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Pure ideals in ternary semigroups

Shahida Bashir and Muhammad Shabir

Abstract. In this paper we introduce the notions of pure ideals, weakly pure ideals in
ternary semigroups. We also define purely prime ideals of a ternary semigroup and study

some properties of these ideals. The space of purely prime two-sided ideal is topologized.

1. Introduction

Cayley and Sylvester along with several other mathematicians, in the 19th
century considered ternary algebraic structures and cubic relations. The
n-ary structures, which are the generalizations of ternary structures create
hopes because of their possible applications in Physics. A few important
physical applications have been recorded in |2, 3, 12, 19]. Ternary semi-
groups exhibit natural examples of ternary algebras.

Banach find some applications in ternary semigroup. He gave an ex-
ample to show that a ternary semigroup is not necessarily reduce to an
ordinary semigroup. Los [13] studied some properties of ternary semigroup
and proved that every ternary semigroup can be embedded in a semigroup.
Sioson at [18] introduced the ideal theory in ternary semigroups. He also in-
troduced the notion of regular ternary semigroups and characterized them
by using the properties of quasi-ideals. In [16], Santiago developed the
theory of ternary semigroups and semiheaps. He studied regular and com-
pletely regular ternary semigroups. Dixit and Dewan studied quasi-ideals
and bi-ideals in ternary semigroups at [5, 6]. Ternary regular semigroups
are studied in [8] and [17]. The nice characterization of regularity by ideals
is given in [8].

M. Shabir and A. Khan at [14] studied prime ideals and prime one sided
ideals in semigroups. Ahsan and Takahashi at [1] have brought forwarded
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the concept of pure and purely prime ideals in semigroups.

M. Shabir and S. Bashir at [15] launched prime ideals in ternary semi-
groups. At cite8 and [17] ternary and n-ary semigroups are given along with
an immaculate characterization of regularity by their ideals. At [7] appli-
cations of ideals to the divisibility theory in ternary and n-ary semigroups
is presented.

In this paper we start the study of pure ideals, weakly pure ideals and
purely prime ideals in ternary semigroups. We characterize ternary semi-
groups by the properties of pure and weakly pure ideals.

2. Preliminaries

A non-empty set 7" with a ternary operation () is called a ternary semigroup
if it satisfies the following associative law:

((z120m3)245) = (T1(T23%4)T5) = (T1X2(23T4T5))

forall z; € T, 1 <7 < 5.

To avoid complexity we denote (x1x2x3) as xixexs and take the opera-
tion () as multiplication. It is evident that each ordinary semigroup (7', *)
induces a ternary semigroup (7, ( )) by defining (abc) = (a*b) *c. Whereas
in [13] it has been demonstrated that every ternary semigroup does not
enjoy the status of an ordinary semigroup. A ternary semigroup 7T is said
to be a ternary semigroup with zero if there exists an element 0 € T such
that 0ab = a0b = ab0 = 0 for all a,b € T. Then 0 is called the zero element
of T. If A, B,C are non-empty subsets of a ternary semigroup 7T then their
product ABC is defined as

ABC = {abc:a € A;be B and c € C}.

A non-empty subset S of a ternary semigroup 7T is called a ternary
subsemigroup of T if SSS = S3 C S. A non-empty subset A of a ternary
semigroup T is called a left (right, lateral) ideal of Tif TTA C A (ATT C A,
TAT C A). If Ais a left, right and lateral ideal of T, then it is called an
ideal of T and if A is a left and right ideal of T, then it is called two-sided
tdeal of T'. Lateral ideals are also known as middle ideals. 1t is clear that
every left, right and lateral ideal is a ternary subsemigroup of T'. An ideal
A of a ternary semigroup T is called idempotent if A3 = AAA = A. A
ternary semigroup 7' is called semisimple if each ideal of T' is idempotent.
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An element x € T is regular if there exists an element a € T such that
x = xax, that is x € Tx. A ternary semigroup T is regular if each element
of T is regular.

