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Necessary and su�cient conditions
for the continuity of a pre-Haar system

at a unit with singleton orbit

M d lina R. Buneci

Abstract

For developing an algebraic theory of functions on a locally compact groupoid, one
needs an analogue of Haar measure on locally compact groups. This analogue is a system
of measures, called Haar system, subject to suitable invariance and smoothness conditions
called respectively �left invariance� and �continuity�. Unlike the case of locally compact
group, Haar system on groupoid need not exists. In this paper we shall consider a locally
compact groupoid G, and we shall denote by G

(0)
s the set of units with singleton orbit

and by Gs the reduction G|
G

(0)
s

of G to G
(0)
s . We shall prove that if G admits Haar

systems, then the restriction of the range map at Gs is an open map from Gs to G
(0)
s .

Conversely, we shall prove that if this map is open at every x ∈ Gs, then the continuity
condition of a Haar system holds at every unit with singleton orbit.

1. Introduction
In order to establish notation for this paper we shall include some de�nitions
that can be found in several places (e.g. [4], [5], [6], [7]).
De�nition 1. A groupoid is a set G endowed with a product map

(x, y) → xy
[
: G(2) → G

]

where G(2) is a subset of G×G called the set of composable pairs, and an
inverse map

x → x−1 [: G → G]
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such that the following conditions hold:
(1) If (x, y) ∈ G(2) and (y, z) ∈ G(2), then (xy, z) ∈ G(2), (x, yz) ∈ G(2) and

(xy) z = x (yz) ,

(2)
(
x−1

)−1 = x for all x ∈ G,

(3)
(
x, x−1

) ∈ G(2), and if (z, x) ∈ G(2), then (zx) x−1 = z, for each x ∈ G,

(4)
(
x−1, x

) ∈ G(2), and if (x, y) ∈ G(2), then x−1 (xy) = y, for each x ∈ G.

The maps r and d on G, de�ned by the formulae r (x) = xx−1 and
d (x) = x−1x, are called the range and the source maps. It follows eas-
ily from the de�nition that they have a common image called the unit
space of G, which is denoted G(0). Its elements are units in the sense that
xd (x) = r (x) x = x. Units will usually be denoted by letters as u, v, w
while arbitrary elements will be denoted by x, y, z. It is useful to note
that a pair (x, y) lies in G(2) precisely when d (x) = r (y), and that the
cancellation laws hold (e.g. xy = xz i� y = z). The �bres of the range
and the source maps are denoted Gu = r−1 ({u}) and Gv = d−1 ({v}),
respectively. More generally, given the subsets A, B ⊂ G(0), we de�ne
GA = r−1 (A), GB = d−1 (B) and GA

B = r−1 (A) ∩ d−1 (B). The reduc-
tion of G to A ⊂ G(0) is G|A = GA

A. The relation u ∼ v i� Gu
v 6= ∅

is an equivalence relation on G(0). Its equivalence classes are called or-
bits and the orbit of a unit u is denoted [u]. The quotient space for this
equivalence relation is called the orbit space of G and denoted G(0)/G. A
groupoid is called transitive i� it has a single orbit, or equivalently if the map
(r, d) : G → G(0) ×G(0), (r, d) (x) = (r (x) , d (x)) is surjective. A groupoid
is said principal if the map (r, d) : G → G(0)×G(0), (r, d) (x) = (r (x) , d (x))
is injective.

