hyper
K-algebra with unit 1.

Lemma 3.4. In H we have 100 = {1}.

Proof. On the contrary let 100 # {1}. Then we must have 100 = {1,2}.
By (HK2) we have (100)02 = (102)00,s0 0 € 202 C (100)02 = (102)00.
Thus there exists z € 1 0 2 such that 0 € x o 0, which implies that x < 0,
thus from (HK4) and (HKb5) we get that x = 0. Hence 0 € 10 2, that is
1 < 2. Since 2 < 1, thus 2 = 1, which is a contradiction. O

Lemma 3.5. For all v € H we have NNz = x if and only if 101 = {0}
and 102 ={2}.

Proof. Let NNx =z, ie. lo(lox)=x for all z. Since 1o (102) =2, we
get that 0 ¢ 1o2 and 1 ¢ 102. So 102 = {2}. Now since lo(lol) =1,
we conclude that 1 ¢ 1ol and 2¢ 101, Thus 1o1 = {0}.

The converse follows from Lemma 3.4 and hypothesis. O

Lemma 3.6. Let Dy = {1} and Dy = {1,2} in H. Then Dy and Dy are
not DPIHKI — T3.

Proof. Since 0 € 10 ((100)o(lo1)) = N(NOoN1),0¢ Dy and 0 & Do,
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then by Theorem 3.3 D; and Dy are not DPIHKI — T3. O

Lemma 3.7. Let D ={0,1} in H. Then the following hold:
(i) if 2€ 102, then D is not a DPIHKI — T3,
(4i) if 2€ 1o, then D is not a DPIHKI — T3.

Proof. (i) Since2€ 102 C 10 ((102)o(lol))=N(N2oN1)and2¢ D,
then, by Theorem 3.3, D is not DPIHKI —T3.
(7i) The proof is similar as (7). O

Theorem 3.8. Let D ={0,1} in H. Then D is a DPIHKI —T3 if and
onlyif 2¢ 102 and 2& 101,

Proof. Let 2 ¢ 102and 2¢ 101. Thus 102 = {1} and 101 ={0,1} or
101 = {0}. Now by some calculations we can get that N(Nzo Nz) C D,
for all x,z € H.

Conversely, on the contrary let 2 € 102 or 2 € 10 1. Then Lemma 3.7
(1), (i7) gives a contradiction. Thus 2 € 1o2 and 2 ¢ 10 1. O

Remark 3.9. From now let D = {0,1} be a DPIHKI — T3. Thus:

(1) From Theorem 3.8 we conclude that 102 = {1} and 101 ={0,1} or
1o1=/{0}.

(77) By (HK2) we have (1o01)o0=(lo0)oland (l1ol)o2=(102)01.
Thus by (i) and Lemma 3.4 we conclude that 000 C {0,1} and
002C{0,1}. O

Lemma 3.10. If 202 = {0} and 000 = {0} in H, then 200 = {2}.

Proof. By (HK2) we have (200)02=(202)o0=000={0}. If 1 €200,
then 102 C (200)02 = {0}. Thus 102 = {0}, which is a contradiction
because 102 = {1}, by Remark 3.9 (7). Thus 1 ¢ 200 , hence 200 = {2}. O

Lemma 3.11. If 202={0} and 001 = {0} in H, then 1 ¢ 20 1.

Proof. On the contrary let 1 € 20 1. By (HK2) we have (201)02 =
(202)01=001= {0}. Thus by Remark 3.9 (i) and hypothesis we have
1€102C (201)02={0}, which is a contradiction. O



Dual positive implicative hyper K-ideals of type 3 89

Lemma 3.12. If 201=1{0,2} and 101 = {0} in H, then 200 = {2}.

Proof. On the contrary let 200 # {2}. Then we must have 200 = {1,2}.
By (HK2) we have (201)00 = (200) o 1. By hypothesis we have
(201)00=1{0,1,2} and (200) o1 = {0,2}, which is a contradiction. [

Lemma 3.13. Let 001 ={0,1} and 002 = {0} in H.
(i) If 202C{0,2}, then 201 ¢ {0,2}.
(13) If 202=1{0,1} or 202=1{0,1,2}, then 201 {0}.

Proof. (i) On the contrary let 201 C {0,2}. If 201 = {0, 2} by (HK2) we
have (202)o01 = (201)o02. By hypothesis we have (202) 01 = {0,1} if
202={0} and (202)01={0,1,2} if 202 = {0,2}. On the other hand
(201)02={0}if202={0} and (201)02 = {0,2} if 202 = {0,2}, which
is a contradiction. If 201 = {0}, then the proof is similar as the case of
201 =1{0,2}.

The proof of (ii) is similar as (7). O

Lemma 3.14. Let 001 ={0,2} in H. Then:
(i) 202¢ {01},
(1) 201 ¢ {0,1},
(#i7) if 101 ={0}, then 202 # {0,1,2},
(iv) if 000={0}, then 200 = {2},
(v) if 202=1{0,1,2}, then 002 ={0,1}.

Proof. (i) On the contrary let 202 C {0,1}. By (HK2) we have (002)o1 =
(0ol)o2. If 202 = {0} by hypothesis and Remark 3.9 we get that
(001)02 C {0,1} and (002)o1 = {0, 2} or {0, 1,2}, which is a contradiction.
If 202 =1{0,2}, then the proof is similar as the case of 2 02 = {0}.

The proof of the other cases are similar as above by considering the
suitable modifications. O

Lemma 3.15. Let 001 =1{0,1,2} in H. Then:

() 202 {0,1},

(i) 201¢ {0,1},
(#i1) if 202={0,2} and 002 = {0}, then 201 +#{0,2},
(iv) if 201={0,2} and 1¢202, then 002 ={0,1}.

Proof. (i) On the contrary let 202 C {0,1}. By (HK2) we have (002)o1 =
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(0ol)o2. If 202 = {0} , then by hypothesis and Remark 3.9 we get that
(001)o2=1{0,1} and (00 2) o1 = {0,1,2}, which is a contradiction. If
202 ={0,2}, then the proof is similar as the case of 202 = {0}.

