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The construction of loops using right division

and Ward quasigroups

Kenneth W. Johnson

Abstract

Constructions are given of families of loops which can be described in terms of the table
obtained from the loop by using the operation of right division. The motivation comes

from group representation theory and the group matrix which goes back to Frobenius.

1. Introduction

The point of departure of this paper is the study of a group or a loop @
via the multiplication table W (Q) under the operation of right division.
The right division operation of a group was used by Frobenius in 3] where
group characters and representation theory first appear, and the symmetry
of the table corresponding to this operation is used extensively in Frobenius’
work. Recently these multiplication tables were discussed in more detail in
[9], where Ward quasigroups appear and some comments are made related
to the extension to loops. We discuss here how interesting loops can be
constructed by relaxing some of the strong symmetry of W (G) for a group
G. Often families of loops have been constructed by forming extensions

1-G—-Q—H—1 (1)

where G and H are groups, H is normal in  and Q/H = G. For example
the family of Moufang loops M(G,2) constructed by Chein in [1] are of
this form with an arbitrary non-commutative group G and H = (Y, the
cyclic group of order 2. A symmetric construction of W(Q) arising from
an extension of the form (1) can be given in this case. Several families of
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such loops are described below. A simple example occurs when G = C,
and H = (s, and the latin square of (Q, ) is defined to be

5 4]

where A is W(G) (which will usually be written in terms of {1,...,n}) and
B is the ordinary multiplication table of G (usually written in terms of
{n+1,...,2n}). Then (Q,.) is Day, the dihedral group of order 2n. If we
take any nonabelian group G then the corresponding loop (@,.) is non-
associative and we call this the D(G), the dihedral extension of G.

The table W(G) corresponding to a group G has very strict symmetry
which is explored in [9]. If some of this symmetry is relaxed, the table will
correspond to a non-associative loop, but in general this loop need not have
nice properties. We give examples of loops @ of order 6 which have W (Q)
(defined analogously) close to W(G) for a group G, and which satisfy com-
mon algebraic identities. We also show how the Moufang loops M (G, 2) of
small orders have W (Q) which can easily be described and that in partic-
ular M (Day,,2) has a Ward table which is made up of block circulants and
reverse circulants. In [10] a variation on a group split extension is given
which produces a Bol loop. We describe the Ward tables in this case and
show the tables of a group and its corresponding loop. The ideas here are
in the same direction as those in the works of Drapal on distances between
groups and loops [2].

In Section 2 a summary of the relevant work on Ward-Dedekind quasi-
groups is given, and a discussion of tables for W (Q) for loops of order 6
and Moufang loops is given. The next section first describes W (D) where
D is a group split extension G x H arising from an action of G on H and
then points out how this can be modified to produce the Bol split exten-
sion described in [10]. In Section 4 there is given the construction and
some properties of dihedral extensions and Frobenius extensions and some
remarks and conjectures form the remaining section.

2. Ward quasigroups and variations

Consider the quasigroup (@, *) obtained from a finite group (G, .) of order n
using right division which we write as (), i.e. gxh = gh™!. It is reasonably
well-known that such quasigroups may be characterised as those satisfying
the identity
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(x*2)x(y*xz)=xx*xy.
Quasigroups satisfying this identity are called Ward quasigroups. We refer
to [9] for the details. Suppose that H =< s > is any cyclic subgroup of G
of order m and let {z1 = e, x9,...,x,} be a left transversal to H in G. If
the left cosets of H in G are ordered as {eH,x2H,...,x,H} and each coset
x;H is ordered as

Ti, TS, xisz, s

the multiplication table W (Q, H) of (@, *) with rows and columns indexed
by the elements of GG in this order has the following properties.

(i) It consists of m x m blocks of circulant matrices. (The circulant
C(a1, a2, ...ay) is a u X u matrix each row of which is obtained from the
previous one by a right shift with wrap-around:

ay a2 as ... Ay,

A, a1 a2 ... Qu—1
C(ay,az,...ay) = ).

az az ... Qg ay

(ii) Define the inverse pattern = : G — G by 7w(g) = ¢g~'. Then

W(Q. H),5) = m(W(Q, H)(j. ).
for all i1,149, 4,k , i.e. the product under x of corresponding elements of a
fixed pair of rows is constant.

