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Quotient groups induced by fuzzy subgroups

Yong Lin Liu

Abstract

We construct a quotient group induced by a fuzzy normal subgroup and prove the cor-
responding isomorphism theorems. Obtained results are used to the characterization of

selected classes of quotient groups.

1. Introduction

In [16] L. A. Zadeh introduced the concept of fuzzy sets and fuzzy set
operations. A. Rosenfeld [14] applied this concept to the theory of groupoids
and groups. The various constructions of fuzzy quotient groups and fuzzy
subgroup isomorphisms have been investigated by several researchers (see
e.g. [1,3,6,9,11, 13]). In this paper we give a new method of construction
of quotient groups by fuzzy normal subgroups and apply this construction
to the characterization of selected classes of quotient groups.

2. Preliminaries

A fuzzy subset of a group G, i.e. a function p from G into [0,1], is called a
fuzzy subgroup of G if

(F1)  plzy) > min{pu(z), p(y)} for all z,y € G, and

(F2) p(z™Y) = p(x) foralz e G,

or, equivalently, if pu(zy~!) = min{u(z), u(y)} for all x,y € G.

A fuzzy subgroup p of a group G is called normal if for all z,y € G it
satisfies one of the following equivalent conditions (cf. [15]):
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(Fa) p(zya™

(F5) p(zy) = p(yz).

It is not difficult to see that for all fuzzy subgroups p of a group G and
all z,y € G

(1) wple) = pu(z),
(i1) pla™) = pu(),

(ii5) p(zy™") = ple) implies p(z) = u(y).

Fuzzy subgroups of G can be characterized by the collection of levels, i.e.
sets of the form p; = {g € G| u(g) > t}, where t € [0,1]. Namely, as it is
proved in [15], a fuzzy subset v of a group G is a fuzzy (normal) subgroup of
G if and only if for all t € [0,1], p; is either empty or a (normal) subgroup
of G.

The image f(n) of a fuzzy subset n of G and preimage f~ () of a fuzzy
subset p of G’ and a map f : G — G’ are defined as

sup n(z) if fT(y) #0,
z€f~1(y)
0 otherwise,

fm(y) =

and
FH () = ulf(x), zeG.
It is not difficult to see that f(n) and f~'(u) are fuzzy subsets.

3. Quotient groups induced by fuzzy subgroups

Let © be a fuzzy normal subgroup of a group G. For any =,y € G, define a
binary relation ~ on G by
z~y = pley) = ple),
where e is the unit of G.
Lemma 1. ~ is a congruence of G.

Proof. The reflexivity and symmetry are obvious. To prove the transitivity
let + ~ yand y ~ z. Then p(ry!) = p(yz=!) = ple) and p(rz~t) =
pley~tyz"") = min{p(ey ™), p(yz~")} = ple). Hence p(zz~') = p(e),
which proves that ~ is an equivalence relation.



Quotient groups induced by fuzzy subgroups 73

Now, if z ~ g, then p(xy~!) = p(e). Thus for all z € G we have
p((22)(y2)™Y) = p(zzz7ty™Y) = p(zy™') = u(e). Hence 2 ~ yz. Since
p is a fuzzy normal subgroup, we have u((zx)(zy)™') = u(zey=tz71) =
pu(z7tzzy™t) = p(ey=1) = p(e). This gives zz ~ zy.

Using these facts it is not difficult to see that ~ is a congruence. O

The equivalence class containing z is denoted by p,. G/u denotes the
corresponding quotient set.

Proposition 1. If u is a fuzzy normal subgroup of a group G, then G/ is
a group with the operation pipfly = flzy. O
Example. Let G be the additive group of all integers and let pu(x) = t; if
2|z, and p(x) =t if 2 fz, where 0 < tp < ¢t; < 1. Then p is a fuzzy normal
subgroup of G and G/u = {po, 11} is a quotient group induced by p. O
Lemma 2. [13] If f: G — G’ is an epimorphism of groups and p a fuzzy
normal subgroup of G, then f(u) is a fuzzy normal subgroup of G'.

Basing on this Lemma and Proposition 4.2 in |7] we can proved
Lemma 3. Let f : G — G’ be a homomorphism of groups, u a fuzzy
subgroup of G and v a fuzzy subgroup of G'.