The proof of the other cases are similar as above by considering the
suitable modifications. O

Lemma 3.16. If 201,202 and 001 C {0,2}, then 002 = {0}.

Proof. By (HK2) we have (201)02 = (202)01 C {0,2}. Since
002 C (201)02 C {0,2}, and by Remark 3.9 (ii) 2 ¢ 00 2, we get
that 002 = {0}. O

Lemma 3.17. Let 201 =1{0} in H. Then:
(1) if 1o1 ={0,1} and 202={0,1} or {0,1,2}, then 002 ={0,1},

(#3) if 000={0} and 101 ={0,1}, then 200 = {2},

(7i1) if 001 ={0,1}, then 002 ={0,1},

(iv) if 000 =1{0,1}, then 200={1,2}.
Proof. (i) By (HK2) we have (202)o1 = (201)02. Now (202)o1 = {0,1}
and (201) 02 =002, therefore 0 02 = {0, 1}.

(73) On the contrary let 200 # {2}. Then we must have 200 = {1, 2}.
By (HK2) we have (201) 00 = (200) o 1, which is contradiction, because
1€(200)o01, while1 ¢ (201)00={0}.

The proofs of (ii7) and (iv) are similar. O

Lemma 3.18. Let 201 ={0,2} in H. Then:
(1) if 1€001 and 1¢202, then 002 ={0,1},
(73) if 000=1{0,1}, then 200 = {1,2}.

Proof. (i) On the contrary let 002 # {0,1}. Then we must have 002 = {0},
by Remark 3.9 (i7). By (HK2) we have (201)02 = (202)01. Now by
hypothesis we have (201) 02 C {0,2} and 1 € (202) 01, which is a
contradiction.

The proof of (ii) is similar as (7). O

Lemma 3.19. If 202 C {0,2} and 000 ={0,1}, then 200 ={1,2}.

Proof. On the contrary let 200 # {1,2}. Then we must have 200 = {2}.
By (HK2) we have (202) 00 = (200) o2. Now by hypothesis we have
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1€(202)o0and 1¢ (200)o02, which is a contradiction. O

Now we are ready to determine all of hyper K-algebras of order 3, in
which D ={0,1} isa DPIHKI — T3.

Theorem 3.20 (Main theorem) There are 219 non-isomorphic bounded hy-
per K-algebras of order 3, to have D ={0,1} as a DPIHKI — T3.

Proof. Let H = {0,1,2} and 1 be its unit. The following table shows
a probable hyper K-algebra structure on H, in which D = {0,1} is a

DPIHKI —T3:
ol 0 1 2

0|ai1 a2 ais

1|ao1 a2 as
2 |a3 asx ass

By Remark 3.9 we have agg =100 = {1}, ago =101 = {0} or {0,1},
a3 =102={1},a11=000C {0,1} and a13 =002 C {0,1}. Also since
H is bounded, then by (HK3) and (HK5) we have 0 € aja()asz2()ass.
There are two cases for ago = 101. Let 101 = {0}. Then by (HK2) we
have (101)o0=(100)o1,s0000={0}. Similarly (1o1)o2=(102)01
implies that 0 02 = {0}. We will show that in this case there exist exactly
40 non-isomorphic hyper K-algebras. In the other hand if 101 = {0,1},
then by Remark 3.9 (ii) we get that 000 C {0,1} and 002 C {0,1}
and in this situation we will obtain exactly 179 non-isomorphic hyper K-
algebras other than the previous 40 ones. So totally we have 219 different
non-isomorphic bounded hyper K-algebras of order 3, to have D = {0,1}
asa DPIHKI —T3. Now we give the details. To do this we consider two
main cases 1 o1 = {0} and 101 = {0, 1}, and many subcases of them.

1. 1lo1={0}
We consider some subcases as follows:
1.1. 001={0}
In this case also we consider 4 states as follows:
1.1.1. 202={0}
By Lemmas 3.10 and 3.11 we must have 200 = {2} and 201 C {0, 2}.
So there exist 2 hyper K-algebras as follows:

o| 0 1 2 ol 0 1 2
0{0} {0} {0} 0| {0} {0} {0}
L1y {0y {1} L1 {0} {1}

2 {2} {0,2} {0} 2 {2} {0} {0}
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1.1.2. 202={0,1}

By (HK?2) We have (202)0o1 = (201)02. We get that (202)01 = {0}.
If 1€20lor2€2o0l,thenle€ (201)02= {0}, which is a contradiction.
Thus 1 €201 and 2 € 201, hence 201 = {0}. So there exists two hyper
K-algebras as follows:

ol0 1 2 ol 0 1 2

0/{0} {0} {0} 0 {oy {0} {0}
1 {1} {0} {1} 1 {1} {0}y {1}
2[{2} {0} {0, 1} 2[{1,2} {0} {0, 1}

1.1.3. 202={0,2}

If 201 = {0,2}, then by Lemma 3.12 we have 200 = {2}. So there
exists seven hyper K-algebras as follows:

of0 1 2 o0 1 2 ol0 1 2
01{0} {0} {0} 01{0} {0} {0} 01{0} {0} {0}
1{1} {0} {1} {1y {0} {1} 141} {0} {1}
2[{2} {0} {0,2} 2[{2} {0,1} {0,2} 2[{2} {0,2} {0,2}
o| 0 1 2 ofl 0 1 2 o 0 1 2
0/{o} {0} {0} 0l {0} {0} {0} 0l {0} {0} {0}
{1} {0} {1} 1 {1} {0} {1} 1 {1} {0} {1}
2|{2} {0,1,2} {0,2} 2|{1,2} {0} {0,2} 2|{1,2} {0,1} {0,2}
ol 0 1 2 o 0 1 2
o/ {0} {0} {0} 0/ {0y {0} {0}
L1} {0} {1} 11y {0y - {1}
2{1,2} {0,1} {0,2} 2{1,2} {0, 1,2} {0,2}