(iv) The identity element appears in the diagonal.

The following examples illustrate the symmetrical tables W (Q, H) de-
scribed above.

(1) Let G = S3, the symmetric group on 3 objects and H be the sub-
group generated by a 3-cycle. Then

132456
2 136 45
32156 4

W@H) =14 651 23
546 3 1 2
554 2 3 1

Usually tables such as that above will be written in abbreviated form as

C(1,3,2) C(4,5,6) (2)
C(4,6,5) C(1,2,3)
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(2) More generally if G = Ds,, and H = C,, the table of W(Q, H) is

C(l,n,n—1,...,2) Cn+1,n+2,..,2n)
Cn+1,2n,2n—-1,...,n+2) c(1,2,...,n)

Al B
Bt A
where A =C(1,2,...,n) and B=C(n+1,n+2,...,2n).

(3) Let G = Ay, the alternating group. Here we take
H = {e, (1,2)(3,4)}

which may also be written

but we order the left cosets of H by listing the cosets of the normaliser of
H, which is of course the Klein 4-group V. Specifically, the list is
V ={e,(1,2)(3,4),(1,4)(2,3),(1,3)(2,4)} = H+ (1,4)(2,3)H.
(1,2,3)V ={(1,2,3),(2,4,3),(1,4,2),(1,3,4)} = (1,2,3)H + (1,4,2)H
(1,3,2)V ={(1,3,2),(1,4,3),(1,2,4),(2,3,4)} = (1,3,2) H+(1,2,4)H.
To simplify the table we write the above cosets as

v={1%,21 3! 4} (1,2,3)V={1%22 3%, 4%}, (1,3,2)V={13,23,33, 4%}
Then W(Q, H) is

MV (1,2,3,4)} MV(1,4,3,2)3 MV(1,3,4,2)?

MV (1,2,3,4)> MV (1,4,3,2)' MV(1,3,4,2)3

MV (1,2,3,4)3 MV (1,4,3,2)> MV(1,3,4,2)
where L )
12 21, 3Z 42

This illustrates how the cosets of the normaliser of H can be used to

further organise W(Q, H).
Now consider the loops produced when some of the the restrictions on

the symmetry of W(Q, H) are relaxed. Given symbols c1, ..., ¢,, we denote
by R(ci,...,cyn) the reversed circulant matrix

01 C2 e Cn

C2 C3 e Cc1

Ch,b C1 ... Cp_-1.
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We first look at some examples of loops of order 6. If we take G as Cg and
H as Cy then W(Q, H) is

C(1,2) C(5,6) C(3,4)
C(3,4) C(1,2) C(5,6)
C(5,6) C(3,4) C(1,2)

There is a unique non-associative loop of order 6 which has a normal
subloop of order 2 with W(Q, H) as below

C(1,2) C(5,6) C(3,4)

C(3,4) C(1,2) C(6,5)

C(5,6) C(3,4) C(1,2)
where the difference is seen to be in the (2,3) block. The corresponding
loop is commutative, and satisfies the weak inverse and weak inverse abelian
properties.

Several loops of order 6 have a normal C5. The closest variation on the

table (2) is

[ C(1,3,2) C(4,5,6) } 3)

C(4,6,5) C(1,3,2)

which corresponds to an inverse property loop. It is seen that the circulant
in the (2, 2)th place has been modified. The loop is isotopic to the loop with
W(Q, H)
C(1,3,2) C(4,5,6)
[ R(4,5,6) C(1,3,2) }

which is commutative, and satisfies the inverse property.
Further examples are

C(1,3,2) R(4,5,6)
[ C(4,6,5) C(1,3,2) }

whose corresponding loop satisfies the right inverse property, and

C(1,3,2) C(5,6,4)
[ R(4,5,6) C(1,3,2) }

with corresponding loop satisfying the weak inverse, generalized Moufang
and generalized Bol properties.

