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Factorization of simple groups

involving the alternating group

Mohammad R. Darafsheh

Abstract

In this paper we will find the structure of the finite simple groups G with two subgroups
A and B such that G = AB, where A is a non-abelian simple group and B is isomorphic
to the alternating group on seven letters.

1. Introduction

Let A and B be subgroups of a group G. If G = AB, then G is called a
factorizable group. We also say G is the product of the two subgroups A and
B, or G is a factorizable group. Since we always have the identity G = AG,
hence in this paper we assume both factors A and B are proper subgroups
of G and we say G = AB a non-trivial factorization of G. If G=A x B,
then we call G a factorizable group as well. In [1] page 13 the question of
finding all the factorizable groups is raised. Of course not all groups are
factorizable, for example by [14] the Conway’s simple group Cog of order
218 36 53.7.11.23 is not a factorizable group. Similarly an infinite group
whose proper subgroups are finite does not have a proper factorization.
Therefore we always search for a special kind of factorization.

A factorization G = AB is called mazimal if both factors A and B
are maximal subgroups of G. In [14] the authors found all the maximal
factorization of all the finite simple groups and their automorphism groups.
This special kind of factorization is useful because every factorization of a
finite group is contained in a maximal factorization. In [2]| simple groups G
with factorization G = AB and with the additional condition (|4|, |B|) =1
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are determined. In this case we also have AN B = 1 the trivial group.
A factorization G = AB with the condition AN B = 1 is called an exact
factorization. In [19] the authors found all the exact factorizations of the
alternating and the symmetric groups. But later in [17] all the factorizations
of the alternating and the symmetric groups were found where both factors
are simple groups. Recently an interesting application of exact factorization
is given in [9]. The authors show that an exact factorization of a finite group
leads to the construction of a biperfect Hopf algebra, and then they find
such a factorization for the Mathieu group Msy. This factorization is of the
form My, = AB, where A=M>,3 and B=2%: A7, both perfect groups.

Here we quote some results concerning the involvement of the alternat-
ing or symmetric groups in a factorization. In [13] all finite groups G = AB,
A=B=Aj are classified and in [16] factorizable groups where one factor is a
non-abelian simple group and the other factor is isomorphic to the alternat-
ing group on 5 letters are classified. In [18| factorizations of finite groups
are classified in the case where one factor of a factorizable group is simple
and the other factor is almost simple. In |5] all finite groups G = AB, where
A=Ag and B is isomorphic to the symmetric group on n > 5 letters are
determined. Also in [6] we determined the structure of a finite factorizable
group with one factor a simple group and the other factor isomorphic to
the symmetric group on 6 letters. In [7] we determined the structure of
factorizable groups G = AB where A=A7 and B=S,,. Motivated by this
paper here we will find the structure of the finite simple factorizable groups
G = AB such that A is a non-abelian simple group and B=Ay, the sym-
metric group on seven letters. Through the paper all groups are assumed
to be finite. Notations for the simple groups is taken from [4].

2. Preliminary results

In the following we quote two Lemmas from [18] which are useful when
dealing with factorizable groups.

Lemma 1. Let A and B be subgroups of a group G. The following state-
ments are equivalent.
(a) G = AB.
(b) A acts transitively on the coset space Q(G : B) of right coset of B
mn G.
(¢) B acts transitively on the coset space Q(G : A) of right coset of A
mn G.
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(d) (ma,mB) = 1, where w4 and wp are the permutation characters of

G on Q(G: A) and Q(G : B) respectively.

Lemma 2. Let G be a permutation group on a set 2 of size n. Suppose the
action of G on § is k-homogeneous, 1 < k < n. If a subgroup H of G acts
on 2 k-homogeneously, then G = GayH, where A is a k-subset of Q and
G(a) denotes its global stabilizer.