The intersection of all the left ideals of T containing X C T is the
smallest left ideal of T' containing X. It is denoted by (X); and called the
left ideal generated by X. Clearly (X); = X U XTT.

Similarly,

(X), = XUTTX

(X)m = X UTXTUTTXTT
(X);=XUTTXUXTTUTTXTT
(X)=XUTTXUXTTUTXT UTTXTT

are the right, lateral, two-sided, and ideal of T' generated by X, respectively.

It is well known that if A, B and C are two-sided ideals of T, then
(ABC) = {abc : a € A,b € B,c € C} is a two-sided ideal of T. The
intersection of any family of (two-sided) ideals of a ternary semigroup 7' is
either empty or a (two-sided) ideal of 7. Union of any family of (two-sided)
ideals of a ternary semigroup 7" is a (two-sided) ideal of T'.

3. Pure ideals

In 1|, Ahsan and Takahashi studied pure ideals in semigroups. In this
section we define pure ideals in ternary semigroups.

Definition 3.1. A two-sided ideal I of a ternary semigroup T is called right
(left) pure if for each = € I there exist y, z € I such that zyz = z (yza = x).

An ideal I of a ternary semigroup T is called right (left) pure if for each
x € I there exist y,z € I such that zyz = x (yzz = ).

Similarly we define one-sided right (left) pure ideals.
The following example shows that right pure ideals need not be left pure.

Example 3.2. Let T' = {0, a,b,c,1}. Define the ternary operation ( ) on
T as (abc) = a * (b* c) where the binary operation * is defined as
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Then (T, ( )) is a ternary semigroup and the ideal I; = {0, a} is neither
right pure nor left pure; the ideal Iy = {0, b} is both right and left pure; the
ideal I3 = {0, a, b, c} is right pure but not left pure.

Proposition 3.3. Each right pure right ideal of a ternary semigroup T is
contained in a right pure two-sided ideal of T

Proof. Let A be a right pure right ideal of 7. Then AU TTA is a two-
sided ideal of T generated by A. Let x € AUTTA. Suppose x € A, since
A is right pure right ideal of T, therefore there exist ¢,z € A such that
r = zyz. If x+ € TTA, then x = titoa for some t1,t5 € T and a € A.
Again, since A is right pure so there exist b, c € A such that a = abc. Hence
x = titaa = tita(abc) = (titea)bc = xbe. This shows that AUTTA is a
right pure two-sided ideal containing the right pure right ideal A. O

Proposition 3.4. A two-sided ideal I of a ternary semigroup T is right
pure if and only if JN I = JII for all right ideals J of T.

Proof. Suppose [ is a right pure two-side ideal of T'. For every right ideal J
of T, JIT C JNI always. Let x € JNI. Since I is a right pure two-sided
ideal, so there exist y,z € I such that zyz = . Thus ¢ = xyz € JII.
Hence JNI C JII. Thus JNI = JII.

Conversely, assume that J N1 = JII for every right ideal J of T. We
show that I is a right pure two-sided ideal. Let = be any element of I and
J =2 UxTT be the right ideal of T' generated by z. Then by hypothesis

(xUaTT)NI = (xUaTT)II = xIT U («TT)II C xII Uzll = zI1.

Since z € (xUxTT) NI, so x € xIl. Hence there exist y,z € I such that
x = xyz. Thus I is right pure. O

Similarly we can show that, an ideal I of a ternary semigroup T is right
pure if and only if JNI = JII for all right ideals J of T.

Definition 3.5. A ternary semigroup T is said to be right weakly reqular
if for each x € T, x € (xTT)3.

Every regular ternary semigroup is right weakly regular but the converse
is not true.

Theorem 3.6. For a ternary semigroup T, the following assertions are
equivalent:
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(a) T is right weakly regular.