Now suppose we start with a non-associative loop G which has two-sided
inverses and satisfies the automorphic inverse property. In a similar fashion
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to that above the “generalized Ward quasigroup” (@, *) may be constructed
from G by z *y = zy~'. In general the left cosets of a subloop H need
not partition G and even if they do the set (a;H)(a;H)~! may contain
more than |H| elements, but we can avoid this problem if we take H to
be a normal cyclic subgroup of G. The resulting multiplication table of
(Q, *) satisfies (ii) and (iv) above but if G is not associative (iii) cannot be
satisfied. We use W (G, H) to denote the multiplication table of (Q, *) with
the elements of G ordered by left cosets of H exactly as above for groups.

Let P be the smallest non-associative Moufang loop Mjs of order 12
and let H be the unique subgroup of order 3. Then W (P, H) is

C(1,3,2)  C(4,56)  C(7,8,9)  C(10,11,12)
C(4,6,5  C(1,2.3)  R(10,12,11) R(7,9,8) @
C(7,9,8)  R(10,12,11) C(1,2,3)  R(4, 6 ,5)

C(10, 12, 11) R(7,9,8)  R(4,6,5)  C(1,2,3).

Note that the first row and column (of blocks) and the blocks on the diag-
onal are determined by diassociativity and it is interesting to note how the
remaining part of the table has nice symmetry. The table obviously violates
condition (i) above and it is easy to see that (iii) also fails. It may also be
remarked that the inverse pattern of (@, x), which may be read off from the
first row of the table could not give rise to a group, as there is no group of
order 12 with 9 involutions.

There are 5 nonassociative Moufang loops of order 16 and each of them
has a cyclic normal subloop of order 4 (cf. [4]). The multiplication tables
of the associated quasigroups can be all written in such a way that every
4 x 4 block in the first row, first column or along the main diagonal is a
circulant, while every other block is a reversed circulant. It seems unlikely
that arbitrary Moufang loops with a normal cyclic subgroup would have a
table of this form, but if K is M (D,, 2) the table T'(K, C,,) is similar to (4)
in that the blocks which are not forced by diassociativity to be circulants
are reverse circulants of the form R(m +1,m +n,m+n—1,...m+2).}

The Chein construction M (G, 2) may be given explicitly as follows. Con-

1. The referee has informed me that there is a loop of order 32 with a normal cyclic
subloop of order 4 which has off-diagonal blocks which are neither circulants nor reversed
circulants.
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sider the set G x Co with multiplication

(9,0)(h,0) = (gh,0)
(9,0)(h,1) = (hg,1)
(9, 1)(h,0) = (gh",1)
(g, 1)(h, 1) = (h™"g,0)

It is well known that M (G, 2) is Moufang and if G is not commutative it is
nonassociative. The table W (M (G,2)) may be written

[ BAT ﬂ(fT)w ]

where A is (W(G),0) and B is the table of the multiplication on the set
(G, 1) given by (g,1)(h,1) = (gh, 1), 7 is the inverse map and we also denote
by 7 the permutation matrix of order n x n corresponding to .

3. Split Extensions

In [10] a variation on the split extension of two groups is used to construct a
family of Bol loops. If we have two groups G and H with an homomorphism
B : G — aut(H) the split extension G x H may be constructed on the set
G x H by the explicit multiplication

(91, 71) (g2, h2) = (g1g2, 7% hy).

The variation on this construction to given in [10] is

—1
(gla hl)(gQ, h2) = (9192’ hf(QQ )hg)

and if Im() is noncommutative a non-Moufang loop G x p H which satisfies
the right Bol identity

2(yzy) = (zy.2)y
is produced.
By direct calculation the right inverse (x) operations are

-1
(g1,h1) * (g2, ho) = (919517 (h1h51)5(92 ))
in the case of the G x H and

(917 hl) * <g2, hQ) = (9192_1, (hlhz—l)ﬁ(m))
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in the case of G xp H. If we suppose that W (D) is produced by ordering
the elements of H as {h; = e, ha,...,h;,} according to the left cosets of
a cyclic subgroup S as described above and then ordering the elements of
G x H as

{(g1,h1), (91, h2), v (91, Bim), (925 h1), (925 h2), vy (925 him),
o (Gns h1)s (G h2)s s (Gns Bm) }

then W (D) has blocks of size m x m in the (i, 7)™ position of the form
{gigyr W) o i)y

where (g, W(H)(t1, ..., tm)) is used to denote the square obtained by replac-
ing h; by (g,t;) in W(H). There is a similar table for W(B) where in the
(4,7)*™" block there appears

