
Quasigroups and Related Systems 17 (2009), 135 − 148A probabilisti
 model of error-dete
ting 
odesbased on quasigroupsVeri
a Bakeva and Nata²a IlievskaAbstra
t. Error-dete
ting 
odes are used to dete
t errors when messages are trans-mitted through a noisy 
ommuni
ation 
hannel. We propose a new model of error-dete
ting 
odes based on quasigroups. In order to dete
t errors, we extend an inputblo
k a1a2 . . . an to a blo
k a1a2 . . . anb1b2 . . . bn, where bi = ai ∗ ari+1
∗ ari+2

∗ ari+k−1
,

i = 1, 2, . . . , n where ∗ is a quasigroup operation and rj =

{

j, j 6 n
j mod n, j > n

. We
al
ulate an approximate formula whi
h gives the probability that there will be errorswhi
h will not be dete
ted in two spe
ial 
ases: for the set A = {0, 1} and k = 4; andfor the set A = {0, 1, 2, 3} and k = 2. We �nd the optimal blo
k length su
h thatthe probability of undete
ted errors is smaller than some previous given value ε. Also,we 
ompare two 
onsidered 
odes and 
on
lude that quasigroups of higher order givesmaller probability of undete
ted errors. At the end of this paper we give a 
lassi�
ationof quasigroups of order 4 a

ording to goodness for proposed 
odes.1. Introdu
tionWe propose a new model of error-dete
ting 
odes based on quasigroup op-erations. Re
all that a quasigroup (Q, ∗) is a groupoid (i.e., algebra withone binary operation ∗ on the set Q) satisfying the law:
(∀u, v ∈ Q)(∃!x, y ∈ Q) (x ∗ u = v & u ∗ y = v) (1)In fa
t (1) says that the equations x ∗ u = v, u ∗ y = v for ea
h given

u, v ∈ Q and x, y unknown, have unique solutions.In paper [1℄, using the image pattern authors gave 
lassi�
ation of quasi-groups of order 4 as fra
tal and non-fra
tal. In paper [2℄, the followingde�nition of linear quasigroup is given. Let (Q, ∗) be a quasigroup of order
2n and let2000 Mathemati
s Subje
t Classi�
ation: 68P30Keywords: error-dete
ting 
odes, quasigroup, noisy 
hannel, probability of undete
tederrors
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f(x1, . . . , xn) = (f1(x1, . . . , xn), . . . , fn(x1, . . . , xn))be its 
orresponding representation as ve
tor valued Boolean fun
tion. Ifall fi for i = 1, 2, . . . , n are linear polynomials, then this quasigroup is
alled linear quasigroup. Otherwise, if there exists fun
tion fi for some i =

1, 2, . . . , n whi
h is not linear, this quasigroup is 
alled nonlinear quasigroup.In papers [4℄ and [5℄, there are some design of 
odes based on quasigroupsof order 2. Here, we de�ne the 
ode design based on quasigroups of arbitraryorder (Se
tion 2). In Se
tion 3, we �nd the probability of undete
ted errorsfor the 
odes based on quasigroups of order 2 and k = 4 where k is numberof symbols used in 
al
ulation of ea
h redundan
y symbol. On the sameway, in Se
tion 4, we give the probability of undete
ted errors for the 
odesbased on quasigroups of order 4 and k = 2. We �lter the 576 quasigroupsof order 4 su
h that the probability of undete
ted errors does not dependof the input message. On that way, we obtain 160 quasigroups. In Se
tion5, we des
ribe how to 
hoose the blo
k length n su
h that the probabilityof undete
ted errors is smaller than a given value ε. Also, we 
ompare themaximums of the obtained probability fun
tions of undete
ted errors fortwo 
onsidered 
odes and make some 
on
lusions. In Se
tion 6, we give a
lassi�
ation of obtained 160 quasigroups a

ording to their goodness forour 
odes. 2. Designing of the 
odesLet A be an arbitrary �nite set 
alled alphabet and (A, ∗) be a given quasi-group. Let 
onsider an input message
a1a2 . . . anan+1an+2 . . . a2na2n+1 . . . , (ai ∈ A, i = 1, 2, . . . )whi
h will be transmitted through a noisy 
hannel. Sin
e of the noise, there
eived message 
an be di�erent of the sent one. Our goal is designing a
ode whi
h will dete
t the errors during transmission su
h that the proba-bility of undete
ted errors will be as small as possible. For that reason, wehave to add some redundan
y to the message, i.e., some 
ontrol bits.Let divide the input message to blo
ks with length n:

a1a2 . . . an, an+1an+2 . . . a2n, . . .We extend ea
h blo
k a1a2 . . . an to a blo
k a1a2 . . . anb1b2 . . . bn where
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b1 = a1 ∗ a2 ∗ · · · ∗ ak

b2 = a2 ∗ a3 ∗ · · · ∗ ak+1

. . . . . . . . . . . . . . . . . . . . . . . .
bn = an ∗ a1 ∗ · · · ∗ ak−1

(2)where k 6 n.At �rst, ea
h letter from the extended blo
k a1a2 . . . anb1b2 . . . bn will bepresented in 2-base system. After that the obtained binary blo
k will betransmitted through the binary symmetri
al 
hannel with probability of biterror p (0 < p < 0.5) (Figure 1)
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Figure 1: Binary symmetri
al 
hannelThe rate of this 
ode is 1/2. Be
ause of the noises in the 
hannel, some ofthe 
hara
ters may not be 
orre
tly transmitted. Let ai be transmitted as
a′i, bi as b′i, i ∈ {1, 2, . . . , n}. If the 
hara
ter transmission is 
orre
t than
a′i will have the same value as ai. Otherwise, a′i will not be the same as ai.So, the output message is a′1a

′

2 . . . a′nb′1b
′

2 . . . b′n. To 
he
k if there are anyerrors during transmission, the re
eiver of the message 
he
ks if
b′1 = a′1 ∗ a′2 ∗ · · · ∗ a′k
b′2 = a′2 ∗ a′3 ∗ · · · ∗ a′k+1

. . . . . . . . . . . . . . . . . . . . . . . .
b′n = a′n ∗ a′1 ∗ · · · ∗ a′k−1If any of these equalities are not satis�ed, the re
eiver 
on
ludes that someerrors o

ured during the blo
k transmission and it asks from the sender tosend that blo
k on
e again. But, some equality 
an be satis�ed althoughsome 
hara
ters in that equality are in
orre
tly transmitted. In that 
ase,in
orre
t transmission (error in transmission) will not be dete
ted. We will
onsider two spe
ial 
ases of the proposed 
ode. For the �rst one, we 
hoose

A = {0, 1} and k = 4 and for the se
ond one, A = {0, 1, 2, 3} and k = 2. Ourgoal is �nding approximately the probability of undete
ted errors and makethat probability as small as possible. In the both 
odes, ea
h redundant



138 V.Bakeva and N.Ilievskasymbol bi, de�ned in (2), in
ludes the same number of bits, i.e., 4 bits fromthe input message, so it is reasonably to 
ompare the obtained probabilitiesof undete
ted errors.3. An error-dete
ting 
ode based on quasigroupof order 2 and k=4Let 
onsider the binary set A = {0, 1}. There are only two quasigroupoperations on the set A, and here we took (A, ∗) to be de�ned by the table* 0 10 0 11 1 0Denote that same results will be obtained if another quasigroup is used.Ea
h blo
k a1a2 . . . an (ai ∈ A) is extended to a blo
k
a1a2 . . . anb1b2 . . . bn,where bi = ai ∗ ari+1 ∗ ari+2 ∗ ari+3 . Here

rj =

{

j, j 6 n
j(mod n), j > nfor j = i + 1, i + 2, i + 3.Let introdu
e the following notation:

g(x1, x2, . . . , xn) = x1 ∗ x2 ∗ · · · ∗ xn,where xi ∈ {0, 1}, i = 1, 2, . . . , n. In order to determine the probability ofundete
ted errors, we need the following proposition whi
h proof is obvious.Proposition 1. If odd number of x1, x2, . . . , xn (xi ∈ {0, 1}) 
hange theirvalues then g(x1, x2, . . . , xn) will 
hange its value, too. If even number of
x1, x2, . . . , xn 
hange their values then the value of g(x1, x2, . . . , xn) will beun
hanged. ¤Using the previous proposition and some 
ombinatori
s the followingtheorem 
an be proved.
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odes 139Theorem 1. Let f2(n, p) be the probability fun
tion of undete
ted errorsin a transmitted blo
k with length n through the binary symmetri
 