1.1.4. 202=1{0,1,2}

We prove that 201 # {0,2}. On the contrary, let 201 = {0,2}. By
(HK2) we have (202)o1 = (201) 02, while (202)01 = {0,2} and
(201)02 = {0,1,2}, which is a contradiction. So there exist six hyper
K-algebras:

ol 0 1 2 ol 0 1 2 o[ 0 1 2
01{0} {0} {0} 01{0} {0} {0} oj{oy {0y {0}
141} {0} {1} {1y {0} {1} 1y {0y {1}
2[{2} {0} {0,1,2} 2[{2} {0.1} {0,1,2} 2[{2} {0,1,2} {0,1,2}
o 0 1 2 ol 0 1 2 o 0 1 2
o {0y {0} {0} 0] {0} {0} {0} of {0y {0} {0}
{1y {0y - {1} 1 {1} {0y {1} 1 {1y {0y {1}
2{1,2} {0,1,2} {0,1,2} 2[{1.2} {0} {0,1,2} 2|{1,2} {0,1} {0,1,2}
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1.2. 0o01=1{0,1}
In this case also we consider four states as follows:
1.2.1. 202={0}
By Lemmas 3.10 and 3.13(i) we have 200 = {2} and 201 ¢ {0,2}. So
there exist two hyper K-algebras as follows:
oo 1 2 ofl0 1 2

01{0} {0,1} {0} 01{0} {0,1} {0}
L{1y {0y {1} {1} {0} {1}
2142} {0,1,2} {0} 21{2} {0,1} {0}
1.2.2. 202=1{0,1}
By Lemma 3.13 (i) we have 201 # {0}. If 201 = {0,2}, then by
Lemma 3.12 we have 200 = {2}. So there exist five hyper K-algebras:

o0 1 2 ofl0 1 2 o] 0 1 2
0} {0} {0, 1} {0} 0}{0} {0, 1} {0} 01{0} {01} {0}
{1 {0} {1} L1} {0} {1} L{1y {0y {1}
21{2} {0,2} {0,1} 21{2} {0,1} {0,1} 21{2} {0,1,2} {0,1}
o| © 1 2 o © 1 2
01 {0} {0,1} {0} op {0y {01} {0}

1
2

{1} {0} {1} 1
{1,2} {0,1} {0,1} 2
1.2.3. 202={0,2}

By Lemma 3.13 (i) we have 201 € {0,2}. So there exist four hyper
K-algebras as follows:

{1} {0} {1}
{1,2} {0,1,2} {0,1}

ol 0 1 2 o| 0 1 2 o 0 1 2
01{0} {0,1} {0} 0j{0} {o,1} {0} 0| {0} {0.1} {0}
1{1} {0} {1} {1} {0} {1} 1 {1y {0} {1}
2|{2} {0,1} {0,2} 2[{2} {0,1,2} {0,2} 2[{1,2} {01} {0,2}

ol 0 1 2

o/ {0} {01} {0}

11} {0} {1}

2|{1,2} {0,1,2} {0,2}

1.2.4. 202=1{0,1,2}
This case is similar to 1.2.2. So there exist five hyper K-algebras:

of0 1 2 ofl0 1 2 o| 0 1 2
0| {0} {0,1} {0} 01{0} {0,1} {0} o {0} {o,1} {0}
11} {0} {1} L1y {0} {1} 11y {0y {1}

2|{2} {0,2} {0,1,2} 2|{2} {0,1} {0,1,2} 2|{2} {0,1,2} {0,1,2}
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ofl 0 1 2 ol 0 1 2
0f {0} {01} {0} of {0y {01} {0}
11y {oy {1} {1 {0y {1}
2 {172} {071} {07172} 2 {172} {07172} {07172}

1.3. 0ol=1{0,2}
In this case we have only one state, since by Lemma 3.14 (), (i7) we
have 202 ¢ {0,1} and 202 # {0, 1, 2}.

1.3.1. 202={0,2}
By Lemma 3.14 (i), (iv) we have 201 Z {0,1} and 200 = {2}. So there
exist two hyper K-algebras as follows:

o| 0 1 2 of0 1 2

0j{0y {02}y {0} 01{0} {0,2} {0}
{1y {0} {1} 141} {0} {1}
2|12} {0,1,2} {0,2} 2|{2} {0,2} {0,2}

1.4. 0ol=1{0,1,2}
We have two states, since 202 ¢ {0,1}, by Lemma 3.15 ().
1.41. 202=1{0,2}
By Lemma 3.15 (i7), (i7i) we have 201 ¢ {0,1} and 201 # {0,2}. So
there exist two hyper K-algebras as follows:
o| 0 1 2 o 0 1 2
01{0} {0,1,2} {0} 0 {0} {0,1,2} {0}
{1y {0y {1} {1y {op {1}
21{2} {0,1,2} {0,2} 21{1,2} {o0,1,2} {0}
1.4.2. 202=1{0,1,2}
By Lemma 3.15 (i7) we have 201 ¢ {0,1}. If 201 = {0,2}, then by
Lemma 3.12 we have 2 0 0 = {2}. So there exist three hyper K-algebras:

o0 1 2 o0 1 2 o| 0 1 2
0{0} {0,1,2} {0} 0{0} {0,1,2} {0} 0 {0} {o,1,2} {0}
iy {0y {1} Ly {0y {1} {1} {0y {1}
2[{2} {0,1,2} {0,1,2} 2124 {0,2} {0,1,2} 21{1,2} {0,1,2} {0,1,2}

Now we consider the following case:
2. 1o1={0,1}

This case has two subcases 00 0 = {0} or {0,1}.
2.1. 000={0}

We consider the following subcases as:
2.1.1. 001={0}

In this case also we consider four states as follows:
2.1.1.1. 202={0}



Dual positive implicative hyper K-ideals of type 3 95

By Lemmas 3.10 and 3.11 we have 200 = {2} and 1 € 20 1. If
201 C {0,2}, then by Lemma 3.16 we have 002 = {0}. So there exist two
hyper K-algebras as follows:

of0 1 2 of0 1 2
0]{0} {0} {0} 01{0} {0} {0}
11{1} {0,1} {1} 11{1} {0,1} {1}
2[{2} {0.2} {0} 2[{2} {0} {0}

2.1.1.2. 202=1{0,1}

If 201 = {0}, then by Lemma 3.17 (i), (ii) we have 002 = {0,1} and
200 = {2}. So there exist 13 hyper K-algebras as follows:
0 1 2 0 1 2 0 1 2