Examples structures which �t naturally into the study of groupoids:
1. Groups: A group G is a groupoid with G(2) = G × G and G(0) = {e}
(the unit element).
2. Spaces. A space X is a groupoid letting X(2) = {(x, x) ∈ G×G} =
diag(X), xx = x, and x−1 = x.
3. Equivalence relations. Let R ⊂ X × X be an equivalence relation
on the set X. Let R(2) = {((x1, y1) , (x2, y2)) ∈ R×R : y1 = x2}. With
product (x, y) (y, z) = (x, z) and (x, y)−1 = (y, x) , R is a principal groupoid.
R(0) may be identi�ed with X. Two extreme cases deserve to be single
out. If R = X × X, then R is called the trivial groupoid on X, while if
R = diag (X) , then R is called the co-trivial groupoid on X (and may be
identi�ed with the groupoid in Example 2).
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4. Transformation groups. Let Γ be a group acting on a set X such that
for x ∈ X and g ∈ Γ, xg denotes the transform of x by g. Let G = X × Γ,
G(2) = {((x, g) , (y, h)) : y = xg}. With the product (x, g) (xg, h) = (x, gh)
and the inverse (x, g)−1 =

(
xg, g−1

)
G becomes a groupoid. The unit space

of G may be identi�ed with X.

De�nition 2. A topological groupoid consists of a groupoid G and a topol-
ogy compatible with the groupoid structure:

(1) x → x−1 [: G → G] is continuous.
(2) (x, y)

[
: G(2) → G

]
is continuous where G(2) has the induced topo-

logy from G×G.

If G is a topological groupoid, then r and d are identi�cation maps, and
x → x−1 is a homeomorphism. If G is Hausdor�, G(0) is closed, and if
G(0) is Hausdor�, G(2) is closed in G×G.

We are exclusively concerned with topological groupoids which are lo-
cally compact and Hausdor�. It was shown in [6] that measured groupoids
(in the sense of De�nition 2.3. from [4]) may be assume to have locally
compact topologies, with no loss in generality.

There are several generalizations of the classical Haar measure associ-
ated with a locally compact topological group to the setting of a locally
compact topological groupoid (see [14], [9], [10], [11], [4], [7]). Now in gen-
eral use is the de�nition adopted by Jean Renault in [7]:

De�nition 3. A Haar system on a locally compact groupoid G is a fam-
ily of positive Radon measures on G,

{
νu, u ∈ G(0)

}
, having the following

properties:
1) For all u ∈ G(0), supp(νu) = Gu.
2) For all f ∈ Cc (G)

u →
∫

f (x) dνu (x)
[
: G(0) → C

]

is continuous.
3) For all f ∈ Cc (G) and all x ∈ G,

∫
f (y) dνr(x) (y) =

∫
f (xy) dνd(x) (y)

The system of measures
{
νu, u ∈ G(0)

}
will be called Borel Haar system if

it has the properties 1), 3) and
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2′) For all f > 0 Borel on G,

u →
∫

f (x) dνu (x)
[
: G(0) → R̄

]

is a real-extended Borel map, where the Borel sets of a topological spaces
G and G(0) are taken to be the σ-algebra generated by the open sets.

Unlike the case of locally compact group, Haar system on groupoid need
not exists. The continuity assumption 2) has topological consequences for
G. It entails that the range map r : G → G(0), and hence the domain map
d : G → G(0) is an open (Proposition I.4 [13]). So �the range map is an open
map� is a necessary condition for the existence of Haar systems. A. K. Seda
has established su�cient conditions for the existence of Haar systems. He
has proved that if for all u ∈ G(0), the map ru : Gu → G(0), ru (x) = r (x)
is open, then the continuity assumption 2) follows from the left invariance
assumption 3) (Theorem 2, p.430 [10]). Thus he has proved that locally
transitive groupoids admit Haar system. At the opposite case of totally
intransitive groupoids, Renault has established necessary and su�cient con-
ditions. More precisely, Renault has proved that a locally compact group
bundle (a groupoid with the property that r (x) = d (x) for all x) admits a
Haar system if and only if r is open (Lemma 1.3, p.6 [8]).

In this paper we shall study the continuity of a pre-Haar system at the
units u with singleton orbits (this means [u] = {u}). We shall establish
necessary and su�cient conditions. When all units of the groupoid are with
singleton orbits we shall re-obtain the result of Renault Lemma 1.3, p.6 [8].