hannelwhere p is the probability of in
orre
t transmission of a bit. Then f2(n, p)is given by the following formulas:
f2(4, p) = 6p2(1 − p)6 + p4(1 − p)4 + 4p5(1 − p)3 + 4p7(1 − p)

f2(5, p) = 10p4(1 − p)6 + 16p5(1 − p)5 + 5p8(1 − p)2

f2(6, p) = 2p3(1 − p)9 + 6p4(1 − p)8 + 18p5(1 − p)7

+16p6(1 − p)6 + 6p7(1 − p)5 + 9p8(1 − p)4 + O(p9)

f2(7, p) = 7p4(1 − p)10 + 21p5(1 − p)9 + 21p6(1 − p)8 + 29p7(1 − p)7

+28p8(1 − p)6 + O(p9)
f2(8, p) = 14p4(1 − p)12 + 8p5(1 − p)11 + 24p6(1 − p)10 + 56p7(1 − p)9

+49p8(1 − p)8 + O(p9)

f2(9, p) = 9p4(1 − p)14 + 9p5(1 − p)13 + 36p6(1 − p)12 + 81p7(1 − p)11

+63p8(1 − p)10 + O(p9)

f2(10, p) = 10p4(1 − p)16 + 12p5(1 − p)15 + 20p6(1 − p)14 + 100p7(1 − p)13

+120p8(1 − p)12 + O(p9)

f2(11, p) = 11p4(1 − p)18 + 11p5(1 − p)17 + 22p6(1 − p)16 + 99p7(1 − p)15

+132p8(1 − p)14 + O(p9)

f2(12, p) = 12p4(1 − p)20 + 12p5(1 − p)19 + 30p6(1 − p)18 + 72p7(1 − p)17

+162p8(1 − p)16 + O(p9)

f2(13, p) = 13p4(1 − p)22 + 13p5(1 − p)21 + 26p6(1 − p)20 + 78p7(1 − p)19

+182p8(1 − p)18 + O(p9)

f2(n, p) = np4(1 − p)2n−4 + np5(1 − p)2n−5 + 2np6(1 − p)2n−6

+6np7(1 − p)2n−7 + Ap8(1 − p)2n−8 + Bpn/2(1 − p)3n/2 + O(p9),for n > 14,where
A =











(n + 9)n

2
, n = 15, 17, 19, . . .

(n + 8)n

2
, n = 14, 16, 18, . . .

B =







0, n odd
2, n even, but 4†n
6, 4|n

¤The remainder O(p9) denotes that the 
oe�
ients are exa
tly deter-mined in terms whi
h 
ontain pi, i < 9. To obtain exa
tly the probabilityof undete
ted errors, i.e., to obtain exa
tly O(p9), one has to make mu
h
ompli
ated 
ombinatorial 
al
ulations. In the Figure 2, we 
an see that



140 V.Bakeva and N.Ilievskafor small values of n, all fun
tions have maximum in p = 0, 5. When theblo
k length n in
reases, the maximum be
omes smaller, it goes to the leftand the sequen
e of maximums 
onverges to 0.
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tions of undete
ted errors4. An error-dete
ting 
ode based on quasigroupof order 4 and k=2Let 
onsider the set A = {0, 1, 2, 3} and let ∗ be an arbitrary quasigroupoperation on A. A

ording to (2), we extend ea
h blo
k a1a2 . . . an (ai ∈ A)to a blo
k a1a2 . . . anb1b2 . . . bn, where bi = ai ∗ a(i mod n)+1, i = 1, 2, . . . , n.The extended message is transmitted through the binary symmetri
al 
han-nel again. As previous, we want to 
al
ulate the probability that there willbe errors whi
h will not be dete
ted. There are 576 quasigroups of order4. We �nd that for some quasigroups, the probability of undete
ted errorsdepends on the distribution of letters in the input message. So, we �lteredthe quasigroups su
h that this formula is independent from the distribution
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odes 141of the input message. After �ltering, from the 576 quasigroups of order 4,only 160 quasigroups remain. All of them are fra
tal quasigroups, but notall fra
tal quasigroups are in these 160 quasigroups ([1℄). For the �ltered160 quasigroups, we obtained a formula for 
al
ulating the probability fun
-tion of undete
ted errors. It is given by the following theorem whi
h proofis done in [3℄.Theorem 2. Let f4(n, p) be the probability of undete
ted errors in a trans-mitted blo
k with length n through the binary symmetri
 