{oy {0} {0} {0y {0} {0} ol{oy {0} {0}
{1} {o,1} {1} {1} {0,1} {1} {1} {o,1} {1}
{23 {0,1} {0, 1} {2} {0,2} {0,1} 21{2} {0,1,2} {0,1}

N = O [0
N = O[O

ol 0 1 2 ol 0 1 2 ol 0 1 2
01{0} {0} {0,1} 0[{0} {0} {0,1} 0({0} {0} {0,1}
1I{1} {0,1} {1} 141} {0,1} {1} {1} {01} {1}
2/{2} {0,1} {0,1} 21{2} {0,2} {0,1} 2({2} {0,1,2} {0,1}
0 1 2 o| 0 1 2 0 1 2
{0y {0} {0,1} 0f {0} {0} {0} {0y {0} {0}

{1} {01} {1} 1 {1} {0,1} {1} {01} {1}
{2} {0} {01} 2[{1,2} {0,2} {0,1} {1.2} {0,1,2} {0,1}
0 1 2 o 0 1 2 ol 0 1 2

{0y {0} {0} of {0} {0} {o,1} of {0} {0} {o,1}
{1y {01} {1} 1 {1} {01} {1} 1 {1} {01} {1}
{1,2} {0,1} {0,1} 2|{1,2} {0,1} {0,1} 2|{1,2} {0,2} {0,1}

o 0 1 2

= O [0
N = O [0

N = O [0

of {o}y {0} {01}
{1 {013 {1}
2[{1,2} {0,1,2} {0,1}

2.1.1.3. 202={0,2}
If 201 C {0,2}, then 002 = {0} by Lemma 3.16. If 201 = {0}, then
200 = {2} by Lemma 3.17 (7). So there exist 11 hyper K-algebras:
of0 1 2 o| 0 1 2 ofl0 1 2

offoy {o} {0} oj{oy {0} {0} o/{oy {o} {0}
1{1} {0, 1} {1} {1y {01} {1} {1} {o,1} {1}
21{2} {0,2} {0,2} 21{2} {0,1,2} {0,2} 21{2} {0}y {02}
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oo 1 2 ol 0 1 2 o| 0 1 2

ol{o} {0} {0} o {0} {0} {0} ol {0} {0} {0}
{1} 0.13 {1} 1 {1} (0.1} {1} |1 {01 {1
2/{2} 0.1} 0.2} 2{L2} {01} {0.2)  2[{L2} {0,1,2} {0,2}

0 1 2 o| 0 1 2 o| 0 1 2
{0y {0} {0} 01{0} {0}  {0,1} 0f {0} {0} {0,1}
{1} {0,1} {1} 1{1} {01} {1} 1 {1} {0,1} {1}

{1,2} {02} {0,2} 2[{2} {0,1,2} {0,2} 2[{1,2} {01} {0,2}

ol 0 1 2 ofl0 1 2

of {0} {0} {01} oj{oy {0y {01}
1 {1 {01} {1} 1{1} {0,1} {1}
2[{1,2} {0,1,2} {0,2} 2[{2} {0,1} {0,2}

N = O [0

2.1.1.4. 202=1{0,1,2}

If 201 = {0}, then by Lemma 3.17 (i), (ii) we have 002 = {0,1} and
200 = {2}. So there exist 13 hyper K-algebras as follows:

ofl0 1 2 o] 0 1 2 o 0 1 2
o/{oy {0} {o,1} o{oy {0}  {o,1} o/ {o} {0} {o,1}
{1} {o,1} {1} {1} {o,1} {1} 1 {1} {o,1} {1}
21{2} {0,2} {0,1,2} 2({2} {0,1,2} {0,1,2} 21{1,2} {0,1} {0,1,2}
o 0 1 2 ol 0 1 2 o| 0 1 2
of {o} {0} {o,1} of {0} {0} {o,1} o/{o} {o}r {o0,1}
1 {1} {o,1} {1} 1 {1} {o,1} {1} {1} {o,1} {1}
21{1,2} {0,2} {0,1,2} 21{1,2} {0,1,2} {0,1,2} 21{2} {0,1} {0,1,2}
o| 0 1 2 o| 0 1 2 ol 0 1 2
o({o} {o} {0} o[{o} {0} {0} of {o} {0} {0}
{1} {o,1} {1} {1} {o,1} {1} 1 {1} {o,1} {1}
2({2} {0,1} {0,1,2} 2{2} {0,1,2} {0,1,2} 2({1,2} {0,1} {0,1,2}
ol 0 1 2 ol 0 1 2 o| 0 1 2
of {0} {0} {0} of {o} {o} {o} o/{o} {o} {o0,1}
1 {1+ {o,1} {1} 1 {1y {o,1} {1} {1} {o,1} {1}
21{1,2} {0,1,2} {0,1,2} 2({1,2} {0,2} {0,1,2} 2({2} {0} {0,1,2}

o| 0 1 2

o/{or {0} {0}

{1} {o,1} {1}

2({2} {0,2} {0,1,2}

2.1.2. 0ol=1{0,1}

In this case also we consider four states as follows:
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2.1.2.1. 202={0}

By Lemma 3.10 we have 200 = {2}. If 002 = {0}, then by Lemma 3.13
(i) we have 201 ¢ {0,2}. So there exist six hyper K-algebras as follows:

of0 1 2

0 1 2

01{0} {0,1} {0}
Li{1} {0, 1} {1}
2|{2} {0,1} {0}

o\ 0 1 2

N = O [0

{0y {0,1} {0}
{1} {0,1} {1}
{2} {0,1,2} {0}

0 1 2

0/{0} {0,1} {0,1}
{1} {o,1}p {1}
21{2} {0,1}y {0}

202=1{0,1}

2.1.2.2.