Now it is easy to determine the indices of subgroups of Ay and S;. If
H < A7, then [A7 : H] may be one of the following numbers: 1, 7, 15, 21,
35, 42, 70, 105, 120, 126, 140, 210, 252, 280, 315, 360, 420, 504, 630, 840,
1260 or 2520. And if H < Sy, then [S; : H] is one of the following numbers:
1,2,7, 14, 21, 30, 35, 42, 70, 84, 105, 120, 126, 140, 210, 240, 252, 280, 315,
360, 420, 504, 560, 630, 720, 840, 1008, 1260, 1280, 2520 or 5040. Therefore
if A7 (or Sy7) acts transitively on a set of size n, then n = [A7 : H]| (or
n = [S7 : HJ|) is one of the above numbers. The action is faithful if and
only if n # 1 in the case of A7 and n # 1,2 in the case of S;. It is well-
known that if S7 has a k-homogeneous (k-transitive) action, £ > 1, on a
set Q, then [Q = 7 and 2 < k < 7, but for A; we have the same result
in addition with the 2-transitive action of A7 on 15 points, see [3]. Since
we need factorizations of the alternating groups involving S; or Ay, hence
using [14] we will prove the following results.

Lemma 3. Let A, denote the alternating group of degree m. If A,, = AB
s a non-trivial factorization of A,,, A a non-abelian simple subgroup of A,
and B=A7, then one of the following cases occurs:
(a) Ay, = Api—1A7, where m = 15, 21, 35, 42, 70, 105, 120, 126, 140,
210, 252, 280, 315, 360, 420, 504, 630, 840, 1260 or 2520.
(b) Ars = A13A7,
(C) Ag = L2(7)A7, Ag = L2(8)A7, AH = M11A7, Au = M12A7.

Proof. Tt is obvious that m is at least 8. By [14] either m = 6, 8, 10 or one
of A or B is k-homogeneous on m letters, 1 < k < 5. Factorization of A, if
m = 6, 8 or 10 does not involve A;. Therefore we will consider the following
cases.

CASE (7). Ay S ALSS,,—k X Sg for some k with 1 < k <5, and B
k-homogeneous on m letters.

Since A is assumed to be simple we obtain A,,,_r = 1lor A. If A,,,_; = 1,
then m — k=1 or 2, hence k =m — 1 or m — 2. But then from 1 < k<5
we will obtain 2 < m < 6 or 3 < m < 7, a contradiction because m > 8.
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Therefore A = A,,,_; and B=A7 is k-homogeneous on m letters, 1 < k < 5.
If £ = 1, then the size of the set ) on which A7 can act transitively is as
stated in the Lemma and all the factorizations in case (a) occur. If k > 2,
then m = 7 or 15. If m = 15, then A7 has a transitive action on 15 letters
and hence A5 = A14A7 and A5 = Aj13A7 which is case (b).

CASE (11). Ay I B < Sp_k XSk, 1 < k <5, and A is k-homogeneous
on m letters.

Since B=S7, we obtainm—k=1or7.From1 <k <5weget2<m <6
or 8 < m < 12. Therefore only m = 8, 9, 10, 11 or 12 are possible which
correspond to k = 1, 2, 3, 4, 5 respectively. But now from [3] and [12] for
possible (m, k) we obtain:

(m,k) = (8,1), Ag= Lo(7)A7,

(m> k) = (9> 2)a Ag = L2(8)A7,
(m, k‘) = (11,4), AH = M11A7,
(m, k) = (12,5), Alg = ]\4121&77
and these are all the possibilities in (¢) of the Lemma. O

Lemma 4. Let A,, = AB be a non-trivial factorization of A,,, where A
and B are subgroups of A, with A a non-abelian simple group and B=S7.
Then
(a) Ap, = Ap—1S7 where m = 14, 21, 30, 35, 42, 70, 84, 105, 120, 126,
140, 210, 240, 252, 280, 315, 360, 420, 504, 560, 630, 720, 840, 1008,
1260, 2520 or 5040.
(b) Ag = Lo(8)S7, A1 = M11S7, Arp = M2Sy.

