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On fuzzy relations and fuzzy quotient Γ-groups

Kostaq Hila

Abstract
The problem of the structure of fuzzy quotient Γ-groups is discussed. We
introduce and de�ne the fuzzy quotient Γ-group by using some special fuzzy
relation de�ned in this paper, and also we prove some basic properties.

1. Introduction and preliminaries
The concept of fuzzy sets was �rst introduced by Zadeh in [10] and since
then there has been a tremendous interest in the subject due to its various
applications ranging from engineering and computer since to social behav-
ior studies. The concept of fuzzy relations on a set was de�ned by Zadeh
[10, 11]. The study of fuzzy algebraic structures was started with the in-
troduction of the concept of fuzzy subgroups by Rosenfeld [5]. The notion
of Γ-groups was introduced in [7] as a generalization of the notion of clas-
sical groups. In this paper we introduce and de�ne some new special fuzzy
equivalence relations. Then using these relations we de�ne suitable fuzzy
quotient Γ-subgroup of Gα/Hα and prove some basic properties.

In 1986 Sen and Saha [7] de�ned a Γ-semigroup as follows:
De�nition 1.1. Let M = {a, b, c, . . .} and Γ = {α, β, γ, . . .} be two non-
empty sets. If there exists a mapping M × Γ × M → M denoted by
(a, γ, b) 7−→ aγb and satisfying the identity

(aαb)βc = aα(bβc),
where a, b, c ∈ M and α, β ∈ Γ, then M is called a Γ-semigroup.

For a Γ-semigroup M and a �xed element γ ∈ Γ we de�ne on M a
binary operation ◦ by putting a ◦ b = aγb for all a, b ∈ M . Such de�ned
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groupoid (M, ◦) is denoted by Mγ . It is a semigroup [7]. Moreover, if it is
a group for some γ ∈ Γ, then it is a group for every γ ∈ Γ [7]. In this case
we says that M is a Γ-group. Examples can be found in [7] and [8].

For subsets A and B of a Γ-semigroup M we de�ne the set

AΓB = {aγb | a ∈ A, b ∈ B and γ ∈ Γ}.
The interval [0, 1] we denoted by I, max{x, y} by x∨y, min{x, y} by x∧y.
By a fuzzy set on X we mean any mapping µ : X 7−→ I. For any fuzzy sets
µ and ν on X we de�ne

µ = ν ⇔ µ(x) = ν(x), ∀x ∈ X,
µ ⊆ ν ⇔ µ(x) 6 ν(x) ∀x ∈ X,

(µ ∪ ν)(x) = µ(x) ∨ ν(x),
(µ ∩ ν)(x) = µ(x) ∧ ν(x).

For a family of fuzzy sets {µi | i ∈ I} de�ned on X we put

(∪µi)(x) =
∨
i∈I

{µi(x)} and (∩µi)(x) =
∧
i∈I

{µi(x)}.

De�nition 1.2. A fuzzy set µ of a group G is called a fuzzy subgroup if

(i) µ(xy) > µ(x) ∧ µ(y),

(ii) µ(x−1) > µ(x)

holds for all x, y ∈ G.
Obviously µ(e) > µ(x) for every x ∈ G, where e is the identity of G.

Theorem 1.3. A fuzzy set µ of a group G is a fuzzy subgroup G if and
only if

µ(xy−1) > µ(x) ∧ µ(y) and µ(e) > µ(x)

for all x, y ∈ G.
De�nition 1.4. A fuzzy subgroup µ of a group G is called a fuzzy normal
subgroup of G if

µ(xyx−1) > µ(y)

for all x, y ∈ G, or equivalently, if and only if

µ(xy) = µ(yx)



On fuzzy relations and fuzzy quotient Γ-groups 201

for all x, y ∈ G.

By a fuzzy relation on X we mean a fuzzy set µ : X×X → I. If θ and ϕ
are two fuzzy relations on a set X, then θ 6 ϕ means that θ(x, y) 6 ϕ(x, y)
for all x, y ∈ X. Their composition θ ◦ ϕ is de�ned by

(θ ◦ ϕ)(x, y) =
∨

z∈X

{θ(x, z) ∧ ϕ(z, y)}.

De�nition 1.5. A fuzzy relation θ on X is a fuzzy equivalence relation if

(i) θ(x, x) = 1 ∀x ∈ X,

(ii) θ(x, y) = θ(y, x) ∀x, y ∈ X,

(iii) θ ◦ θ 6 θ.

De�nition 1.6. A fuzzy equivalence relation θ on a semigroup S is a fuzzy
congruence if it is fuzzy compatible, that is,

θ(x, y) ∧ θ(z, t) 6 θ(xz, yt)

for all x, y, z, t ∈ S, or equivalently, if and only if it is fuzzy left and fuzzy
right compatible, i.e.,

θ(x, y) 6 θ(zx, zy) and θ(x, y) 6 θ(xz, yz)

for all x, y, z, t ∈ S.