hannel where p isthe probability of in
orre
t transmission of a bit. If one of the �ltered 160quasigroups is used for designing the 
ode, then the probability of undete
tederrors is given by the following formulas:
f4(2, p) = 2v0v1 + r2

f4(3, p) = 3v3
0v1 + 3v0v2 + r3

f4(4, p) = 4v5
0v1 + 4v3

0v2 + 2v2
0v2

1 + 4v0v3 + r4

f4(n, p) = nv1v
2n−3
0 + nv2v

2n−5
0 +

n(n − 3)

2
v2
1v2n−6

0 + nv3v
2n−7
0

+n(n − 4)v2v1v
2n−8
0 +

n(n − 4)(n − 5)

6
v3
1v2n−9

0 + nv4v
2n−9
0

+n(n − 5)v3v1v
2n−10
0 +

n(n − 5)

2
v2
2v2n−10

0

+
n(n − 5)(n − 6)

2
v2v

2
1v2n−11

0 +
n(n − 5)(n − 6)(n − 7)

24
v4
1v2n−12

0 ,for n > 5. In the formulas, we use the following notations:
vk - the probability of undete
ted errors when exa
tly k 
onse
utive 
hara
-ters of the initial message a1a2 . . . an are in
orre
tly transmitted (the 
har-a
ters ai, ai+1, . . . , ai+k−1 are in
orre
tly transmitted, but ai−1 and ai+k are
orre
tly transmitted), k = 1, 2, 3, 4;
v0 - the probability of 
orre
t transmission of a 
hara
ter;
rk - the probability of undete
ted errors in a blo
k with length k if all k
hara
ters are in
orre
tly transmitted, k = 2, 3, 4. ¤Now, using the Theorem 2 and formulas for the probabilities vk, fun
-tions f4(n, p) 
an be determined for all 160 fra
tal quasigroups. These 160quasigroups do not de�ne 160 di�erent fun
tions for the probability of un-dete
ted errors, but only 7. These fun
tions are given in Se
tion 6 (Figure5) where using these fun
tions, we give a 
lassi�
ation of the quasigroupsof order 4 a

ording to goodness for our 
odes.The quasigroups whi
h give the smallest probability of undete
ted errorsare the best for 
ode design. For these quasigroups, using some 
ombina-
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s we 
al
ulate the following expressions for vi and rj .
v0 = (1 − p)2

v1 = 3(1 − p)2p4

v2 = (1 − p)2p4(9p4 − 16p3 + 12p2 − 4p + 1)

v3 = (1 − p)2p6(3p2 − 4p + 2)(9p4 − 20p3 + 18p2 − 8p + 2)

v4 = (1 − p)2p8(81p8 − 432p7 + 1060p6 − 1548p5 + 1475p4 − 944p3 + 400p2

−104p + 13)

r2 = p4(9p4 − 32p3 + 48p2 − 32p + 8)

r3 = p4(27p8 − 144p7 + 348p6 − 484p5 + 429p4 − 252p3 + 98p2 − 24p + 3)

r4 = p6(81p10 − 576p9 + 1904p8 − 3792p7 + 5012p6 − 4576p5 + 2928p4 − 1312p3

+404p2 − 80p + 8)Now, the probability of undete
ted errors is determined by the followingformulas:
f4,1(2, p) = p4(15p4 − 56p3 + 84p2 − 56p + 14)

f4,1(3, p) = p4(63p8 − 372p7 + 990p6 − 1540p5 + 1545p4 − 1032p3 + 452p2

−120p + 15)

f4,1(4, p) = p4(255p12 − 2032p11 + 7560p10 − 17360p9 + 27556p8 − 32112p7

+28440p6 − 19440p5 + 10206p4 − 4000p3 + 1104p2 − 192p + 16)

f4,1(n, p) = np4(1 − p)2(2n−8)×

×
[

4 − 48p + 274p2 − 980p3 + (8n + 2431)p4 − 8(8n + 547)p5

+2(130n + 2853)p6 − 4(166n + 1259)p7 + (9n2 + 1078n + 2297)p8

−4(9n2 + 270n − 139)p9 + (81n2 + 371n − 890)p10

−2(45n2 − 165n + 194)p11 + (3/8)(9n3 − 42n2 + 75n − 34)p12
]