(i) If f is an epimorphism, then f(f~1(v)) = v.

(i) If u is a constant on kerf, then f~1(f(u)) = p. O

Let G, = py0) = {z € Glu(z) = p(0)}. It is obvious that if u is a
fuzzy (normal) subgroup of G, then G, is a (normal) subgroup of G.

Theorem 1. Let f: G — G’ be an epimorphism of groups and p a fuzzy
normal subgroup of G with kerf C G,. Then G/u=G'/f(p).

Proof. By Proposition 1 and Lemma 2, G/u and G’/ f(n) are groups.
Let n: G/uw — G'/f(n), where n(ue) = (F(1) ). I ba = py,
then p(zy=1) = wp(e). Since kerf C G, then p is a constant on kerf,
and by Lemma 3 (i7) we have f~!1(f(n)) = p. Thus (f~1(f(w))(zy~!) =
PG, te. F(u)(Flay™) = F)(F(e)), then F(u)(F(x) (/1))
= f(u)(e'), and so (f(u)) @) = (f(1)) ). Hence n is well-defined.
It is also a homomorphism because n(pzfty) = N(pzy) = (f (1)) fay)

(FE)s@rw = ) @) (f (1) p) = 1(pa)n(py). Since fis an epimor-
phism, for any (f(u))y € G'/f(r), there exists € G such that f(z) = y.

So n(pz) = (f(1) f(z) = (f(p))y, which means that n is an epimorphism.
Moreover, (f(1))f@) = (f(1)) ) = F()(f(@)(fW) ™) = f(u)(e) =

F)(fy™) = ) (f(e)) = (D y™) = (fH(F(m))(e) =

pw(zy™) = p(e) = py = py, which proves that 7 is an isomorphism.
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Hence G/u = G/ f(u). O

Corollary 1. Let f : G — G’ be an epimorphism of groups and v a fuzzy
normal subgroup of G'. Then G/f~'(v)=G'/v.

Proof. Since f~!(v) is a fuzzy normal subgroup (cf. [12]), G/f~(v) and
G'/v are groups. Moreover, by Lemma 3, we have v = f(f~1(v)).
If z € kerf, then f(z) = ¢ = f(e), and so v(f(z)) = v(f(e)), ie.
fHw) (@) = f7H(v)(e). Hence € Gy, ie. kerf C Gy,
Theorem 1 completes the proof. [

Proposition 2. Let x, be a characteristic function of a subset S of a group
G. Then xg s a fuzzy normal subgroup of G if and only if S is a normal
subgroup of G.

Proof. 1f z,y € S, where S is a normal subgroup of G, then Y (zy~!) =
Xs(®) = xs(y) = 1. Hence xg(zy~!) = min{x,(z), xs(y)}. If at least
one of x and y is not in S, then at least one of x (x) and x4(y) is 0.
Therefore X (zy™1) = min{x,(z), xs(y)}. Hence x4 is a fuzzy subgroup of
G. Moreover, for any z,y € G, if y € S, then zyz~! € S and x4 (zyz~!) =
1=x4(y). Ify &S, then x4(y) =0, 50 x4(zyz~") > x4(y). Hence x4 is a
fuzzy normal subgroup of G.

Conversely, if x4 be a fuzzy normal subgroup of G, then for any z,y € S,
we have xq(zy™!) > min{x,(z),xs(y)} = 1. Thus xg(zy™') =1 and
zy~! € S. Similarly for any y € S, r € G we have x4 (vyz~!) > x4 (y) = 1.
Hence x,(zyz~!) =1 and zyz~! € S. This proves that S is a normal
subgroup of G. O

Corollary 2. G/x,.,; = G' for any epimorphism f : G — G’ of groups.
Proof. 1t follows from the fact that x ., f =X, and G'/x,, =G O

Let N be a normal subgroup of a group G. Recall that a quotient group
G/N induced by a normal subgroup N is determined by an equivalent
relation ~, where = ~ v is defined by zy~' € N. For no confusion, we write
xz ~ y(N) if x is equivalent to y with respect to N, and = ~ y(x,) if x is
equivalent to y with respect to the fuzzy normal subgroup x,

Lemma 4. If N is a normal subgroup of a group G, then x ~ y(N) if
and only if = ~y(xy). O

