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On primal ideals over semigroups

Shahabaddin Ebrahimi Atani and Ahmad Yousefian Darani

Abstract

Let S be a commutative cancellation torsion-free additive semigroup with identity 0 and
let S # {0}. This paper is devoted to study some properties of primal ideals and quasi-
primary ideals of the semigroup S. First, a number of results concerning of these ideals
are given. Second, we characterize primal ideals and quasi-primary ideals of a Priifer
semigroup and show that in such semigroup, the three concepts: primary, quasi-primary,

and primal coincide.

1. Introduction

Throughout this paper S will be a commutative cancellation torsion-free
additive semigroup with identity 0 and let S # {0}. We will study the
structure of primal ideals and quasi-primary ideals of S. Our interest is
motivated by the work [2].

Fuchs in [1] introduced the concept of a primal ideal, where a proper
ideal I of S is said to be primal if the elements of S which are not prime to
I form an ideal (see section 3). Fuchs and Mosteig proved in [2] that in a
Priifer domain of finite character every non-zero ideal is the intersection of
a finite number of primal ideals, and moreover, the P-primal ideals form a
semigroup under ideal multiplication. A similar result is established for de-
composition into the intersection (even into the products) of quasi-primary
ideals. The purpose of this paper is to explore some basic facts of these
class of ideals of a semigroup. In the second section we characterize the
semigroups in which every ideal is prime and prove that a semigroup is a
group if and only if every its proper ideal is prime. We show also that ev-
ery ideal over a Priifer semigroup is quasi-primary and characterize primal
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ideals of a Priifer semigroup. Connection between the primal ideals, the
quasi-primary and the primary ideals of such semigroups are studied too.

Before we state some results let us introduce some notation and termi-
nologies. Let S be a semigroup. Then G = {a—b: a,b € S} is a torsion-free
ablian group with respect to the addition and S is a subsemigroup of G.
G is called the quotient group of S. Any semigroup T between S and G is
called an oversemigroup of S (see [3]).

By an ideal of S we mean a non-empty subset I of S such that for all
a € I and for all b € S we have a +b € I, that is, ] +.S = I. Thus for
reS, z+S={xr+y:y € S} is the principal ideal generated by z. If
I,J are ideals of S, then I+ J = I+ S)+(J+S)= I+ J)+ S is an
ideal of S too. For a € § and an ideal I of S, by a + I, we mean the sum
a+1=(a+S)+ (I+795), which is an ideal of S. A proper ideal I of a
semigroup S is called mazimal if there does not exist an ideal J of S with
I C J C S, where C denotes the strict inclusion. An element a € S is
called a unit if a + b = 0 for some b € S. If U(S) is the set of units in S
and 0 € U(S), then U(S) is a subgroup of G and M = S —U(S) #0 is a
maximal ideal of S. A prime ideal in a semigroup S is any proper ideal P
of S such that for a,b € S a+ b € P implies either a € P or b € P. The
maximal ideal is a prime ideal (see [3]).

Let I be an ideal of S. The set

rad(I) = {a € S : na € I for some positive integer n}

is an ideal of S. It is called the radical of I. A proper ideal I of S is primary
if for a,b € S a+b € I implies either a € I or b € rad([). If I is primary,
then P = rad(I) is a prime ideal of S and [ is called a P-primary ideal of
S. The set {a € S:a+J C I}, where I, J are ideals, is denoted by (I : J).

A non-empty subset T" of a semigroup S is called an additive system of
Sifa,beTimpliessa+beT and0e€T. Spr={s—t:seSteT}is
an oversemigroup of S which is called the quotient semigroup of S. If P is
a prime ideal of S, then T'= 5 — P is an additive system of S. In this case
the quotient semigroup St is denoted by Sp.

Throughout this paper we shall assume unless otherwise stated, that S
is a semigroup with the maximal ideal M = S — U(S) # 0.

Let S be a semigroup with quotient group G. We say that S is a
valuation semigroup if g € S or —g € § for each g € G, so its ideals are
linearly ordered by inclusion (see [3, Lemma 4]). We say that S is a Priifer
semigroup if Sp is a valuation semigroup for every prime ideal P of S. An
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ideal of a semigroups S is irreducible if, for ideals J and K of S, [ = JNK
implies that either I = J or I = K.

2. Quasi-primary ideals

An ideal of S is called quasi-primary if its radical is a prime ideal of S.

Lemma 2.1. Let I be an ideal of a semigroup S. Then:
(i) if I contains a unit of S, then [ =S,
(13) S is a subgroup of G if and only if S has ezactly one ideal.

Proof. (i) Let a be a unit of S such that a € I. Then a + b = 0 for some
be S, so0=a+bel+S=1 Ifze S, thenz=0+2€l+5=1.
Therefore I = S.