+O(p7), for n > 5.The fun
tion f4,1(n, p) without the remainder O(p7) gives the probabil-ity that at most 4 
hara
ters of the input message are in
orre
tly transmit-ted and the errors are not dete
ted. As previous, to obtain the probabilityof undete
ted errors exa
tly, one has to 
al
ulate the probability that morethan 4 
hara
ters are in
orre
tly transmitted and the errors are not de-te
ted, whi
h is mu
h 
ompli
ated 
ombinatorial problem. The shape ofthe probability fun
tions of undete
ted errors is similar as in the previous
ase. When the blo
k length n in
reases the maximum of these fun
tionsbe
omes smaller, it goes to the left and the sequen
e of maximums 
onvergesto 0 (Figure 3).
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f4,1H11,pL f4,1H12,pL f4,1H13,pL f4,1H14,pLFigure 3: The probability fun
tions of undete
ted errors5. Controlling of undete
ted errors and 
omparingof the previous two 
odesWe want to 
ontrol the probability of undete
ted errors, a
tually to makethat probability smaller than some previous given value ε. So, we 
an �ndfor whi
h values of n the maximum of the fun
tion f(n, p) (f(n, p) 
an be
f2(n, p) or f4,1(n, p)) is smaller then ε. Sin
e the sequen
e of maximums ofthe fun
tions f(n, p) is stri
tly de
reasing and 
onverges to 0 when n → ∞,there will be n0 ∈ N, su
h that the maximum of the fun
tion f(n, p) willbe smaller than ε, for all n > n0 and the maximum of the fun
tion f(n, p)will be greater than ε, for all n < n0. We 
hoose n = n0 (see Figure 4).
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144 V.Bakeva and N.IlievskaNow, we separate the message in blo
ks with length n and we 
odeevery blo
k individually. From all values of n whi
h satis�es the 
ondition
f(n, p) < ε, we 
hoose the smallest one sin
e in this 
ase we have fastesttransmission. Namely, if the re
eiver dete
ts errors in the re
eived blo
k,it asks for repeated transmission, so it is better the blo
k length to be assmall as possible.In the Table 1, we give the maximums of the probability fun
tions ofundete
ted errors for the �rst and the se
ond proposed 
ode. From thistable, we 
an 
on
lude that the maximums of the fun
tions of undete
tederrors are smaller when the quasigroups of order 4 are used. It suggest thatusing the quasigroup of order 4 we obtain better and more e�
iently 
odes.

n Quasigroups of order 2 Quasigroups of order 410 9.75609 × 10−4 9.35406 × 10−511 5.29529 × 10−4 6.82458 × 10−512 3.52349 × 10−4 5.14707 × 10−513 2.48784 × 10−4 3.97896 × 10−514 1.86131 × 10−4 3.14013 × 10−515 1.43616 × 10−4 2.52198 × 10−516 1.13480 × 10−4 2.05631 × 10−517 9.13489 × 10−5 1.69878 × 10−518 7.47017 × 10−5 1.41968 × 10−519 6.19084 × 10−5 1.19860 × 10−520 5.19030 × 10−5 1.02120 × 10−521 4.39585 × 10−5 8.77182 × 10−622 3.75666 × 10−5 7.59050 × 10−623 3.23631 × 10−5 6.61231 × 10−624 2.80827 × 10−5 5.79537 × 10−625 2.45283 × 10−5 5.10775 × 10−626 2.15517 × 10−5 4.52483 × 10−6Table 1: The maximums of the probability fun
tions6. Classi�
ation of quasigroups of order 4a

ording to goodness for proposed 
odesAs we mentioned in Se
tion 4 we �ltered 576 quasigroups of order 4 su
hthat the probability of undete
ted errors does not depend on the distributionof letters in the input messages. After �ltering only 160 quasigroups remain
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odes 145and they give 7 di�erent fun
tions of probability of undete
ted errors. Thebest of these fun
tions is f4,1(n, p) given in Se
tion 4. Others are given withthe following formulas.
f4,2(2, p) = (1 − p)2p2(3p2