Corollary 3. Let f: G — G’ be an epimorphism of groups and N be a
normal subgroup of G such that kerf C N. Then G/xy = G'/X ;-

Proof. By Proposition 2, x, and Xy are fuzzy normal subgroups of G
and G, respectively. Putting p = x, in Theorem 1, we obtain G, =
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Gyy = N D kerf. Since f is an epimorphism, for any 2’ € G’, there exists
x € G such that 2’ = f(z). If 2’ € f(N), then z € N, which by Lemma 3
(i1) gives f(u)(@) = fxp) (@) = Fxn)(f (@) = xn (@) =1 =X, (@) I
a' & f(N), then x ¢ N and f(u)(2) = f(xy)(2) = xn () = 0= X, ().
Hence G/xy = G'/X; - O

Observe that by Lemma 4, we obtain G/x, = G/N and G'/x;, &
G'/f(N). This together with Corollary 3 implies the First Isomorphism
Theorem for groups.

Moreover, if f : G — G’ is an epimorphism of groups and K is a normal
subgroup of G’, then, by Proposition 2, we see that X1 and X, are
fuzzy normal subgroups of G and G, respectively.

Putting v = X, we have f~'(v) = f~(x,) = X -1y Indeed, if
v € [TUK), then f(z) € K, [ (00)@) = X/ @) = 1 = x, 1 (@). I
v & fHK), then f(2) & K, 71 (x:)(@) = X, f(2) =0 =X, (2).

Thus for v = x,., as a consequence of Corollary 1, we obtain

Corollary 4. If [ : G — G’ is an epimorphism of groups and K is a
normal subgroup of G', then G/xf_1<K> 2 G x-
Lemma 5. If N is a normal subgroup and p is a fuzzy normal subgroup

of a group G, then p restricted to N is a fuzzy normal subgroup of N and
N/ is a normal subgroup of G/p.

Proof. Indeed, if iq, 1y € N/u, where a,b € N, then pa(pp) ™' = papiy-—1 =
Pap-1 € N/ If pg € N/p, pugy € G/p, where a € N and =z € G, then
rar™' € N and papia(piz) ™! = paplaply—1 = fzaz— € N/u. Thus N/ is a
normal subgroup of G/ . O

Theorem 2. If i and v are two fuzzy normal subgroups of a group G such
that p(e) = v(e), then GG, /v =G,/(pNv).

Proof. By Lemma 5, v is a fuzzy normal subgroup of G,,G,. By [11| pNvis
a fuzzy normal subgroup of G,. Thus G,G, /v and G, /(pNv) are groups.
For any = € G,Gy, * = ab, where a € G, and b € G,, we define

g:G,Gy/v— Gu/(pNv) putting g(vz) = (LN V).
If v, =vy, where y =a1b1, a1 € G, and by € G, then

v(ab(aiby) ™) = v(abby tayt) = v(ay abby ) = v(ay ta(bidb™h) ™) = v(e).
Hence v(aj'a)=wv(bib~!) =wv(e). Thus
(uNv)(aar’) =min{u(aa;’), v(aay")} = min{u(e), v((aya) ™)}
= min{u(e),v(e)} = (LNv)(e),
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ie. (uNv)e=(uNv)y. Hence g is well-defined.

If vy, vy € G,Gy /v, where © = ab, y = a1b1, a,a1 € G, and b, by € G,
then xy = abaib;. Since G, is normal, ba1by € G,. Hence g(v,vy) =
9(Vay) = (1N V)agparpr) = (O V)a( N V)parpy and (p O v)((barbr)ag ™) =
min{ p(barbra;t), v(barbiay)} = min{ pu((baibi)a;t), v(b(arbra;t))} =
min{ pu(e), v(e) } = (uNv)(e). Hence (1N¥)parh, = (BNV)ay, e g(vary) =
(LN V)a(NV)a, = g(vz)g(y), which shows that g is a homomorphism.

It is also endomorphism since for (uNv), € G,/(pNv) and b € G,
we have z = ab € G,G,, and ¢(v;) = (LN V)q.