Blg; ") Blg; )
{(gigjflaW(H)(hl ! 7--'7hm ! )}
Example. Let G = S3 and H = V4. Let 8 be the obvious isomorphism
from G to aut(H). We introduce the notation (g, V") where x € Sy to
mean the table obtained from

1 2 3 4
2 1 4 3
W)= 3 4 1 9
4 3 2 1

by replacing the integer i by the element (g,i"). The group split extension
is isomorphic to Sy and one version of the W (D) is

(
(e, V) (62, VE3D) (o vEaD)  (rvE3) (v ED) (v ED)
(o, V) (e, V23D) (52 y(243)) () V(23) (r,V(249) (, V3:49)
(0%, V) (o, V<2,3,4)) (e, v (2.4, 3)) (1, v, 3)) (v, v (2.4) ) (r, V<3,4))
(r,V) (v, V(2:3:4)) (u, V(2:43) (e, V(2:3)) (0, VD) (g2, V(34)
(1, V) (1, V(2:3:4)) (1, V243)) (02, V(23)) (¢, V(24) (o, V(3:4)
(v, V) (u, V(2:3:4)) (7, V(2:43)) (0, V@) (62, VA (e, V(D)

The corresponding Bol split extension table is

(6, V) (0_2’\/(2,4,3)) (U,V(2’3’4)) (T,V(2’3)) (H’ V(2,4)) (1/, V(3,4))
(0_, V) (e,V(2*4’3)) (UQ,V(2’3’4>) (I/,V(Q’S)) (T,V(2’4)) (NvV(SA))
(027‘/) (o.7 V<2’4’3)) (e,V(2’3'4>) (NaV(Q'S)) (V,V(2’4)) (7_7 V(3,4))
(T, V) (1/, V(2,4,3)) (N»V<2’3’4)) (6, V(2,3)) (U,V(2’4)) (0.2,‘/(3,4))
(’u’ V) (T, V(2’4’3)) (V,V(2’3’4)) (UQ,V(Q’s)) (67‘/(2,4)) (07 V(3’4))
(y’ V) (“7‘/(2,4,3)) (T,V(2’3’4)) (07‘/(2,3)) (027‘/(2,4)) (e,V(3’4))

The difference is seen to be that the second members of the second and
third columns are interchanged.
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4. Dihedral Extensions

The author thanks the referee for the following comment. In [12] there
is a classification of all constructions of loops of Bol-Moufang type with a
subgroup of index 2. The dihedral extensions below appear in their notation
as (Ozy, Opys, Opy~).
Let G be a finite group of order n. As above define the quasigroup
(Q(G), *) by
gxh=gh!

for all g,h € G. Associate to Q(G) the Latin square A = W (G) on the
set {1,...,n} and to (G,.) a Latin square B on {n + 1,...,2n}. Suppose
{91 = €,92,... gn} is an ordering of G. Then A(i, j) = k where g; x g; = gs
and B(i,j) = k + n where g;g; = gi. It is easily seen that the square
B is obtained from square A by operating on the columns by the inverse
pattern 7 and then adding n to each entry. For example, if G is the cyclic
group of order 3, A = C(1,3,2) and B = R(4,5,6) . If we form the Latin

A B
square L(G) = B A
table of the loop D(G). It is easily seen that in the above example D(G)
is isomorphic to the dihedral group Dg (which is also isomorphic to S3).
We call D(G) the dihedral extension of G. If G is cyclic of order n then
D(G) is the usual dihedral group Ds,. If G is nonabelian D(G) is not
associative and we obtain an interesting family of loops. We can write the
multiplication for D(G) explicitly as follows. The elements of D(G) may
be taken as ordered pairs of the form (g,¢) where g € G and € € {0,1}.
Then

} we can interpret this as W(D(G)) as the Ward

The non-associativity may be proved by calculating the right maps of
the form R(z,y) = R(z)R(y)R~'(xy). Let x = (g,€1), y = (h,e2) and
z = (h,e€3). Then

I if =0
zR(y,2) = { (g[h, k], e1) if e =1
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where [h, k] denotes the usual commutator h~'k~1hk. It is clear that D(G)
is associative if and only if G is commutative.