2. The existence of a pre-Haar system
De�nition 4. A (left) pre-Haar system on G is a family of (positive) Radon
measures on G, {νu, u ∈ G(0)},with the following properties:

1) νu concentrated on Gu for all u ∈ G(0);
2)

∫
f (y) dνr(x) (y) =

∫
f (xy) dνd(x) (y) for all x ∈ G and f ∈ Cc (G)

3) sup{νu (K) , u ∈ G(0)} < ∞ for each compact set K ⊂ G.

De�nition 5. The pre-Haar system {νu, u ∈ G(0)} is said continuous at
u0 if for all f ∈ Cc (G) , the map

u →
∫

f (x) dνu (x)
[
: G(0) → C

]

is continuous is continuous at u0.
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The pre-Haar system is said continuous if it is continuous at every unit
(or equivalently if it is a Haar system).

In [2] we have shown that the continuity of a pre-Haar system is equiv-
alent with the continuity of a family of homomorphisms associated to the
pre-Haar system.

Notation 6. Let {νu, u ∈ G(0)} be a pre-Haar system on the locally
compact groupoid G. For each f ∈ Cc (G) let us denote by Ff : G → C
the map de�ned by

Ff (x) =
∫

f (y) dνd(x) (y)−
∫

f (y) dνr(x) (y) (∀) x ∈ G

For each f , Ff is a homomorphism of groupoids:

Ff (xy) = Ff (x)− Ff (y) for all (x, y) ∈ G(2).

{Ff}f∈Cc(G) will be called the family of homomorphisms associated with
the pre-Haar system.

We state Lemma 4.2 p.40 [2]:

Lemma 7. Let G be a locally compact groupoid whose unit space G(0) is
paracompact, let

{
νu, u ∈ G(0)

}
be a pre-Haar system on G and let {Ff}f

the family of associated homomorphisms. Then for each f ∈ Cc (G) and
each ε > 0 there is Wε, a conditionally compact neighborhood of G(0), such
that:

|Ff (x)| < ε for all x ∈ Wε

We shall show how to construct a pre-Haar system. Let G be a lo-
cally compact second countable groupoid. In Section 1 of [8] Jean Renault
constructs a Borel Haar system for G′. One way to do this is to choose
a function F0 continuous with conditionally support which is nonnegative
and equal to 1 at each u ∈ G(0). Then for each u ∈ G(0) choose a left Haar
measure βu

u on Gu
u so the integral of F0 with respect to βu

u is 1.

Renault de�nes βu
v = xβv

v if x ∈ Gu
v (where xβv

v (f) =
∫

f (xy) dβv
v (y)

as usual). If z is another element in Gu
v , then x−1z ∈ Gv

v, and since βv
v is

a left Haar measure on Gv
v, it follows that βu

v is independent of the choice
of x. If K is a compact subset of G, then sup

u,v
βu

v (K) < ∞.
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For constructing a pre-Haar system it is enough to choose a family of
probability measure on G(0) indexed on the orbit space

{
µu̇, u̇ ∈ G(0)/G

}
such that supp

(
µu̇

)
= [u]. We de�ne

∫
f (y) dνu (y) =

∫
f (y) dβu

v (y) dµu̇ (y)

for all continuous function f on G with compact support.
It is not hard to see that {νu, u ∈ G(0)} is a pre-Haar system. Applying

a result of Federer and Morse [3], it follows that the map

(r, d) : G → (r, d) (G)

has Borel section σ. If we de�ne h (x) = F0

(
σ (r (x) , d (x))−1 x

)
, then we

obtain a Borel function with the property that
∫

h (x) νu (y) = 1 for all u.

Another construction of pre-Haar system can be found in [1].

3. The continuity of a pre-Haar system
Lemma 8. Let G be a locally compact groupoid with the range map r open.
Then the set of units with singleton orbit is a closed subset of the unit space.