N = O |0

{0} {0,1} {0,1}
{1} {0,1} {1}
{2} {0,2} {0}

o| 0 1 2
0|{0} {0,1} {0,1}
{1} {0,1} {1}
2[{2} {o} {0}

o| 0 1 2
o/{o} {o0,1} {o,1}
{1}y {o,1} {1}
2|{2} {0,1,2} {0}

If 201 = {0}, then by Lemma 3.17 (3), (ii) we have 002 = {0,1} and
200 = {2}. So there exist 13 hyper K-algebras as follows:

ol 0 1 2 o 0 1 2 o 0 1 2
0| {0} {0,1} {0} 0f {oy {0,1} {0} o {oy {01} {0}
1 {1} {01} {1} 1 {1} {01} {1} U {1y {01} {1}
2|{1,2} {0,2} {0,1} 2|{1,2} {0,1} {0,1} 2|{1,2} {0,1,2} {0,1}

o\o 1 2

o\o 1 2

o\o 1 2

01{0} {0,1} {0, 1} 0|10} {0,1} {0,1} 01{0} {0,1} {0, 1}
1{1} {0,1} {1} 1141} {0,1} {1} 1{1} {0,1} {1}
2[{2} {0} {01} 2[{2} {0,1} {0,1} 2[{2} {0,2} {0,1}
o 0 1 2 ol 0 1 2 o 0 1 2
0 {0} {0,1} {0,1} 0] {0} {0,1} {0,1} 0| {0} {0,1} {0,1}
1 {1} {0,1} {1} 1 {1} {0,1} {1} L {1} {01} {1}
21{1,2} {0,1} {0,1} 21{1,2} {0,2} {0,1} 21{1,2} {0,1,2} {0,1}
ofl0 1 2 of0 1 2 o| 0 1 2
0{0} {0,1} {0} 0{0} {0,1} {0} 01{0} {0,1} {0}
Li{1} {0,13 {1} 1i{1} {0,1} {1} 1{1} {0,1} {1}
21{2} {0,1} {0,1} 21{2} {0,2} {0,1} 21{2} {0,1,2} {0,1}
o] 0 1 2
01{0} {0,1} {0,1}
é {1} {0,1} = {1}

2.1.2.3. 202={0,2}

{2} {0,1,2} {0,1}

If 201 = {0}, then by lemma 3.17 (i), (i4) we have 002 = {0,1} and
200 ={2}. If 201 = {0,2}, then by Lemma 3.18 (i) we have 002 = {0, 1}.



98 L. Torkzadeh and M. M. Zahedi

So there exist 11 hyper K-algebras as follows:

o0 1 2 o] 0 1 2 o 0 1 2
01{0} {0,1} {0} 01{0} {0,1} {0} 0] {0} {0,1} {0}
Li{1} {0,1} {1} L1} {01} {1} 11} {01y {1}
2{{2} {0,1} {0,2} 21{2} {0,1,2} {0,2} 21{1,2} {0,1} {0,2}
o © 1 2 ol 0 1 2 ol 0 1 2
0l {0} {01} {0} 01{0} {0,1} {0,1} 01{0} 10,1} {0, 1}

1 {1} {01} {1} 1 {1} {o,1} {1} 1 {1} {01} {1}
2[{1,2} {0,1,2} {0,2} 2[{2p {0} {02} 2[{2} {0,1} {0,2}
ofo 1 2 oo 1 2 ol 0 1 2

01{0} {0,1} {0,1} 0/{0} {0,1} {0,1} 0] {0} {0,1} {0,1}
LI{1} {0,1} {1} L{1} {01} {1} 11} {01} {1}
2|{2} {02} {0,2} 2|{2} {0,1,2} {0,2} 2|{1,2} {0,1} {0,2}

o 0 1 2 o 0 1 2

0] {0} {0,1} {0,1} o) {0} {0,1} {0,1}

1 {1} {01} {1} 11} {01} {1}

2/{1,2} {0,2} {0,2} 2({1,2} {0,1,2} {0,2}

2.1.2.4. 202=1{0,1,2}

This case is similar as the case of 2.1.2.2. So there exist 13 hyper K-
algebras as follows:

oo 1 2 ol 0 1 2 ol 0 1 2
0/{0} {0,1} {0,1} 0| {0} {0,1} {0,1} 0| {0}y {0,1} {0,1}

{1}y {o,1} {1} 1 {1 {01y {1} 1 {1} {01} {1}
2[{2} {0,1,2} {0,1,2}  2[{1,2} {0,1} {0,1,2}  2|{1,2} {0,2} {0,1,2}

ol 0 1 2 ol 0 1 2 0 1 2

of {o} {o,1} {0, 1} 0| {0} {o,1}y {0} {oy {o,1} {0}
1 {13 {o,1} {1} 1 {1y {o,1p {1} {1} {o,1} {1}
2 {172} {07172} {07172} 2 {172} {072} {0,172} {1,2} {071} {07172}

o 0 1 2 of0 1 2 0 1 2

o {0} {0,1} {0} 01{0} {0,1} {0,1} {0} {0,1} {0,1}
1o {01y {1} 1{1} {0, 1} {1} {1y {0,1p {1}
2|{1,2} {0,1,2} {0,1,2}  2|{2} {0} {0,1,2} {2} {0,1} {0,1,2}

ofl0 1 2 ofl0 1 2 of0 1 2

o[{o} {o,1} {o,1} o{{o} {o,1} {0} 01{0} {o,1} {0}
{1} {o0,1} {1} {1} {0,1} {1} {1} {0,1} {1}
2|{2} {0,2} {0,1,2} 2|{2} {0,2} {0,1,2} 21{2} {0,1} {0,1,2}

N — O [0

N — O |0




Dual positive implicative hyper K-ideals of type 3 99

ol0 1 2
0|{0} {o,1} {0}

1{1} {o,1} {1}
2({2} {0,1,2} {0,1,2}

2.1.3. 001={0,2}

In this case we have two states since by Lemma 3.14 (i) we obtain
202¢ {0,1}.
2.1.3.1. 202={0,2}