Proof. In this case we have m > 9. Using [14] again we obtain the groups
listed in (a) in case B=Sy is a k-homogeneous group on m letters. If the
simple group A is k-homogeneous on m—letters again using [3| and [12]
together with Lemma 2 we will obtain the groups listed in (b) and the
Lemma is proved. O

Remark 1. The factorizations A,, = AB in cases (a), (b) and (c) of Lemma
3 all occur because actually A, has subgroups isomorphic to A and B. The
same is true for case (b) of Lemma 4. But for case (a) of Lemma 4 the
equality A,, = A,,—1S57 happens only if A,, has a subgroup isomorphic to
S7.
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3. Main result

To find the structure of the factorizable simple groups G = AB with A
simple and B=A7 we need to know about the primitive groups of certain
degrees which are equal to the indices of subgroups of A7. Simple primitive
groups of degree at most 1000 are given in [8] and the index of most of the
subgroups of A7 are less than 1000 except two indices which are 1260 and
2520. Therefore first we deal with these indices.

Lemma 5. Let G be a non-abelian simple group which is not an alternating
group. If G is a primitive group of degree 1260 or 2520, then G does not
have a factorization G = AB with A simple and B=A~.

Proof. By the classification Theorem for the finite simple groups, G is iso-
morphic either to a sporadic simple group or a simple group of Lie type.
By [10] there is no factorization as mentioned in the Lemma for a sporadic
group. Therefore we will assume that G is a simple group of Lie type. If
the rank of G is 1 or 2, then by [11] no desired factorization occurs. Hence
we will assume that the Lie rank of GG is at least 3. We will use results on
the minimum index of a subgroup of a simple group of Lie type.

CASE (a). G = Ly(q), n > 4. In this case the minimum index of
a proper subgroup of G is (g::ll)). If (€::11)) < 2520, then calculations re-
veal the following possibilities for G: L4(2), L4(3), L4(4), La(5), La(7),
L4(8)7 L4(9)7 L4(11)7 L4(13)7 L5(2)7 L5(3)7 L5(4)7 L5(5)a L5(7)7 L6(2)a
L6(3), L6(4), L7(2), L7(3), L8(2), L9(2), L10(2) or L11(2).

By [15], Proposition 4.8, the groups L4(q) with ¢ % 1(8) are ruled
out because they cannot have Ay in their factorization. Therefore among
the possibilities of the form L4(q) only L4(9) needs examination. As-
sume L4(9) = AA; where A is a simple non-abelian group. Therefore
|A| = 27.319.5.13.41 |AN A7|. Since AN A7 is a proper subgroup of Az,
hence |A N A7| is one of the numbers: 1, 2, 3,4, 5, 6, 7, 8, 9, 10, 12, 18, 20,
21, 24, 36, 60, 72, 120, 168 or 360. But by inspecting the simple groups A
whose orders do not exceed |L4(9)| (at the end of [4] ) with 13, 41||A|, we
find only one possibility for 4, namely A = Og (3) of order 219.3'2.5.7.13.41.
But then we must have |[AN A;| = 23.32.7 = 504 which is not the case.
Therefore all the possibilities L4(g) are ruled out.

For the groups L5(q), again by [15], Proposition 4.7, if ¢ = 3 (4) there
is no such factorization as mentioned in the Lemma. Hence the groups
L5(3) and L5(7) are ruled out. For the groups Ls(2), Ls(4) and Ls(5)
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similar arguments as used above rule out any factorization of these groups

involving A~ and a simple subgroup. Factorization of the remaining groups

in this case involving Ay are ruled out similarly and we omit the details.
CAsE (b). G =Uy(g), n > 6. In this case a proper subgroup has index

at least (qn_(_l)nzégfll)_(_l)nil) and if this number is less than or equal to

2520 we obtain only G = Ug(2). But by [4] the group Us(2) has no maximal
subgroup of index 1260 or 2520.

CASE (¢). G = Som(q), m > 3. In this case if ¢ > 2, then the index of

a proper subgroup of G is at least (‘J(quz)l) and if ¢ = 2 then this number is

2™ (2™ —1). For these numbers to be less than or equal to 2520 we will obtain
the following groups: Sg(2), S6(3), Se(4), Ss(2), S10(2) or S12(2). Now using
[4] we see that the groups Sg(2), Ss(3) and Sg(2) do not have maximal
subgroups of index 1260 or 2520. For the groups Ss(4), S10(2) and S12(2)
similar arguments as used in case (a) rule out the possibility of factorizing
these groups as product of a simple group and a group isomorphic to Az.