− 4p + 2)(5p2
− 2p + 1)

f4,2(3, p) = 3(1 − p)4p4(21p4
− 40p3 + 44p2

− 24p + 6)
f4,2(4, p) = (1 − p)4p4(255p8

− 1012p7 + 1982p6
− 2468p5 + 2145p4

− 1320p3 + 556p2

−144p + 18)

f4,2(n, p) = np4(1 − p)2(2n−8)
×

×

[

4 − 48p + 275p2
− 990p3 + (8n + 2475)p4

− 8(8n + 561)p5

+2(130n + 2943)p6
− 4(166n + 1305)p7 + (9n2 + 1078n + 2409)p8

−4(9n2 + 270n − 131)p9 + (81n2 + 371n − 890)p10

−2(45n2
− 165n + 194)p11 + (3/8)(9n3

− 42n2 + 75n − 34)p12
]

+O(p7), for n > 5.

f4,3(2, p) = p2(−p6 + 8p5
− 12p4 + 8p3

− p2
− 2p + 1)

f4,3(3, p) = p3(−p9 + 12p8
− 66p7 + 220p6

− 411p5 + 456p4
− 312p3 + 132p2

− 33p + 4)
f4,3(4, p) = p3(−p13 + 16p12

− 120p11 + 560p10
− 1628p9 + 3216p8

− 4568p7 + 4800p6

−3765p5 + 2188p4
− 918p3 + 264p2

− 47p + 4)

f4,3(n, p) = (1/24)np3(1 − p)2(2n−10)
×

×

[

24 − 384p + 2952p2 + 12(n − 1203)p3
− 48(3n − 1045)p4 + 48(18n − 2731)p5

+4(n2
− 837n + 66488)p6

− 8(4n2
− 1158n + 53327)p7

+4(37n2
− 4845n + 136880)p8 + (n3

− 446n2 + 31259n − 566302)p9

−4(n3
− 226n2 + 9701n − 118268)p10 + 2(5n3

− 658n2 + 18469n − 159020)p11

−4(4n3
− 347n2 + 6665n − 42412)p12 + (19n3

− 1078n2 + 14453n − 69890)p13

−4(4n3
− 149n2 + 1433n − 5314)p14 + 2(5n3

− 116n2 + 817n − 2302)p15

−4(n3
− 14n2 + 71n − 154)p16 + (n3

− 10n2 + 35n − 50)p17
]

+O(p7), for n > 5.

f4,4(2, p) = (1 − p)2p3(−p3 + 6p2
− 7p + 4)

f4,4(3, p) = (1 − p)3p3(p6
− 9p5 + 36p4

− 44p3 + 30p2
− 12p + 3)

f4,4(4, p) = (1 − p)4p3(−p9 + 12p8
− 66p7 + 220p6

− 399p5 + 440p4
− 300p3 + 128p2

− 32p + 4)

f4,4(n, p) = (1/24)np3(1 − p)2(2n−10)
×

×

[

24 − 384p + 2976p2 + 12(n − 1229)p3
− 144(n − 361)p4 + 24(37n − 5729)p5

+4(n2
− 891n + 70274)p6

− 4(8n2
− 2535n + 113035)p7

+8(20n2
− 2709n + 72514)p8 + (n3

− 530n2 + 35747n − 601066)p9

−4(n3
− 289n2 + 11342n − 126548)p10 + 2(5n3

− 880n2 + 21883n − 172004)p11

−16(n3
− 119n2 + 1979n − 11494)p12 + (19n3

− 1474n2 + 17129n − 74834)p13

−4(4n3
− 197n2 + 1721n − 5698)p14 + 10(n3

− 28n2 + 197n − 518)p15

−4(n3
− 14n2 + 71n − 154)p16 + (n3

− 10n2 + 35n − 50)p17
]

+O(p7), for n > 5.

f4,5(2, p) = (1 − p)p2(p5 + 9p4
− 19p3 + 17p2

− 8p + 2)
f4,5(3, p) = (1 − p)3p3(p6

− 9p5 + 36p4
− 60p3 + 54p2

− 24p + 5)
f4,5(4, p) = (1 − p)2p3(−p11 + 14p10 + 37p9

− 276p8 + 567p7
− 526p6 + 125p5 + 216p4

− 252p3

+128p2
− 34p + 4)