2. Fuzzy relations and fuzzy congruences
We need to de�ne a special relation βα as follows:

De�nition 2.1. Let M be a Γ-group, µHα
be a fuzzy subgroup of Mα,

α ∈ Γ and eα be the identity of Mα. A fuzzy relation βα on M is de�ned
by

βα(a, b) =
{

µHα
(a) ∧ µHα

(b), if a 6= b,
µHα

(eα), if a = b.

Proposition 2.2. βα is a fuzzy equivalence relation on M .
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Proof. βα is re�exive and symmetric. It is also transitive. Indeed, for all
a, c ∈ M we have

(βα ◦ βα)(a, c) =
∨

b∈M

{βα(a, b) ∧ βα(b, c)}
=

∨
b∈M

{(µHα
(a) ∧ µHα

(b)) ∧ (µHα
(b) ∧ µHα

(c))}
6

∨
b∈M

{µHα
(a) ∧ µHα

(b)} ∧ ∨
b∈M

{µHα
(b) ∧ µHα

(c)}
6

∨
b∈M

{µHα
(a)} ∧ ∨

b∈M

{µHα
(c)} = µHα

(a) ∧ µHα
(c) = βα(a, c).

Therefore βα is a fuzzy equivalence relation.

Corollary 2.3. βα(x−1
α , y−1

α ) = βα(x, y) for all x, y ∈ M , where x−1
α , y−1

α

are inverses of x and y in Mα.

Proof. µHα
is a fuzzy subgroup of Mα. Thus

βα(x−1
α , y−1

α ) = µHα
(x−1

α ) ∧ µHα
(y−1

α ) = µHα
(x) ∧ µHα

(y) = βα,

which completes the proof.

Proposition 2.4. βα is a fuzzy congruence on M .

Proof. Indeed,

βα(aαc, bαd) = µHα
(aαc) ∧ µHα

(bαd)
> (µHα

(a) ∧ µHα
(c)) ∧ (µHα

(b) ∧ µHα
(d))

= (µHα
(a) ∧ µHα

(b)) ∧ (µHα
(c) ∧ µHα

(d))
= βα(a, b) ∧ βα(c, d).

This completes the proof.

De�nition 2.5. If a fuzzy set is a (normal) fuzzy subgroup of Mα/Hα,
then it is called a (normal ) fuzzy quotient Γ-subgroup. For any normal
subgroup Hα of Mα we de�ne a fuzzy set R : Mα/Hα → [0, 1] by putting
R(xαHα) = βα(x, h) for all h ∈ Hα.

Proposition 2.6. R is a normal fuzzy quotient subgroup of Mα/Hα.
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Proof. Since µHα
is a fuzzy subgroup of Mα, for all xαH, yαH ∈ Mα/Hα

we have

R(xαHααyαHα) = βα(xαy, h) = µHα
(xαy) ∧ µHα

(h)
> (µHα

(x) ∧ µHα
(y)) ∧ µHα

(h)
=

(
µHα

(x) ∧ µHα
(h)

) ∧ (
µHα

(y) ∧ µHα
(h)

)

= βα(x, h) ∧ βα(y, h) = R(xαH) ∧R(yαH)

and
R(x−1

α αHα) = βα(x−1
α , h) = µHα

(x−1
α ) ∧ µHα

(h)
> µHα

(x) ∧ µHα
(h) = βα(x, h) = R(xαHα).

Thus R ia a quotient fuzzy subgroup of Mα/Hα. Since µHα
is normal

R(xαHααyαHα) = βα(xαy, h) = µHα
(xαy) ∧ µHα

(h)
= µHα

(yαx) ∧ µHα
(h) = βα(yαx, h) = R(yαHααxαHα).

Hence R is a normal quotient fuzzy subgroup of Mα/Hα.

Proposition 2.7. If Mα/Hα is �nite and R is its fuzzy quotient subgroup,
then R is a fuzzy subgroup.

Proof. Since Mα/Hα is �nite, every xαHα ∈ Mα/Hα has �nite order, say n.
Then (xαHα)n = (xα)n−1xαHα = Hα, where Hα is the identity of Mα/Hα.
Thus (xαHα)−1 = x−1

α αHα = (xα)n−2xαHα and

R(x−1
α αHα) = R((xα)n−2xαHα) = βα((xα)n−2x, h)

= µHα
((xα)n−3xαx) ∧ µHα

(h) = µHα
((xα)n−3xαx)

> µHα
((xα)n−3x) ∧ µHα

(x) > µHα
(x)

= µHα
(x) ∧ µHα

(h) = βα(x, h) = R(xαHα).

Hence R is a fuzzy quotient subgroup.

Proposition 2.8. Let R be a fuzzy quotient subgroup of a group Mα/Hα

and let xαHα ∈ Mα/Hα. Then

R(xαHααyαHα) = R(yαHα) ⇐⇒ R(xαHα) = R(Hα).
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Proof. If R(xαHααyαHα) = R(yαHα) holds for all yαHα ∈ Mα/Hα, then
putting yαHα = Hα, we obtain R(xαHα) = R(Hα).