If 201 ={0,2}, then by Lemma 3.16 we have 0 0 2 = {0}. By Lemma
3.14 (i), (7v) we have 201 ¢ {0,1} and 200 = {2}. So there exist three
hyper K-algebras as follows:

o| 0 1 2 of0 1 2 o[ 0 1 2

0[{0} {0,2} {0,1} 01{0} {0,2} {0} 0/{0} {02} {0}

{1y {01} {1} 1{1} {0, 1} {1} {1y {o0,1} {1}

2| {2} {0,1,2} {0,2} 2/{2} {0,2} {0,2} 2|{2} {0,1,2} {0,2)
2.1.3.2. 202=1{0,1,2}

By Lemma 3.14 (7), (iv), (v) we must have 201 Z {0,1}, 200 = {2}
and 002 = {0,1}. So there exist two hyper K-algebras as follows:

olo 1 2 ol0 1 2

o[{0y {0,2} {0,1) o/{0y {02} {o,1}
{1} {01} {1) {1} {01 {1
2/{2} {0,2} {0,1,2} 2/{2} {0,1,2} {0,1,2}

2.1.4. 0ol=1{0,1,2}

By Lemma 3.15 (i) we have 202 ¢ {0, 1}, thus in this case we have only
two states as follows:
2.1.4.1. 202={0,2}

By Lemma 3.15 () we have 201 Z {0,1}. If 201 = {0,2}, then by
Lemma 3.18 (i) we have 002 = {0,1}. So there exist six hyper K-algebras
as follows:

o[ 0 1 2 o| 0 1 2 o| 0 1 2
0[{0} {0,1,2} {0} 0| {0} {0,1,2} {0} 0{{0} {0,1,2} {0,1}
141} {01} {1} 1 {1} {01} {1} 1{1} {01} {1}
21{2} {0,1,2} {0,2} 21{1,2} {0,1,2} {0,2} 2{{2} {0,1,2} {0,2}
o 0 1 2 o 0 1 2 o] 0 1 2
0| {0} {0,1,2} {0,1} 0| {0} {0,1,2} {0,1} 0/{0} {0,1,2} {0,1}
1 {1} {01} {1} 1 {1} {01} {1} 1{1} {01} {1}
2[{1,2} {0,2} {0,2} 2{1,2} {0,1,2} {0,2} 2[{2} {0.2} {0,2}
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2.1.4.2. 202=1{0,1,2}

By Lemma 3.15 (ii) we have 201 ¢ {0,1}. So there exist eight hyper
K-algebras as follows:

0 1 2 o| 0 1 2 ol 0 1 2
{0} {0,1,2} {o0,1} 0/{0} {0,1,2} {0,1} 0| {0} {0,1,2} {0,1}

{1} {o,1} {1} {1} {o,1} {1} {1}y {o1}p {1}
{2} {0,2} {0,1,2}  2|{2} {0,1,2} {0,1,2}  2|{1,2} {0,2} {0,1,2}

= O |0

o 0 1 2 o] 0 1 2 o] 0 1 2
0| {0} {0,1,2} {0,1} 0[{0} {0,1,2} {0} 0[{0} {0,1,2} {0}
1y {01 {1} 141}y 10,1} {1} L1y {01} {1}
21{1,2} {0,1,2} {0,1,2}  2|{2} {0,2} {o0,1,2}  2|{2} {0,1,2} {0,1,2}
o 0 1 2 ol 0 1 2
0f {0} {0.1,2} {0} 0| {0} {0.1,2} {0}
Uy {01y {1} Uy {01 {1}
21{1,2} {0,2} {0,1,2} 21{1,2} {0,1,2} {0,1,2}

Now we consider the following case:
2.2. 000={0,1}

We consider some subcases as follows:
2.2.1. 0o1={0}

In this case also we consider four states as follows:
2.2.1.1. 202={0}

By Lemmas 3.19 and 3.11 we have 200 = {1,2} and 1 € 20 1. Since
1¢201, hence 201 C {0,2} and by Lemma 3.16 we have 002 = {0}. So
there exist two hyper K-algebras as follows:

o| 0 12 o 0 12

01{0,1}y {0} {0} 01{0,1} {0} {0}

1 {1} {0,1} {1} 1 {1} {o,1} {1}

2|{1,2} {0,2} {0} 2|{1,2} {o} {0}
2.2.1.2. 202={0,1}

If 201 C {0,2}, then by Lemmas 3.17 (iv) and 3.18 (i7) we have

200 = {1,2}. If 201 = {0}, then by Lemma 3.17 (i) we have 002 = {0, 1}.
So there exist 11 hyper K-algebras as follows:

o| 0 1 2 o 0 1 2 o| 0 1 2

0/{0,1} {0} {0,1} 01{0,1} {0} {0} 0/{0,1} {0} {0,1}
1 {1} {01} {1} 1 {1} {01} {1} 1 {1} {01} {1}
2[{1,2} {0,2} {0,1} 2[{1,2} {0.2} {0,1} 2[{1,2} {0} {0,1}




Dual positive implicative hyper K-ideals of type 3 101

ol 0 1 2 ol 0 1 2 ol 0 1 2
01{0,1} {0} {0.1} 0/{0,1} {0} {0,1} 01{0,1} {0} {0}

1 {1y {01} {1} 1 {1} {01} {1} L {1} {0,1} {1}
2| {2} {0,1} {o0,1} 2|{1,2} {0,1} {0,1} 2| {2} {0,1} {0,1}
ol © 1 2 ol © 1 2 o| 0 1 2
01{0,1} {0} {0} 0/{0,1} {0} {0} 01{0,1} {0}  {0,1}
1 {1} {01} {1} 1 {1} 10,1} {1} {1y {01} -~ {1}
2| {1,2} {0,1} {0,1} 2| {1,2} {0,1,2} {0,1} 2| {2} {0,1,2} {0,1}
o 0 1 2 o 0 1 2
0/{0,1} {0} ~ {0,1} 0/{0,1} {0} {0}