146 V.Bakeva and N.Ilievska
f4,5(n, p) = (1/24)np3(1 − p)2(2n−10)

×

×

[

24 − 330p + 2544p2 + 12(n − 933)p3
− 24(5n − 1424)p4 + 12(47n − 6355)p5

+4(n2
− 411n + 31844)p6

− 4(5n2
− 849n + 39922)p7

+4(7n2
− 1431n + 37058)p8 + (n3 + 82n2 + 8855n − 100714)p9

−4(n3 + 116n2 + 3131n − 14012)p10 + 2(5n3 + 518n2 + 7177n − 20420)p11

−4(4n3 + 361n2 + 2777n − 9916)p12 + (19n3 + 1334n2 + 4385n − 28466)p13

−4(4n3 + 205n2
− 133n − 2602)p14 + 2(5n3 + 148n2

− 647n − 286)p15

−4(n3 + 10n2
− 97n + 134)p16 + (n3

− 10n2 + 35n − 50)p17
]

+O(p7), for n > 5.

f4,6(2, p) = (1 − p)2p2(−p4 + 6p3
− 3p2 + 1)

f4,6(3, p) = (1 − p)3p3(p6
− 9p5 + 36p4

− 52p3 + 42p2
− 18p + 4)

f4,6(4, p) = (1 − p)4p3(−p9 + 12p8
− 66p7 + 220p6

− 319p5 + 280p4
− 180p3 + 88p2

−27p + 4)

f4,6(n, p) = (1/24)np3(1 − p)2(2n−10)
×

×

[

24 − 360p + 2592p2 + 12(n − 995)p3
− 120(n − 329)p4 + 12(51n − 8297)p5

+4(n2
− 537n + 49598)p6

− 20(n2
− 285n + 15938)p7

+4(13n2
− 2955n + 104282)p8 + (n3

− 110n2 + 19199n − 445066)p9

−4(n3
− 52n2 + 6047n − 96152)p10 + 2(5n3

− 178n2 + 11749n − 133004)p11

−4(4n3
− 119n2 + 4349n − 36172)p12 + (19n3

− 490n2 + 9761n − 60338)p13

−4(4n3
− 89n2 + 1013n − 4594)p14 + 2(5n3

− 92n2 + 649n − 2014)p15

−4(n3
− 14n2 + 71n − 154)p16 + (n3

− 10n2 + 35n − 50)p17
]

+O(p7), for n > 5.

f4,7(2, p) = (1 − p)2p2(1 + p)(−p3 + 7p2
− 6p + 2)

f4,7(3, p) = (1 − p)4p3(4 − p)(p4
− 4p3 + 12p2

− 8p + 2)
f4,7(4, p) = (1 − p)4p3(−p3 + 6p2

− 7p + 4)(p6
− 6p5 + 23p4

− 36p3 + 30p2
− 12p + 2)

f4,7(n, p) = (1/24)np3(1 − p)2(2n−12)
×

×

[

48 − 960p + 9168p2 + 24(2n − 2319)p3
− 48(16n − 5021)p4

+48(122n − 16489)p5 + 16(2n2
− 1785n + 127894)p6

−24(16n2
− 4188n + 178017)p7 + 48(42n2

− 5635n + 152925)p8

+4(4n3
− 1492n2 + 142127n − 2630189)p9

−48(4n3
− 224n2 + 19395n − 263790)p10

+48(22n3
− 263n2 + 24382n − 265501)p11

−8(436n3
− 1819n2 + 139409n − 1320164)p12

+144(53n3
− 208n2 + 5721n − 49048)p13

−48(240n3
− 1285n2 + 11191n − 79021)p14

+4(3030n3
− 21073n2 + 94395n − 427394)p15

−24(366n3
− 3035n2 + 11013n − 29366)p16

+12(354n3
− 3268n2 + 11509n − 21701)p17

−8(163n3
− 1588n2 + 5591n − 8906)p18 + 12(20n3

− 199n2 + 699n − 1030)p19

−24(n3
− 10n2 + 35n − 50)p20 + (n3

− 10n2 + 35n − 50)p21
]