Case (d). G = 05,,(q), m > 4, e = £. In this case the index of

mo__ m—1
a proper subgroup is at least %

% when ¢ = — except in the case (q,¢) = (2,+) where this
index is at least 2"~ 1(2™ — 1). For G = Og,11(q), m > 3, ¢ odd, ¢ > 3,

the index of a proper subgroup is at least (‘1(2;:51) and if ¢ = 3, this index

2m _ . m
is at least %. Again calculations show that if an index is less than

or equal to 2520, then G' = 07(3), OF(2), OF(3), 0% (2) or 0OF(2). Now
again using [4] we ruled out any factorization of these groups involving A7.

when € = +, and is at least

CASE (e). Finally we may assume that G is an exceptional simple group
of Lie type. In this case by [14] factorizations of G are known and none of
them involves A7. The Lemma is proved now. O

Theorem 1. Let G = AB be a non-trivial factorization of a simple group
G with A a simple non-abelian group and B=A;. Then one of the following
occurs:
(a) G = Ay, = A 1A7, where m = 15, 21, 35, 42, 70, 105, 120,
126, 140, 210, 252, 280, 315, 360, 420, 504, 630, 840, 1260 or 2520.
(b) G = A5 = Ai3A7
(c) G = Ag, Ag, A11 or A1y with appropriate factorizations:
Ag = Lo(7)A7, Ag = La(8)A7, Ay = My1A7, Ajg = MigAr
(d) G =07 (2) = Ss(2)A7
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Proof. Suppose G = AB is a factorization of a simple group G with A a
simple non-abelian group and B=A7;. We remind that by a factorization
we mean a non-trivial factorization. If M is a maximal subgroup of G
containing A, then G = AB, hence [G : M] | [B : BN M]. Since d = [B :
BN M] is equal to the index of a subgroup of Ay, therefore G is a primitive
permutation group of degree d. We have d = 1, 7, 15, 21, 35, 42, 70, 105,
120, 126, 140, 210, 252, 280, 315, 360, 420, 504, 630, 840, 1260 or 2520.
Obviously d # 1, 7. By Lemma 5 if d = 1260 or 2520, then G is isomorphic
to an alternating group of these degrees. If G is an alternating group, then
by Lemma 3 we obtain the cases (a), (b) and (c¢) in the Theorem. We will
prove if G is not an alternating group, then GEO;(Q).

Since the remaining degrees d are less than 1000, hence we may use [8].
By Table I in [7] which is obtained from [8] we need only consider primitive
simple groups G of degree 21, 105, 120, 126, 280, 315 and 840. Now using
[10] and [11] the only cases that we should consider are Sg(2), Sg(2) or
05 (2).

If S5(2) = AA7, then |A| = 26.32 |AN A7|. But |A| must be divisible by
at least three distinct primes. Therefore if ANA7 is a proper subgroup of Az
we must have |A N A7| =5, 10, 20, 60, 360, 7, 21, 168. Hence |A| = 26.32.5,
27.32.5,28.32.5, 29.33.5, 29.34.5, 26.32.7, 26.33.7, 29.33.7. But by [4] there is
no simple group of the above orders.

If Sg(2) = AAz, then |A| = 213.33.5.17 |AN A7|. By [4] there is no
simple group A such that 2'3.33.5.17 | |A| | |Ss(2)] .

If O (2) = AA7, then |A| = 2°.3%.5 [ANAz7|. Now 2°.3%.5 ||A] and
|A][212.35.52.7 = ’O;(Q)} . By [4] the only possibility is A=Ss(2). Again by
[4] and using Lemma 1 we obtain Of (2) = Sg(2)Ag. The intersection of
the two factors is a group H = L2(8) : 3 = PI'Ly(8) and since it acts 2-
transitively on 9 points we have Ag = PT'Ly(8).A7, hence OF (2) = Ss(2)A7
and the Theorem is proved. O

In conclusion we will prove the following Corollary.

Corollary. Suppose that G = AB with A a simple group and B isomorphic
to A7. Then, either G = A2 B, G=A x B, or G is as in the Theorem 1.