1
2

{13 {01}y {1} 1
{1,2} {0,1,2} {0,1} 2

{13 {01} {1}
{2} {0,1,2} {0,1}

2.2.1.3. 202={0,2}

By Lemma 3.19 we have 200 = {1,2}. If 201 C {0,2}, then by Lemma
3.16 we have 0 0 2 = {0}. So there exist six hyper K-algebras as follows:

o 0 1 2 o 0 1 2 o 0 1 2

01{0,1} {0} {0} 01{0,1} {0} {0} 01{0,1} {0} {0,1}

1 {1} {01} {1} 1) {1} {01} {1} 1 {1} {0,1} {1}

2[{1,2} {0} {0,2} 2[{1,2} {0,2} {0,2} 2[{1,2} {0,1} {0,2}
o 0 1 2 o 0 1 2 o 0 1 2
01{0,1} {0} {0} 0/{0,1} = {0}  {0,1} 01{0,1} {0} {0}
1 {1} {0,1} {1} L {1} {01} {1} 1 {1} {01} {1}
2|{1,2} {0,1} {0,2} 2{1,2} {0, 1,2} {0,2} 2|{1,2} {0,1,2} {0,2}

2.2.1.4. 202={0,1,2}
This case is similar to 2.2.1.2. So there exist 11 hyper K-algebras:

o| 0 1 2 ol 0 1 2 ol 0 1 2
0/{0,1} {0} {0} 01{0,1} {0} {01} 0/{0,1} {0} ~ {0}
1 {1y {01} {1} 1 {1 {013 {1} 1 {1} {01} {1}
2l {2} {o,1,2} {0,1,2}  2{1,2} {0} {0,1,2}  2|{1,2} {0,2} {0,1,2}

o| 0 1 2 o| 0 1 2 o 0 1 2

0[{0,1y {0} {0,1} 0({0,1y {0} {0} 01{0,1} {0}  {0,1}
1 {1y {01} {1} 1 {01y {1} LAy {01} {1}
2 {172} {072} {07172} 2 {1>2} {071>2} {0a172} 2 {1a2} {07112} {07172}

o 0 1 2 o 0 1 2 o 0 1 2

offo,1} {0}y {01} 01{o,1} {0} {o,1} offo,1} {o} {0}
{1y {013 {1} 1 {1} {0,1} {1} 1 {1 {o,1} {1}
2] {2} {0,1,2} {0,1,2} 2{1,2} {0,1} {0,1,2}  2|{1,2} {0,1} {0,1,2}




102 L. Torkzadeh and M. M. Zahedi

ol 0 1 2 ol 0 1 2
0{0,1} {0} {0} 0/{0,1} {0} {01}
{1} {o.1}p {1} 1 {1} {o,1} {1}

2| {2} {0,1} {0,1,2} 2| {2} {0,1} {0,1,2}

2.2.2. 0ol=1{0,1}

Consider the following four states:
2.2.2.1. 202={0}

By Lemma 3.19 we have 200 = {1,2}. If 201 C {0, 2}, then by Lem-
mas 3.17 (zi7) and 3.18 (i) we have 002 = {0,1}. So there exist six hyper
K-algebras as follows:

ol 0 1 2 o| 0 1 2 ol 0 1 2

0{{0,1} {0,1} {0} 0{{0,1} {0,1} {0,1} 0{0,1} {0,1} {0,1}
1 {1} {01} {1} 1 {1} {0,1} {1} 1 {1} {0,1} {1}
2|{1,2} {0,1,2} {0} 2/{1,2} {0} {0} 2/{1,2} {0,1} {0}
o 0 1 2 o 0 1 2 o 0 12
0({{0,1} {0,1} {0,1} 0[{0,1} {o,1} {0,1} 0{{0,1} {0,1} {0}
1 {1} {0,1} {1} 1 {1} {01} {1} 1 {1} {0,1} {1}
2[{1,2} {0,2} {0} 2[{1,2} {0,1,2} {0} 2[{1,2} {0,1} {0}

2.2.2.2. 202={0,1}

If 201 C {0,2}, then by Lemmas 3.17 (iv) and 3.18 (i7) we have
200 = {1,2}. If 201 = {0}, then by Lemma 3.17 (4i¢) we have 002 = {0, 1}.
So there exist 11 hyper K-algebras as follows:

ol 0 1 2 ol 0 1 2 ofl 0 1 2

0/{0.1} {0.1} {0.1}  0[{0,1} {0,1} {0} 0[{0.1} {0,1} {0,1}
1 {1y {01} {1} 1 {1} {01} {1) 11} {01} {1}
2 {2} {0.1} {0,1} 2| {2} {01} {01}  2/{L2} {01} {0,1}

o 0 1 2 o| 0 1 2 ol © 1 2

0/{0,1} {0,1} {0} 00,1} {0,1} {0,1} 01{0,1} {0,1} {0}
1 {1} {01} {1} 1 {1} {01} {1} 1 {1}y {0,1} {1}
2/{1,2} {0,1} {0,1} 2/{1,2} {0} {0,1} 2{1,2} {0,2} {0,1}

ol © 1 2 o| © 1 2 o 0 1 2

0[{0,1} {o0,1} {0,1}  o[{0o,1} {0,1} {0} 0[{0,1} {0,1} {o0,1}
1 {1} {o,1} {1} 1 {1 {o,1}p {1} 1 {1} {01} {1}
21{1,2} {0,2} {o,1} 2| {2} {o,1,2} {0,1} 2| {2} {0,1,2} {0,1}
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2.2

ol 0 1 2 o| 0 1 2
0[{0,1} {0,1} {0} 0[{0,1} {0,1} {0,1}

1 {1} {o,1}p {1} 1 {1y {o1}p {1}
2({1,2} {0,1,2} {0,1} 21{1,2} {0,1,2} {0,1}

2.3, 202=1{0,2}
By Lemma 3.19 we have 200 = {1,2}. If 201 C {0,2}, then by Lem-

mas 3.18 (i) and 3.17 (i) we have 0 0 2 = {0,1}. So there exist six hyper
K-algebras as follows:

o 0 1 2 ol 0 1 2 o 0 1 2
0[{0,1} {o,1} {0} 0[{0,1} {0,1} {0} 0[{0,1} {0,1} {0,1}
1 {1y {013 {1} {1y {01} {1} 1 {1y {01} {1}
2[{1,2} {0,1} {0,2} 2[{1,2} {0,1,2} {0,2} 2/{1,2} {0,1} {0,2}
o 0 1 2 o 0 1 2 o 0 1 2
0({0,1} {o0,1} {0} 0({0,1} {0,1} {0,1} 0({0,1} {o0,1} {0}
{1y {01} {1} 1 {1} {01} {1} 1 {1y {01} {1}
21{1,2} {0,1,2} {0,2} 21{1,2} {0,2} {0,2} 2({1,2} {0} {o0,2}
2.2.2.4. 202={0,1,2}