Moreover, if z,y € G,G,, where x = ab, y = a1by, a,a1 € Gy,
bby € Gy, and (uNv)y = (N V), then (uwNv)laar!) = (uN
v)(e), ie, min{u(aa;'),v(aa;)} = min{u(e),v(e)}. But ule) = vie)
and p(aa;') = p(e) imply v(aa;') = v(e). Therefore v(zy™') =
v(ab(aiby)™Y) = v(abbylar?) = v(ay abby!) = min{v(a;'a),v(bb;!)} =
min{v((aa;')™"),v(bb; ')} = min{v(e),v(e)} = v(e). Thus v, = .

Hence G,G,/v=G./(nNv). O

Corollary 5. Let N, K be two normal subgroups of a group G. Then
NE/x5c & N/ Xy

Proof. By Proposition 2, x, and x, are fuzzy normal subgroups of G.
Putting © = x, and v = X, in Theorem 2, we obtain G, = N, G,
K, pNv=xyNXx = Xnnx and p(e) =1 = v(e). Hence NK/x
N/Xnox-

Since NK/x, = NK/K and N/x,y.x = N/N N K, as a consequence
of the above two lemmas we obtain the Second Isomorphism Theorem of
groups. The Third Isomorphism Theorem is a consequence of the following

O

Theorem 3. Let p and v be two fuzzy normal subgroups of a group G with
v<pand v(e) = pu(e). Then (G/v)/(Gu/v)=G/p.
Proof. By Lemma 5, G,/v is a normal subgroup of G/v.

Putting f(vy) = pe for all x € G, we define f : G/v — G/u such
that v(zy™t) = v(e) = u(e) for all v, = v,. Because v < u, we have
p(ry™') = v(zy™') = ple), and so p(xy™") = p(e), ie. pz = py, which
means that f is well-defined. Since f(vzvy) = f(Vay) = fay = Batly =
f(ve)f(vy), fis a homomorphism. By the definition, it is an epimorphism,
too. But kerf = {VJ: € G/V|f(Vx) = Ne} = {Vx € G/V|Nﬂc = Ne} = {Vﬂf €
Glv|px) = ple) = {vs € G/v|z € G} = G/v. Thus kerf = G, /v
and (G/v)/(Gp/v) = G/p. 0

Corollary 6. (G/x,)/(N/xx) = G/xy for any normal subgroups N C K
of a group G. O
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Finally we consider fuzzy abelian subgroups, i.e. fuzzy subgroups p of a
group G satisfying the identity u(zyx=ly=1) = u(e).

Proposition 3. A fuzzy subgroup p of a group G is abelian if and only if
G/ is abelian.

Proof. If p is a fuzzy abelian subgroup, then p(zyx~ly=1) = u(e), and
hence u(ry) = p(yz). Thus p is fuzzy normal. Since u(zy(yr)~!) =
wlzyz~ty™1) = u(e), we have pgy = fys, i€, fafly = pypte. Hence G/pu is
an abelian group.

Conversely, if G/u is abelian, then gy = pye and p(zy(yz)~t) = ple).
So p(xyz~ly™") = pu(e). O

Let pu be a fuzzy subgroup of a group G. The smallest positive integer
n (if it exists) such that p(z™) = w(e) is called the fuzzy order of x with
respect to p and is denoted by FO,(x) (cf. [4]). If FO,(x) is finite for
every € GG, then g is called fuzzy torsion. In the case when for all x € G
FO,(z) is a power of a prime number p, we say that u is a fuzzy p-subgroup
of G.

Proposition 4. A fuzzy normal subgroup p of a group G is a fuzzy p-
subgroup if and only if G/p is a p-group.

Proof. If p is a fuzzy p-subgroup of G, then for any u, € G/u there is
a nonnegative integer s such that u(z?") = u(e), i.e. pups = pe. Hence
(pz)?" = pte. Conversely, if G/u is a p-group of G, then for any =z € G
and some nonnegative integer ¢ we have (,ux)pt = e, 1.€. fipt = fle. Thus

,u(:rpt) = p(e), which completers the proof. O

Proposition 5. A fuzzy subgroup p of an abelian group G is fuzzy torsion
if and only if G/p is torsion.

Proof. Because G is an abelian group, u is normal. Let G/u be torsion. For
any x € G, there is a positive integer n such that (p;)"™ = pe, 1.6. fign = fe,
and so pu(2") = p(e). Hence FO,(x) is finite and p is fuzzy torsion.

The converse is obvious. O
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