(b) Ewvery right ideal of T is idempotent, that is J3 = J for every right
ideal J of T

(¢) JNI=JII for every right ideal J and two-sided ideal I of T'.

(d) JN1I=JII for every right ideal J and for every ideal I of T.

Proof. (a) = (b) Let J be a right ideal of T, then J3 C JTT C J. Let
x € J. Then x € (2TT)3 C J3. Thus J C J3. Hence J = J3.

(b) = (a) Suppose that every right ideal of 7" is idempotent. Let z € T'.
Then J = 2 UzTT is the right ideal of T, so idempotent, that is

zUzTT = (zUzTT)(xUaTT)(xUxTT)
=gxx UzzxT T UxxTTxUxxTTzTT UxTTexJxTTxxTTU
Uz TxTTxUxTTxTTxTT.

Simple calculations shows that 2 € (27'T)3. Hence T is right weakly regular.

(a) = (¢) Suppose T is right weakly regular ternary semigroup and
J a right ideal and I a two-side ideal of T. Then JII C J NI always.
Let z € JNI. Since T is right weakly regular, so z € (zI'T)3. Thus
x = (xs1t1)(xsate)(xssts) for some s1,t1, S2,t2,83,t3 € T. Hence x € JII,
which shows that J NI C JII. Hence JNI = JII.

(c) = (d) Obvious.

(d) = (a) Let z € T and J = xUzTT be the right ideal of T generated
by x, I =xUzTTUTTxUTzT UTTxTT be the ideal of T generated by
x. Then, by hypothesis, (xUzTT)N (zUaTTUTTzUT2T UTT2TT) =
(zUxTT)(zUzsTTUTT2zUT2aTUTT2TT)(xUaTTUTT e UTxTUTT2TT)
= (zzxxUzzeTT UzeTTe UxaTeT UxaTTeTT U xTTre UxTTexTT U
2T TxTT2U T TaTaTUzsTTaTTaTT U TaTeUaTaTaTT UaTxTTxT).

Simple calculations shows that x € (z7'T)3. Hence T is right weakly
regular ternary semigroup. O

Theorem 3.7. For a ternary semigroup T, the following assertions are
equivalent:

(1) T is right weakly regular.

(2) Ewvery two-sided ideal I of T is right pure.

(3) Ewvery ideal I of T is right pure.

Proof. The proof follows from Theorem 3.6 and Proposition 3.4. O

Proposition 3.8. Let T be a ternary semigroup with 0. Then
(1) {0} is a right pure ideal of T'.
(2) Set theoretic union of any number of right pure two-sided ideals
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(ideals) of T is a right pure two-sided ideal (ideal) of T.
(3) Any finite intersection of right pure two-sided ideals (ideals) of T is
a right pure two-sided ideal (ideal) of T.

Proof. (1) Obvious.

(2) Let {Ix}rex be a family of right pure two-sided ideals of T'. Then
kUKIk is a two-sided ideal of T'. Suppose = € kUKIk. Then there exists
€ €

some k € K such that « € I. Since Ij is a right pure two-sided ideal of T,
so there exist y, z € I such that x = zyz. It follows that y, z € kUKIk such
€

that x = zyz. Hence kUKI i is a right pure two-sided ideal of T'.
€

(3) Let I, I be right pure two-sided ideals of 7" and = € I; N Is.
Then z € Land x € Is. Since [1and I are right pure two-sided ideals
of T', so there exist y1,21 € I1 and ys,20 € Is such that x = xyi121 and
x = xyo2z. Thus we have x = xy121 = (zy222)y121 = ((TY121)Y222) Y121 =
x(y12192)(22y121), where y121y2 and 2z9y121 € 1 NIy, Thus 1 N 15 is a right
pure ideal of T'. O

Similarly we can prove the case of ideals.

Proposition 3.9. Let I be any two-sided ideal of a ternary semigroup T
with zero 0. Then I contains a largest right pure two-sided ideal. (We call
it the pure part of I and denote by S(I)).