(ii) Let S be a subgroup of G and let I be an ideal of S. Then there
exists a € I such that a is a unit of S; hence I = S by (7). Conversely, it
is enough to show that every element of S is a unit. Suppose that ¢ € S.
Then ¢+ S # () is an ideal of S, so ¢+ S = S; whence ¢ + d = 0 for some
d € S. It is easy to see that S is a subgroup of G. O

Theorem 2.2. Let S be a semigroup. Then S is a subgroup of G if and
only if every proper ideal of S is prime.

Proof. If S is a subgroup of G, then the result is clear. Conversely, let a
be a non-zero and non-unit element of S. By assumption, a +a + S = I,
where I is prime, and so a+a € I impliesa € I. Thusa=a+0=a+a+b
for some b € S, and since S is a cancellation semigroup, we can cancel a to
obtain a 4+ b = 0, showing that a is unit, as required. O

Lemma 2.3. Let I,J and K be ideals of a semigroup S. Then:
(i) I=I+Su)NS,
(1i) K=1INJ if and only if K+ Syr = (I + Sar) N (J + Sur).

Proof. (i) Since I C (I + Sp;) NS is trivial, we will prove the reverse
inclusion. Let uw € (I + Spr) NS. There exist @ € [ and t € S — M such
that u = a—t, sou+t =a € I and t + b = 0 for some b € S; hence
u=u+t+bel+ S =1, asrequired.

(74) Suppose first that K = INJ. Clearly, K+Sy C (I4+Sa)N(J+Sn).
For the reverse inclusion, assume that z € (I +.Say) N (J + Sar). Then there
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are elements a € I, b€ Jand t,u € S — M such that z=a—t=b—u, so
at+u=(a—t)+u+t=(b—u)+u+t=>b+teINJ since t,u are units
of S;hence z=a—t = (a+u)— (t+u) € K+ Sy, as needed. The reverse
implication follows from (). O

Lemma 2.4. For ideals I and J of a semigroup S the following statements
hold:
(¢) rad({ +J) =rad(l)Nrad(J) =rad(I NJ). Moreover, [ +J =S5
if and only if rad(I) + rad(J) = S.
(ii) If N is an additive system of S, then I + Sy = Sy if and only if
INN #0.
(#31) If N is an additive system of S, then rad(I + Sy) = rad(l) + Sn.

Proof. (i) Is straightforward.

(ii) If I+ Sy = Sn, then 0 € I + Sy, so 0 = a —t for some a € I and
t € N; hence a =t € I N N. Conversely, assume that u € TN N. Asu is a
unit of Sy, I + Sy = Sy by Lemma 2.1.

(7i7) Since rad(I) + Sy C rad(I + Sy) is trivial, we will prove the
reverse inclusion. Suppose that z € rad(I+Sy). Then there exist a positive
integer n such that nz € I + Sy, so nz = a —t for some a € I, t € N.
Asn(z+t) =a+(n—1)t € I, we get z+t € rad(l). It follows that
z=z+t—terad(l)+ Sy, as required. O

Lemma 2.5. Let I be an ideal of S with rad(I) = M. Then I is M-pri-
mary.

Proof. Since I C M # S, an ideal I is proper. Let a,b € S be such that
a+b e Ibutb ¢ rad(l). But M is maximal and b ¢ M, so must be
M+ (b+S) = S. Then from Lemma 2.4 it follows I + (b+ S) = S, i.e.,
0=c+ (b+s) for some c € I, s € S. Therefore, we have a = a + 0 =
a+b+c+sel+S=1,asneeded. O

Proposition 2.6. Let P be a prime ideal of a semigroup S, and let I
be a quasi-primary ideal of Sp with a prime radical Q. Then I NS is a
quasi-primary ideal of S with a prime radical QN S.

Proof. Since (Q is a prime ideal of Sp, Q' = Q N S is a prime ideal of S
with @ C P and Q' + Sp = @ by [3, Proposition 2|, so all that remains
to be verified that @’ is the radical of I NS. Let a € rad(I NS). Then
na € I for some positive integer n; hence a € Q. Thus, a € Q'. Conversely,
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if b € @', then mb € I NS for some positive integer m; so b € rad(I N S),
as required. O

Proposition 2.7. Let I be a quasi-primary ideal of a semigroup S with a
prime radical P. Then I + Sp is a primary ideal (so quasi-primary) of Sp.
In particular, (I + Sp) NS is a quasi-primary ideal of S.

Proof. By Lemma 2.4 we have rad(I+Sp) = P+.Sp, so it is a maximal ideal
of Sp by [3, Corollary 3]. Now Lemma 2.5 shows that I + Sp is primary.
The last claim follows from Proposition 2.6. O

Proposition 2.8. FEvery ideal of a valuation semigroup S is quasi-primary.