+O(p7), for n > 5.The plots of the previous fun
tions for n = 7 are given on the Figure 5.We 
an see that the fun
tion f4,1(n, p) is the best one, it gives the smallestprobability of undete
ted errors. But the fun
tion f4,2(n, p) is very 
losedto the f4,1(n, p). Their plots almost overlap ea
h other. Using fun
tions
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f4,i(n, p) for i = 1, . . . , 7 we 
an 
lassify remaining 160 quasigroups in 7sets.
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f4,1H7,pL f4,2H7,pL f4,3H7,pL f4,4H7,pL f4,5H7,pL f4,6H7,pL f4,7H7,pLFigure 5: Seven di�erent fun
tions of probability of undete
ted errorsEa
h quasigroup is presented by a number a

ording to lexi
ographi
ordering of the set of quasigroups of order 4. Namely, ea
h quasigroup ispresented as a string of 16 letters that is a 
on
atenation of the rows of the
orresponding Latin square. Then lexi
ographi
 ordering of that strings isapplied, assuming that the letters are already ordered. The obtained sets ofquasigroups are ordered su
h that the quasigroups from the �rst set give thesmallest, and the quasigroups from the last set give the biggest probabilityof undete
ted errors.Set 1: 46, 92, 111, 127, 160, 213, 222, 274, 303, 355, 364, 417, 450, 466, 485, 531Set 2: 43, 93, 101, 133, 157, 196, 235, 275, 302, 342, 381, 420, 444, 476, 484, 534Set 3: 40, 80, 116, 138, 166, 206, 228, 269, 308, 349, 371, 411, 439, 461, 497, 537Set 4: 14, 21, 37, 54, 71, 77, 100, 132, 163, 179, 192, 197, 234, 243, 253, 272, 305,324, 334, 343, 380, 385, 398, 414, 445, 477, 500, 506, 523, 540, 556, 563Set 5: 27, 83, 113, 139, 146, 203, 229, 285, 292, 348, 374, 431, 438, 464, 494, 550Set 6: 4, 24, 26, 60, 70, 82, 110, 126, 147, 169, 182, 212, 223, 252, 262, 284, 293,315, 325, 354, 365, 395, 408, 430, 451, 467, 495, 507, 517, 551, 553, 573Set 7 
an be presented as union of two subsets:Subset 7′: 1, 11, 51, 57, 172, 189, 246, 259, 318, 331, 388, 405, 520, 526, 566, 576Subset 7′′: 7, 9, 49, 63, 174, 185, 242, 263, 314, 335, 392, 403, 514, 528, 568, 570Repeat that all of these 160 quasigroups are fra
tal. The sets 1-6 
ontain
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tal quasigroups. The set 7 
ontains two subsets su
h that thesubset 7′ 
ontains linear fra
tal quasigroups too, but the subset 7′′ 
ontains16 nonlinear fra
tal quasigroups with nonlinear part x1x3 + x2x3 + x1x4 +
x2x4 (see [2℄). Also, one 
an 
he
k that there is not quasigroup in Set 1whi
h is a group. 7. Con
lusionIn this paper we 
ompare two spe
ial 
ases of these 
odes: the �rst onewith the binary set A = {0, 1} and k = 4 and the se
ond one with the set
A = {0, 1, 2, 3} and k = 2. In the both 
odes, ea
h 
ontrol bit in
ludes 4bits from the input message and the rates of the both 
odes are the same,so the 
omparing of two 
odes are reasonable. From this 
omparing we 
an
on
lude that the obtained results are mu
h better when we use quasigroupsof order 4. Also, in this paper we give a 
lassi�
ation of quasigroups of order4 a

ording to goodness for proposed 
odes. Our next step is to developsome other 
odes based on quasigroups of order 4 or 2k for k > 3, whi
hgive smaller probability of undete
ted errors.A
knowledgment. We are parti
ularly grateful to Professor Smile Mar-kovski for the valuable ideas and suggestions while working of this paper.Referen
es[1℄ V. Dimitrova, S. Markovski, Classi�
ation of quasigroups by image pat-terns, Pro
. Fifth International Confer. Informati
s and Information Te
h-nology, Bitola, Republi
 of Ma
edonia (2007), 152 − 160.[2℄ D. Gligoroski, V. Dimitrova, S. Markovski, Quasigroups as Booleanfun
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