Proof. Let S(I) be the union of all right pure two-sided ideals contained
in I. Such ideals exist because {0} is a right pure ideal contained in each
two-side ideal. By the above Proposition S(I) is a right pure two-sided
ideal. It is indeed the largest right pure two-sided ideal contained in I. [

Similarly we can show that if I is an ideal of T then I contains a largest
right pure ideal.

Proposition 3.10. Let I, K be two-sided ideals of T and {I}rcx be the
family of two-sided ideals of a ternary semigroup T with zero 0. Then

(1) SUNK)=8SI)NS(K).

2 1) C Ii).

(2) Y .SU) €S(Y Ik)

Proof. (1) Since S(I) C I, S(K) C K, thus S(I)NS(K) C INK. But
S(I) N S(K) is right pure by Proposition 3.8, so S(I) N S(K) C S(I N K).
On the other hand S/ N K) C INK C I and S(I N K) is pure, so
S(INK) C S(I). Similarly, S(INK) C S(K). Thus S(INK) C S(I)NS(K).
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Hence, SUNK) =S(I)NS(K).

2 i I) C I I) C I,. A Iy,) is righ

(2) Since S(I) C Ij so kgKS( k) C kgK k- As S(Iy) is right pure, so
I;;) is right . Th h 1) C Iy). O

kgKS( %) is right pure us we have kgKS( k) C S(kéJK k)

Definition 3.11. Let I be a right pure two-sided ideal of T, then [ is called
purely maximal if I is maximal in the lattice of proper right pure two-sided
ideals of T'.

A proper right pure two-sided ideal I of T is called purely prime if
LTI, C I implies Iy C I or Is C I for any right pure two-sided ideals I;
and I of T. Equivalently I; NIy C I implies I; C I or I C I (Because
LT, CIiNnlyand 1 NIy = 111515 C I1T15. Thus [1T1s =11 N Iz).

Proposition 3.12. Any purely mazimal two-sided ideal is purely prime.

Proof. Suppose [ is purely maximal two-sided ideal of T" and Iy, I> are right
pure two-sided ideals of T such that Iy NIy C I. Suppose I} ¢ I. Then
I; U T is a right pure ideal such that I C I; U I. Since I is purely maximal,
so [y UI =T. Thus

IQZIQOT:IQH(IlLJI):(IZQIl)U(IQOI)QIUI:I.
Hence I is purely prime. O

Proposition 3.13. The pure part of any mazimal two-sided ideal of a
ternary semigroup with zero is purely prime.

Proof. Let M be a maximal two-sided ideal of T" and S(M) be its pure part.
Suppose I} NIy € S(M) where I, Is are right pure two-sided ideals of T'.
If 1 CMthen I; CS(M). If I;  S(M) then I ¢ M. Thus [ UM =T
because M is maximal. Hence we have

Iy = LNT = LN(LHUM) = (Ion1h)U(INM) C S(M)UM € MUM = M.

But S(M) is the largest right pure two-sided ideal contained in M. Thus
I, C S(M). Hence S(M) is purely prime. O

Proposition 3.14. Let I be a right pure two-sided ideal of T and a € T

such that a ¢ I, then there exists a purely prime two-sided ideal J of T such
that I C J and a ¢ J.
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Proof. Let
X ={J:J is aright pure two-sided ideal of ', I C J and a ¢ J},

then X # () since I € X. X is partially ordered by inclusion. Let {Jg brex

be any totally ordered subset of X. By Proposition 3.8, kUKJk is a right
€

pure two-sided ideal. Since I C U Jyanda ¢ U Jg,so U Jp € X. Thus
keK keK keK

by Zorn’s Lemma, X has a maximal element, say, J such that J is pure,
I C Jand a ¢ J. We claim that J is purely prime. Suppose I; and Iy
are right pure two-sided ideals of T' such that I; ¢ J and Iy € J. Since
I(k = 1,2) and J are right pure so I, U J is a right pure two-sided ideal
such that J C Iy UJ. Thusa € I UJ (k =1,2). Asa ¢ J,s0a € I}
(k=1,2). Thus a € Iy N1I5. Hence [y NIy ¢ J. This shows that .J is purely
prime. ]

Proposition 3.15. Any proper right pure two sided ideal I of T is the
intersection of all the purely prime two-sided ideals of T containing I.