Proof. Let I be an ideal of S with radical P. Let a,b € S such that a+b € P.
Then there exists a positive integer n such that n(a +b) € I. Since S is a
valuation semigroup, either a+.5 C b+S or b+ S5 C a+ 5. We may assume
that a +S C b+ S. Then there is an element ¢ € S such that a = b+ ¢, so
2na =na+mnb+ncel+ S =1;henceac P. O

Theorem 2.9. Every ideal of a Priifer semigroup S is quasi-primary.

Proof. Let I be an ideal of S. By Theorem 2.8, the ideal I 4+ Sj; of the
valuation semigroup Sy is quasi-primary; hence Proposition 2.6 and Lemma
2.3 imply that I = (I 4+ Syr) NS is quasi-primary. O

3. Primal ideals

An element s € S is called prime to I if (r+s) € I (r € S) implies that
re I, thatis, (I :s)=(I:(s))=1. Anideal I of S is called primal if the
elements of S that are not prime to I form an ideal (see [1]).

Lemma 3.1. Let I be an ideal of a semigroup S and let P be the set of
elements of S which are not prime to I. If P is an ideal of S, then P is
prime.

Proof. Let a,b € S—P. Then (I :a) = :b)=1. If se (I:a+0),
then a +b+ s € I, whence s+a € (I : b) = I. Therefore s € (I : a) =1,
consequently (I :a+b) =1. Thus a+b ¢ P. O
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If I is a primal ideal of S, then, by Lemma 3.1, P is a prime ideal of
S called the adjoint prime ideal of I. In this case we also say that [ is a
P-primal ideal.

Theorem 3.2. For an ideal I of a semigroup S, the following statements
are equivalent.
(i) I is primal with the adjoint prime ideal P,
(i) Ifa+bel and b ¢ I, then a € P and conversely, for every a € P
there exists an element b € S — I such that a+b € I.

Proof. (i) = (ii) Let a+0b € I with b ¢ I. Then b € (I : a) — I; hence
a € P. If a € P, then I C (I : a) because I is primal. So, there is an
element x of (I : a) which is not in /. Thusa+x € [ and x ¢ I.

(79) = (i) It is enough to show that P+ S C P. Let x +y € P+ S
where z € P, y € S. Then there exists ¢ ¢ I such that  + ¢ € I by (ii),
and hence x +y + ¢ € I with ¢ ¢ I. Thus z +y € P by (ii). O

Lemma 3.3 Let QQ be a P-primary ideal of a semigroup S, and let a € S.
(i) Ifae@, then (Q:a)=S.
(1) Ifa ¢ Q, then (Q : a) is P-primary.
(ii7) Ifa ¢ P, then (Q :a) = Q.

Proof. The proof is straightforward. O
Proposition 3.4. A P-primary ideal is primal.

Proof. 1t is enough to show that the set of elements of S which are not
prime to @ is just P. Suppose that s is such element of S which is not
prime to . Then Q C (Q : s). Hence there exists a € (Q : s) with a ¢ Q
and a+s € Q. Therefore, s € P because @) is primary. Conversely, if s ¢ P,
then (@ : s) = @ by Lemma 3.3. O

Proposition 3.5. Let I be a Q-primal ideal of a semigroup S, and let P
be a prime ideal of S. Then:

(i) I=UI+Sp)NS for Q@ C P,

(it) IC(I+Sp)NnS forQ ¢ P.
Proof. (i) Clearly, I C (I + Sp)NS. For z € (I + Sp) NS we have

x=c—d¢€ S for some c € I and d ¢ P. Therefore, v +d =c € I. As
d ¢ @, dis prime to I; hence x € I.
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(it) Since @ ¢ P, there is y € @ such that y ¢ P. Soy +u € I for
some u ¢ I by Theorem 3.2. Then u = (y+u) —y € (I +Sp)NS. But
ug¢ I, sol C(I+Sp)NI. O

Corollary 3.6. Let I be a Q-primal ideal of a semigroup S, and let T be a
quotient semigroup of S. Then either [ = (I+T)NS or I C(I+T)NS.

Proof. By |3, Proposition 2|, T'= Sp for some prime ideal P of S. The rest
follows from Proposition 3.5. O

Proposition 3.7. Let P be a prime ideal of a semigroup S, and let I be
a Q-primal ideal of Sp. Then I NS is a primal ideal of S with the adjoint
prime ideal QN S.