One interesting feature of dihedral extensions is that their character
theory is similar to that for groups, especially if G is taken to be of odd
order. To discuss the character theory we first calculate the conjugacy
classes. We calculate the map T(x) = L(x)R™(z). Let x = (g,€e1), y =
(h,€e2) . Then

(hgh™!,€1) if € =0,ea=0

) (hgT'hTh ) if e =0,e9=1
Tl) = (hgh, e1) if eg=1,e=0
(hg_lhyfl) if e =1,e0=1.

Further calculation shows that for the map L(y, z) = L(y)L(z)L(yz) "
.CCL(y,Z) = (9761) or (h.gh_lvel)‘

Since the inner mapping group of D(G) is generated by {R(y, z), T'(y),
L(y,z)} as y and z run through the elements of D(G) it is straightforward
to determine that the conjugacy class containing an element of D(G) of the
form (g,0) is {(h,0);h = k~'gk or h = k=g~ 1k for some k € G}. For an
element of the form (g, 1) the conjugacy class is {(h,1); h = uk?, h = v~ 'k?
for u = t~ gt for some t € G or h = gc with ¢ € G'}. If G is of odd order
the classes of D(G) are easily described. The class C; # {e} of G is distinct
from C; = {g7! : g € C}, and gives rise to the class B; of D(G) of the
form {(g,0) : ¢ € CUC*}. In addition to the identity class there is only one
other class B’ which consists of all elements of the form {(g,1) : g € G}.
The characters of a loop or quasigroup are defined in [11] in terms of the
association scheme arising from the classes of the quasigroup.

Theorem 1. Let G be a group of odd order, with wrreducible characters
{x1 =1,x2,X2,---Xrs Xr}- Then the characters of D(G) are

{p =14, p2y s pir }

where the value of p;,i > 2 on the class {e} is 2x;, on the class B; is
Xi(Ci + CF) and on the class B' is 0. The value of 1t} on all classes of the
form {g,0} is 1 and on B’ is —1.

Proof. 1t is explained in [11] that the conjugacy classes of D(G) are in
1 : 1 correspondence with the orbits A; of D(G) x D(G) under the action
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of the left and right maps of D(G) and the adjacency matrices A; of the
corresponding association scheme are the incidence matrices of these orbits:
if A; is an orbit then A;(g,h) = 11if (g,h) € A; and 0 otherwise. Then the
A; are as follows: if C} is the n x n incidence matrix of the class ®; of G
the (2n x 2n) incidence matrix of the class of D(G) is of the form

Cj—i-C; 0
0 Oj—i—C;.

and the incidence matrix of B’ is

¥

where J is the all 1 matrix. Now if x is a non-trivial irreducible character
of G its value on the class C; of G is related to an eigenvalue A of C; by
x(Cj) = myA/|Cj|, where m; is a multiplicity. It is clear that a correspond-
ing eigenvalue of Cj + C7 is A + A where X is the complex conjugate of \
and which has multiplicity 2m,. This means that to each pair x,X there
is a character ¢ of D(G)which takes on the value 2x(e) on the trivial class
of D(G) and x(C;) + x(Cj) on the class B; of D(G), and 0 on B’. The
remaining character p} necessarily takes on the value 1 on the elements of
the form (g,0) and —1 on elements of the form (g,1). O

Example. Let G be the nonabelian Frobenius group of order 21. Its

character table is
Co 1 Cf Cy CQT

vo 1 1 1 1 1
x1 1 1 1 w W?
X1 1 1 1 W w
x2 3 o a 0 0
= 3 a a 0 0
where w = exp(2mi/3) and a = (—1 4+ /7)/2.
The corresponding table for D(G) is
By B, By B
w 11 1 1
mo1 1 1 —1.
e 22 -1 0
w3 6 -1 0 0
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As in group character theory, the product of two characters of a loop L
is defined by

(x-)(2) = x(2)¢(x).

For groups the product of characters is automatically a character since
it corresponds to the tensor product of modules. This is no longer the case
for loops, and leads to the coefficient ring Z(L) of a loop L obtained by
extending Z by the coeflicients a; defined by

Oc) = aixi().