Conversely, suppose that R(xαHα) = R(Hα). Since R is a fuzzy sub-
group of Mα/Hα and µHα

is a fuzzy subgroup of Mα, we have

R(xαHααyαHα) > R(xαHα) ∧R(yαHα) = R(Hα) ∧R(yαHα)
= βα(e, h) ∧ β(yαHα) = µHα

(h) ∧ µHα
(y)

= βα(y, h) = R(yαHα).

Interchanging xαHααyαHα with yαHα, we get

R(yαHα) > R(xαHααyαHα).

Hence the proof is completed.

Proposition 2.9. The intersection of two normal fuzzy quotient subgroups
of Mα/Hα also is a normal fuzzy quotient subgroups of Mα/Hα.

Proof. Let R and Q be two normal fuzzy quotient subgroups of Mα/Hα.
Then for ally xαHα, yαHα ∈ Mα/Hα we have

(R ∩Q)(xαHααyαHα) = R(xαHααyαHα) ∧Q(xαHααyαHα)
> (R(xαHα) ∧R(yαHα)) ∧ (Q(xαHα) ∧Q(yαHα))
= (R(xαHα) ∧Q(xαHα)) ∧ (R(yαHα) ∧Q(yαHα))
= (R ∩Q)(xαHα) ∧ (R ∩Q)(yαHα)

and

(R ∩Q)(x−1
α αHα) = R(x−1

α αHα) ∧Q(x−1
α αHα) = R(xαHα) ∧Q(xαHα)

6 (R ∩Q)(xαHα).

Interchanging xαHα with x−1
α αHα, we obtain (R ∩ Q)(xαHα) 6 (R ∩

Q)(x−1
α αHα). Hence R ∩ Q is a fuzzy subgroup of Mα/Hα. It is normal

because

(R ∩Q)(xαHααyαHα) = R(xαHααyαHα) ∧Q(xαHααyαHα)
= R(yαHααxαHα) ∧Q(yαHααxαHα)
6 (R ∩Q)(yαHααxαHα).

This completes the proof.
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De�nition 2.10. On Mα/Hα we de�ne a fuzzy relation µα,R putting

µα,R(xαHα, yαHα) = R(xαHααy−1
α αHα)

for all xαHα, yαHα ∈ Mα/Hα.
Proposition 2.11. µα,R is a fuzzy congruence on Mα/Hα.

Proof. It is clear that this relation is transitive. Since

µα,R(xαHα, yαHα) = R(xαHααyαHα) = R((yαx−1
α )−1

α αHα)
= R(yαx−1

α αHα) = R(yαHααx−1
α αHα)

= µα,R(yαHα, xαHα)

it is also symmetric. Moreover, for all xαHα, yαHα ∈ Mα/Hα we have

(µα,R ◦ µα,R)(xαHα, yαHα)
=

∨
zαHα∈Mα/Hα

{µα,R(xαHα, zαHα) ∧ µα,R(zαHα, yαHα)}
=

∨
zαHα∈Mα/Hα

{
R(xαHααz−1

α αHα) ∧R(zαHααy−1
α αHα)

}

=
∨

zαHα∈Mα/Hα

{
R(xαz−1

α αHα) ∧R(zαy−1
α αHα)

}

=
∨

zαHα∈Mα/Hα

{
βα(xαz−1

α , h) ∧ βα(zαy−1
α , h)

}

=
∨

zαHα∈Mα/Hα

{(
µHα

(xαz−1
α ) ∧ µHα

(h)
) ∧ (

µHα
(zαy−1

α ) ∧ µHα
(h)

)}

6
∨

zαHα∈Mα/Hα

{(
µHα

(xαz−1
α ) ∧ µHα

(zαy−1
α

) ∧ µHα
(h)

}

6
∨

zαHα∈Mα/Hα

{
µHα

(xαy−1
α ) ∧ µHα

(h)
}

= µHα
(xαy−1

α ) ∧ µHα
(h)

= βα(xαy−1
α , h) = R(xαHααy−1

α αHα) = µα,R(xαHα, yαHα).

So, µα,R is an equivalence relation.
To prove that it is a congruence observe that

µα,R(xαHα, yαHα) ∧ µα,R(zαHα, wαHα)
= R(xαHααy−1

α αHα) ∧R(zαHααw−1
α αHα)

= R(xαy−1
α αHα) ∧R(zαw−1

α αHα)
= βα(xαy−1

α , h) ∧ βα(zαw−1
α , h)

= {(µHα
(xαy−1

α ) ∧ µHα
(h)

) ∧ (
µHα

(zαw−1
α ) ∧ µHα

(h)
)}

= µHα
(xαy−1

α ) ∧ µHα
(zαw−1

α )
= µHα

(y−1
α αx) ∧ µHα

(zαw−1
α ).
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Since µHα
is a fuzzy normal subgroup of Mα

µHα
(y−1

α αx) ∧ µHα
(zαw−1

α ) 6 µHα
(y−1

α xαzαw−1
α ) = µHα

(xαzαw−1
α αy−1

α )
= µα,Hα(xαzα(yαw)−1

α ) ∧ µα,Hα(h)
= βα(xαzα(yαw)−1

α , h)
= R(xαzαHαα(yαw)−1

α αHα)
= µα,R(xαzαHα, yαwαHα),

which completes the proof.
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