If 201 C {0,2}, then by Lemmas 3.17 (iv) and 3.18 (i7) we have

200 ={1,2}. If 201 = {0}, then by Lemma 3.17 (i) we have 002 = {0, 1}.
So there exist 11 hyper K-algebras as follows:

ol 0 1 2 ol 0 1 2 ol 0 1 2
0{0,1} {0,1} {0,1} 01{0,1} {0,1}  {0,1} 01{0,1} {0,1} {0,1}
1 {1} {01} {1} {1y {o,1} {1} 1 {13 {01} {1}
2l {2} {013 {o,1,2} 2| {2} {0,1,2} {o,1,2}  2[{1,2} {0} {0,1,2}
ol 0 1 2 ol 0 1 2 ol 0 1 2
0/{0,1} {0,2} {0, 1} 01{0,1} {0,1} {0} 0/{0,1} {0,1} {0,1}
1 {13 {o,1} {1} 1 {1} {01} {1} 1 {1} {01} {1}

0 1 2 o 0 1 2 o| 0 1 2

= O [0

{0,1} {0,1} {0} 01{0,1} {0,1} {0,1} o({o,1} {o,1} {0}
{13 {o,1} {1} L {1y {01} {1} {1 {013 {1}
{172} {071} {07172} 2 {172} {072} {071,2} 2 {172} {07172} {07172}

o| 0 1 2 o| 0 1 2

0({o0,1} {o,1} {0} 0({0,1} {0,1} {0}
1 {1r {01} {1} 1 {1y {01y {1}
2| {2} {o0,1,2} {0,1,2} 2] {2} {0,1} {0,1,2}
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2.2.3. 0ol=1{0,2}

By Lemma 3.14 (i) we have 202 ¢ {0,1}. Thus this case has only two
stats as follows:
2.2.3.1. 202=1{0,2}

By Lemmas 3.14 (ii) and 3.19 we have 201 Z {0,1} and 200 = {1, 2}.
If 201 ={0,2}, then by Lemma 3.16 we have 0 02 = {0}. So there exist
three hyper K-algebras as follows:

o| 0 1 2 o| 0 1 2 o| 0 1 2

0l{0.1} {0,2} {0} ol{0.1} {02} {0} 0/{0.1} {0.2} {0,1}
1 1y {01} {1 11y {013 {1 11y {01} {1
2/{1,2} {0.2} {0.2} 2{1,2} {0,1,2} {0,2} 2/{1,2} {0,1,2} {0,2}

Case 2.2.3.2. 202={0,1,2}.

By Lemmas 3.14 (ii), (v) we have 201 ¢ {0,1} and 002 = {0,1}. If
201 = {0,2}, then by Lemma 3.18 (i) we have 200 = {1,2}. So there
exist three hyper K-algebras as follows:

o 0 1 2 ol 0 1 2 o| 0 1 2
0/{0,1} {0,2}  {0,1} 0/{0,1} {0,2} {0,1} 0i{0,1} {0,2}  {0,1}
1 {1 {01} {1} 1 {1} {01}y {1} {1} {01} {1}
2] {2} {0,1,2} {0,1,2} 2|{1,2} {0,2} {0,1,2} 21{1,2} {0,1,2} {0,1,2}

2.2.4. 0o0l=1{0,1,2}

By Lemma 3.15 (i) we have 202 ¢ {0,1}. Thus this case has only two
states as follows:
2.2.4.1. 202=1{0,2}

By Lemmas 3.15 (i) and 3.19 we have 201 € {0,1} and 200 = {1, 2}.
If 201 ={0,2}, then by Lemma 3.18 (i) we have 002 = {0,1}. So there
exist three hyper K-algebras as follows:

o 0 1 2 o 0 1 2 ol 0 1 2
0{0,1} {0,1,2} {0} 0[{0,1} {0,1,2} {0,1} 0| {0} {0,1,2} {0,1}
1 {1 {01} - {1} 1 {1y {013 {1} 1 {1 {013 - {1}

21{1,2} {o0,1,2} {0,2} 21{1,2} {0,2} {0,2} 21{1,2} {0,1,2} {0,2}

2.2.4.2. 202=1{0,1,2}

By Lemma 3.15 (i7) we have 201 ¢ {0,1}. If 201 = {0,2}, then by
Lemma 3.18 (i7) we have 200 = {1,2}. So there exist six hyper K-algebras
as follows:
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o| 0 1 2 o| 0 1 2 o| 0 1 2

0({o,1} {0,1,2} {0} o({o0,1} {0,1,2} {o0,1} 0/{0,1} {o,1,2} {0}

L {1} {01y {1} 1 {1y {01} {1} 1 {1y {01} {1}
21{1,2} {0,2} {o0,1,2}  2|{1,2} {0,2} {o0,1,2}  2|{1,2} {0,1,2} {0,1,2}
ol 0 1 2 o| 0 1 2 o 0 1 2
0{{0,1} {0,1,2} {0,1} 0{{0,1} {0,1,2} {0,1} 0{{0,1} {0,1,2} {0}

1
2

{1y {01y {1} 1
{1,2} {0,1,2} {0,1,2} 2

{1y {01} {1} 1
{2} {o0,1,2} {0,1,2} 2

{1y {0,1} {1}
{2} {0,1,2} {0,1,2}

Now we show that each pair of the above 219 hyper K-algebras are
not isomorphic together. On the contrary let (Hi,01,0) and (Ha,02,0) be
isomorphic. then there exists an isomorhpism f : H; — Hs. So f(zo1y) =
f(x)og f(y) , for all z,y € H , thus we have f(01) = 02, f(1) =2, f(2) = 1.
But f(1oy2) = f({1}) = {2} and f(1) o2 f(2) = 201 D {0}, which is a
contradiction, since 0 ¢ f(1 07 2) = {2}. O
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