Proof. By induction, if G is not simple, G is not isomorphic to A x B, and
G is a minimal normal subgroup of GG, then %is simple. By lemma 1 of [17],
|N| divides the order of A7, |[N| = 8 ( which is impossible as C(N) = N
and hence, A7 is isomorphic to a subgroup of Aut(N)) or |N| = p where
p is a prime dividing |A7| for which the Sylow subgroup is non-abelian. It
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follows that p = 2 and N = Z(G). Thus, G is a covering group of the simple
group & = (4Y)(BY) which is as in the Theorem 1. But this is impossible
as theorem 10 of [17] shows that % cannot be isomorphic to an alternating
group and a simple order argument shows % cannot be isomorphic to Og (2).

The result follows. O

Acknowledgement. This work has been supported by the Research Insti-
tute for Fundamental Science, Tabriz, Iran. The author would like to thank
this support. The author also deeply thanks Dr. Y. Farjami of the math-
ematics department of the University of Tehran for discussions concerning
this paper. Finally, the author would like to express his deep gratitude to
the referee for useful remarks concerning Corollary.

References

[1] B. Amberg, S. Franciosi and F. DeGiovanni: Products of groups, Oxford
University Press, 1992.

[2] Z. Arad and E. Fisman: On finite factorizable groups, J. Algebra 86
(1984), 522 — 548.

[3] P. J. Cameron: Permutation groups, Cambridge University Press, 1999.

[4] J. H. Conway, R. T. Curtis, S. P. Norton, R. A. Parker and R. A.
Wilson, Atlas of Finite Groups, Clarendon Press, Oxford, 1985.

[5] M. R. Darafsheh and G. R. Rezaeezadeh: Factorization of groups in-
volving symmetric and alternating groups, International J. Math. and Math.
Sci. 27 (2001), No.3, 161 — 167.

[6] M. R. Darafsheh and G. R. Rezaeezadeh and G. L. Walls: Groups
which are the product of S¢ and a simple group, Alg. Colloq. 10 (2003), No.2,
195 — 204.

[7] M. R. Darafsheh: Product of the symmetric group with the alternating
group on seven letters, Quasigroups and Related Systems 9 (2002), 33 — 44.

[8] J. D. Dixon and B. Mortimer: The primitive permutation groups of degree
less than 1000, Math. Proc. Cam. Phil. Soc. 103 (1998), 213 — 238.

[9] P. Etingof, S. Gelaki, R. Guralnick and J. Saxl: Biperfect Hopf algebras,
J. Algebra 232 (2000), 331 — 335.

[10] T. R. Gentchev: Factorizations of the sporadic simple groups, Arch. Math.
47 (1986), 97 — 102.

[11] T. R. Gentchev: Factorization of the groups of Lie type of Lie rank 1 or 2,
Arch. Math. 47 (1986), 493 — 499.



Factorization of simple groups involving the alternating group 211

[12]
[13]

[14]
[15]
[16]
[17]
[18]

[19]

W. M. Kantor: k-homogeneous groups, Math. Z. 124 (1972), 261 — 265.

O. Kegel and H. Luneberg: Uber die kleine reidermeister bedingungen,
Arch. Mat. (Basel) 14 (1963), 7 — 10.

M. W. Liebeck, C. E. Praeger and J. Saxl: The maximal factorizations
of the finite simple groups and their authomorphism groups, Mem. AMS 86,
No. 432, 1990.

U. Preiser: Factorization of finite groups, Math. Z. 185 (1984), 373 — 402.

W. R. Scott: Products of As and a finite simple group, J. Algebra 37 (1975),
165 — 171.

G. L. Walls: Non-simple groups which are the product of simple groups,
Arch. Math. 53 (1989), 209 — 216.

G. L. Walls: Products of simple groups and symmetric groups, Arch. Math.
58 (1992), 313 — 321.

J. Wiegold and A. G. Williamson: The factorization of the alternating
and symmetric groups, Math. Z. 175 (1980), 171 — 179.

Received December 20, 2004
Revised March 29, 2005
Department of Mathematics
Statistics and Computer Science
Faculty of Science, University of Tehran
Tehran, Iran

and
Research Institute for Fundamental Science

Tabriz, Iran
e-mail : darafsheh@ut.ac.ir