For the dihedral extension in the case where |G| is odd we show that
Z(D(@G)) = Z. This follows directly from the calculation

(xi +X3) (G +X5) = (axs +Xixg) + (XG + Xix;)-
Now if xix; = D arXxs it follows that x;x; + Xix; = >_ ar(Xk + X&) i.e.

bi =Y axty

where 4,j > 3 and the product v;1); where ¢ < 2 is obviously vy, for some
k.

4.1. Frobenius Extensions

Suppose we take a group G and construct the extension @ = F(G,2) on
the set G x {0,1} with explicit multiplication

(97 0)(h7 0) = (gh70) = (97 1)(h7 1)
(97 0)(h7 1) = (hg7 1) - (97 1)(h7 0)
The referee has also indicated that Frobenius extensions also appear in

[12] described by the triple (8yz, 0yz, 0zy). It may readily be seen that the
multiplication table of (@, %) has the structure

5 4]

where A is W(G) on the elements (1,...,n) and B = (7W(G)!n) on the
elements {n+1,n+2,...2n} is the table under the operation (g,h) — h~'g
(here m denotes the permutation matrix corresponding to 7). Such squares
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occur in the work of Frobenius on group determinant factorisation [3]. It is
straightforward to compute that if GG is abelian then @ is the group G x Cs
and that if G is nonabelian @ is a nonassociative loop that is not Moufang
and unless strong conditions are placed on G it is not diassociative.

As an example we construct the table for F'(G,2) where G = S3:We let

[0(1,3,2) C4,5,6)
A= [ C(4.6,5) C(1,2.3) ]

and
p_[ C(1,98 R(10,11,12)
| R(10,11,12) c(7,9,8)

54l

We briefly summarise the character theory. Associated to each conju-
gacy class C' of G there is (a) a conjugacy class of @ of the form {(g,0) :
g € C'} where C is a conjugacy class of G and (b) a conjugacy class of the
form {(¢G’,1) : g € C}, where as usual G’ denoted the derived group of
G. From this and using Frobenius’ work we can deduce that the character
table of @ consists of 2r linear characters where |G/G’| = r and for each
non-linear irreducible character of degree m of G there is a basic character
of Q of degree v/2m. These exhaust the characters of Q.

The table is then

5. Comments and suggestions for further work

1) It appears to be a difficult problem to produce simple loops with
interesting properties from methods similar to those above. However, it
is certainly true that if G is a simple group with cyclic subgroup H and
W (G, H) is modified by rearrangement within the circulant blocks W (Q)
is produced for a simple loop ). For example it may be useful to take
G = As and H = C5 and search for interesting simple loops by modifying
the circulant blocks.

2) The following may also be useful. Take the simple Moufang loop @
of order 120 and form W(Q) by listing the cosets either of the Moufang
subloop of order 12 or that of order 24.

3) Even the construction of the Moufang loop of order 12 starts with an
inverse pattern (i.e. the first row of the W(Q)) which is different from that
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of any group. It would seem to be a difficult but interesting project to find
the kind of inverse patterns which can lead to Moufang or Bol loops.

4) It would seem that there should be a proof that the Moufang loops and
Bol loops described in the above work satisfy the corresponding identities
using the closure properties in the webs associated to the Ward tables and
that such a proof may also be helpful in trying to construct new loops.

5) Non-split extensions for groups can be approached via factor sets.
Perhaps one can obtain a combinatorial description of factor sets for groups
and loops using the methods here (see also [8]).

6) Call a loop @ tame if if W(Q) can be obtained from W(G) for a
group G by rearrangements within the circulant blocks without destroying
their circulant property. One example is the loop (3) in section 2. Question:
can we describe the algebraic properties of tame loops?

7) Group character theory and loop character theory consist of the in-
formation remaining in W(Q) when each elements in the table is replaced
by a representative of its conjugacy class. For loops it would be interesting
to find some intermediate table between W (Q) and this "reduced table"
which could play the role of a "super character theory".

Some of the constructions here have appeared in [5], [6] and [7].

The author would like to thank the referee for helpful comments and
suggestions.
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