Proof. As @ is prime ideal of Sp, by [3, Proposition 2], @' = QNS is a
prime ideal of S with @' C P and Q'+ Sp = Q. To prove that Q' is exactly
the set of elements non-prime to I NS let z ¢ QN S. Then z ¢ Q, so
(I :s5p 2) =1. Thus (INS :z) =1INS, whence z is prime to I N S. If
z€@QNS, then z € Q, so there exists u € Sp with z+u € I and u ¢ I by
Theorem 3.2. We can write u =x —y for somexz € S,y e S—P. If x € I,
then x = u+y € I with y ¢ @, so u € I, a contradiction. So we can assume
that = ¢ I. Since z+u € I implies z+xz € INS, weget z € (INS: 2).
But « ¢ I, so z is not prime to I N S. O

Corollary 3.8. Let I be a Q-primal ideal of a quotient semigroup T of S.
Then I NS is a primal ideal of S with the adjoint prime ideal QN S.

Proof. Follows from [3, Proposition 2] and Proposition 3.7. O

Proposition 3.9. Let I be an ideal of a semigroup S such that (I : a) =P
is a prime ideal of S for some a € S — 1. Then (I + Sp) NS is a P-primal
1deal of S.

Proof. Let J = (I + Sp) N S. First, we show that (J:a) =P. Ift€ P =
(I :a), thent+a €I C J; hencet € (J:a). For the reverse inclusion,
assume that w € (J:a), sou+a=c—d e J for some ce€ I,d¢ P. Thus
u+a+d=cel. Consequently u+d e (I:a)= P.So,u € P since P is
prime. As P # S, we get a ¢ J. Therefore, in P no elements prime to J.
Let us show that every b ¢ P is prime to J. Clearly, J C (J : b). To
prove (J : b) C J, assume that ¢ € (J : b), so c+b=e— f € I for some
ecl, f¢ P;hencec=e—(b+f) € Jsince (b+ f) ¢ P. Thus, (J:b) C J,
which completes the proof. O
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Lemma 3.10. Every irreducible ideal of a semigroup S is primal.

Proof. Let I be an irreducible ideal of S. Assume that P is the set of
elements of S which are not prime to /. To prove that P+ S C P let
a+s € P+Swhereae€ P,se€ S. Then I C (I :a) because a € P. Clearly,
IC{I:a)Nn(I:s)C([T:a+s) fI={U:a)N(I:s),thenI=(I:5s)
since I is irreducible. Let t € (/ : a+s). Thent+a € ([ : s) = I, so
te(l:a);hence I C(I:a)=(I:a+s). IfI#(I:a)N(]:s),then again
I C(I:a+s),thatis, a+ sisnot prime to I. Thusa+ s € P. ]

Proposition 3.11. An ideal I of a Priifer semigroup is irreducible if and
only if it is primal.

Proof. By Lemma, 3.10, it is sufficient to show that if I is P-primal, then [ is
irreducible. If I = JNK for ideals J, K, then I +Sy = (J+Sy) N (K +Sw)
by Lemma 2.3. Since Sy is a valuation semigroup, either I +Sy; = J+ .Sy,
or I + Sy = K + Sy. Because M contains P then by Proposition 3.5
I+ Sy = J+ Sy gives I = (I +Sy)NS = (J+ Sy)NnS. Hence
JC (J+Sy)NS =1. The case I + Sy = K + Sy is similar. So, I is
irreducible. O

Proposition 3.12. An ideal I of a valuation semigroup S is a primal ideal
of S with the adjoint prime ideal P ={a € S:(a+ S)+ 1 C I}.

Proof. Let I = JN K for ideals J, K of S. Then either J C K or K C J
because S is a valuation semigroup. So either I = J or I = K. Therefore,
I is irreducible, and hence I is primal by Proposition 3.10. Let us show
that P is an ideal of S. Let a +s € P+ S where a € P, s € S. Then
(a+S)+1 C I;hence (a+s)+S+1C (a+S)+1CI,soa+se P. Thus,
P is an ideal of S. To prove that P is prime let z +y € P with x ¢ P.
Then (z+S)+I=1Iand (y+S5)+1=(x+y+95)+1 C I, whencey € P.

To prove that P is the set of elements of S which are not prime to [
consider w € P. Then (u+S)+1 C I C (I :wu). Suppose that (I : u) = I.
Ifve(l:u)=1thenu+vel,sove (u+S)+1I;hence I = (u+S5)+1,
a contradiction. O

Corollary 3.13. Ewvery ideal of a oversemigroup of a valuation semigroup
18 primal.

Proof. This follows from |3, Lemma 4| and Proposition 2.12. O
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Theorem 3.14. Every ideal of a Priifer semigroup is primal.

Proof. If I is an ideal of a Priifer semigroup S, then I = (I + Sy) NS
by Lemma 2.3, so, by Proposition 3.12, the ideal I 4+ Sjs of Sy is primal.
Proposition 3.7 completes the proof. ]

Corollary 3.15 An ideal of a Priifer semigroup is primal (resp. quasi-
primary) if and only if it is primary.

Proof. Follows from Theorem 2.9 and Theorem 3.14. O
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