Proof. Let (ui)i be net of units with singleton orbits. Let us assume that
(ui)i converges to u and let x in G with r (x) = u. We shall prove that
r (x) = d (x), and it will follows that [u] = {u} . Since r is an open map,
eventually passing to a subnet, we may assume that there is a net (xi)i in
G that converges to x, such that r (xi) = ui. Since each ui is with singleton
orbit, d (xi) = r (xi) = ui. Hence

d (x) = lim d (xi) = limui = u.

Thus the set of units with singleton orbit is a closed subset of the unit
space.

Notation 9. Let G be a locally compact groupoid with the range map r

open. Let us denote by G
(0)
s the set of units with singleton orbit. According

to the preceding lemma G
(0)
s is a closed subset of the unit space. Let

us denote by Gs the reduction G|
G

(0)
s

of G to G
(0)
s . Then Gs is a closed

subgroupoid of G′.
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Lemma 10. Let G be a locally compact groupoid that admits a Haar system.
Then

rs : Gs → G(0)
s , rs (x) = r (x)

is an open map.

Proof. Let {νu, u ∈ G(0)} be a Haar system on G. Let x0 ∈ Gs and let U
be a nonempty compact neighborhood of x0 in Gs. Choose a nonnegative
continuous function, f on Gs , with f(x0) > 0 and supp (f) ⊂ U . Let V be
an open neighborhood of Gs. Let f̃ be a continuous function extending f

to G with supp
(
f̃
)
⊂ V . Let W the set of units u with the property that

νu(f) > 0. Then W is an open neighborhood of u0 = r(x0) contained in
r (U) ∪ r (V −Gs) . Since W ∩G

(0)
s ⊂ r (U) ∩G

(0)
s , it follows that r (U) is

a neighborhood of u0 in G
(0)
s .

De�nition 11. Let u be a unit with singleton orbit. We shall say that the
restriction of r to Gs is open at x ∈ Gu

u, if it sends every open neighborhood
of x to a open neighborhood of u in G(0).

Lemma 12. Let u be a unit with singleton orbit. If the restriction of r to
Gs is open at x ∈ Gu

u, then GsW is a neighborhood of x in G, for each
neighborhood W of G(0).

Proof. Let x be an element of Gu
u. Let V be an open neighborhood of G(0)

contained in W . Let us prove that GsW contains x in its interior. Let (xi)i

be a net converging to x . Since r sends every open neighborhood of x, to
an open neighborhood of u, eventually passing to a subnet we may assume
that there is a net (zi)i in Gs that converges to x, such that r (xi) = r (zi).
The net

(
z−1
i xi

)
i
converges to d (x), so for i large enough z−1

i xi belongs to
W . Consequently, xi = ziti with zi ∈ G′ and ti = z−1

i xi in W . Hence GsW
is a neighborhood of x.

Theorem 13. Let G be a locally compact groupoid whose unit space G(0)

is paracompact and whose range map r is open. Let {νu, u ∈ G(0)} be
pre-Haar system. Let u be a unit with singleton orbit [u] . Assume that if
W is an open neighborhood of G(0), then each x ∈ Gs is in the interior of
GsW .

If there exists a function h : G → [0, 1], universally measurable on each
transitivity component G|[w], with νw (h) = 1 for all w ∈ G(0), then the
pre-Haar system is continuous at u.
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Proof. To prove the continuity of the pre-Haar system at u we shall use
the same argument as in Lemma 1.3 p.6 [8]. Let B be the linear space of
the bounded sequences of real numbers. Let s 7→ Lim (s) [: B → R] be a
linear map with the following properties:

1) If s = (si)i and si > 0, then Lim (s) > 0;
2) Lim (1, 1, ..., 1...) = 1;
3) Lim (s1, s2, s3, ...) = Lim (s1, s1, s2, s2, s3, s3...);
4) If s, t ∈ B and limn (sn − tn) = 0, then Lim (s) = Lim (t);
It is not hard to show that limn sn = a implies that Lim (s1, s2, ...) = a.

Also if Lim (s′) = a for every subsequence s′ of s, then limn sn = a.
Let {Ff}f∈Cc(G) be the family of homomorphisms associated with the

pre-Haar system.
Let (ui)i a sequence converging to u. For each continuous function with

compact support, f : G → R, we set

µ (f) = Lim

(
i 7→

∫
f (y) dνui (y)

)

µ is a positive linear functional on the space of continuous functions
with compact support. We claim that µ (f) depends only on the restriction
on f on Gu

u. Suppose that f and g coincide on Gu
u. We denote by K the

compact set

(supp (f) ∪ supp (g)) ∩ r−1 ({ui, i = 1, 2, ...} ∪ {u})

Then we have
∣∣∣∣
∫

f (y) dνui (y)−
∫

g (y) dνui (y)
∣∣∣∣ 6

∫
|f (y)− g (y)| dνui (y) 6

6 sup
y∈Gui

|f (y)− g (y)| νui (K)

One observes that supy∈Gui |f (y)− g (y)| νui (K) converges to 0. There-
fore µ (f) = µ (g) . Next we show that µ is left invariant on Gu

u, and con-
sequently, a Haar measure on Gu

u.Let x ∈ Gu
u. Because r : G → G(0) is an

open map there exists a sequence (xi)i converging to x such that r (xi) = ui.
Let f, g : G → R two continuous function with compact support such

that g (y) = f
(
x−1y

)
for all y ∈ Gu.

Then we have
∣∣∣∣
∫

f (y) dνui (y)−
∫

g (y) dνui (y)
∣∣∣∣ =
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6
∣∣∣∣
∫

fdνr(xi) −
∫

fdνd(xi)

∣∣∣∣ +
∣∣∣∣
∫

f (y) dνd(xi) (y)−
∫

g (xiy) dνd(xi) (y)
∣∣∣∣

6 |Ff (xi)|+ sup
y∈Gd(xi)

|f (y)− g (xiy)| νd(xi) (K1) ,

where K1 is the compact set

(supp (f) ∪ {x, xi, i = 1, 2, ..} supp (g)) ∩ r−1 ({d (xi) , i = 1, 2, ...} ∪ {u}) .

The sequence i 7→ sup
y∈Gd(xi) |f (y)− g (xiy)| νd(xi) (K1) converges to 0.

Let ε > 0 and let W be a neighborhood of G(0) such that

|Ff (y)| < ε

2
for all y ∈ W .

Since GsW is a neighborhood of x, and (xi)i converges to x, we may assume
that xi belongs to GsW for large i. Thus there is zi ∈ Gs and yi ∈ W such
that xi = ziyi Consequently, we have

|Ff (xi)| = |Ff (ziyi)| = |Ff (zi) + Ff (yi)| = |Ff (yi)| < ε

2
.

and this imply
∣∣∣∣
∫

f (y) dνui (y)−
∫

g (y) dνui (y)
∣∣∣∣ 6 ε for large i

Therefore µ (f) = µ (g) and hence µ and νu are Haar measures on Gu
u and

µ (h) = 1 = νu (h). From uniqueness of Haar measure on Gu
u it follows that

µ = νu. This means that i 7→ ∫
f (y) dνui (y) converges to

∫
f (y) dνu (y)

for every continuous function with compact support f .

Theorem 14. Let G be a locally compact groupoid with paracompact unit
space and open range map. If G admits a Haar system then

rs : Gs → G(0)
s , rs (x) = r (x)

is an open map. And conversely, if the restriction of r to Gs is open at any
x ∈ Gs, then there is a pre-Haar system on G that is continuous at any unit
in G

(0)
s .

Proof. It follows from Theorem 13 and Lemma 10.

Remark 15. If G is a locally compact group bundle, then from the preced-
ing theorem we obtain the result of J. Renault about the existence of Haar
systems Lemma 1.3 p.6 [8].
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