Proof. By Proposition 3.14, there exists purely prime two-sided ideals con-

taining I . Let {J; }rek be the family of all purely prime two-sided ideals of

T which contain I. Since I C J, forall k € K,so I C kﬂKJk. To show that
€

kﬁKJk C I. Let a ¢ I, then by Proposition 3.14, there exists a purely prime
€
two-sided ideal J such that I C J and a ¢ J. It follows that a ¢ kﬂKJk.
€
Thus N J, CI. Hence I = N Jg. L]
keK keK

4. Weakly pure ideals

In this section we generalize the concept of pure two sided ideal and define
weakly pure two-sided ideal.

Definition 4.1. A two-sided ideal A of a ternary semigroup 7T is called left
(resp. right) weakly pure it AN B = AAB (resp. AN B = BAA) for all
two-sided ideals B of T.

Every left (right) pure two-sided ideal is left (right) weakly pure.

Proposition 4.2. If A, B are two-sided ideals of a ternary semigroup T
with zero 0, then

BA' ={tcT:aytc B forall z,y € A}
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and
AB={teT :tzy € B forall x,y € A}

are two-sided ideals of T'.

Proof. BA™! # () because 0 € BA™!. Let s, € T and t € BA~!. Then for
all z,y € A, (zy(srt)) = (z(ysr)t) = zzt € B because z = ysr € A. Hence
srt € BA™L. Also, (zy(tsr)) = (wxyt)sr € BTT C B, because zyt € B.
Thus tsr € BA™!. Hence BA™! is a two-sided ideal of T

Now, let s,r € T'and t € A_1B. Then ((srt)zy) = sr(tzy) = srb €
TTB C B forall z,y € A, because b = txy € B. Hence srt € A_1 B.

Also, (tsr)xy = t(srx)y = txyy € B because z; = srx € A. Thus
tsr € A_1B. Hence A_1B is a two-sided ideal of T'. O

Proposition 4.3. For a two-sided ideal A of a ternary semigroup T, the
following assertions are equivalent.

(1) A is left (right) weakly pure.

(2) (BATY)YNA=BnA (A.1BNA=AnNB) for all ideals B of T

Proof. (1) = (2) Suppose A is left weakly pure. Since BA~! is a two sided
ideal, we have (BA™')N A= AA(BA™!).

Now we show that AA(BA™!) C B. Let atx € AA(BA™!), where
a,t € A, v € BA™'. Then atz € B (by the definition of BA™!). Hence
AA(BA™Y) C B. Also AA(BA™') C ATT C A and (BA™')NA =
AA(BA™Y) C AN B. Thus (BA™'))NnAC BnA.

Let b€ BN A, then azyb € B for all z,y € A. Hence b € BA™!. Thus
BNAC (BA™Y)YN A. Therefore (BA™))NA=BnNA.

(2) = (1) Assume that A, B are two-sided ideals of a ternary semigroup
T and (BA7')N A = BN A. We show that A is left weakly pure. First
we show that B C (AAB)A™!. Let b € B, then for each x,y € A, we have
zyb € AAB. Thus b € (AAB)A~!. Hence B € (AAB)A~!. This shows
B C (AAB)A™!'. Thus AN B C (AAB)A™'NA = AABN A C AAB by
hypothesis. But AAB C AN B always. Hence AN B = AAB. Thus A is
left weakly pure. O

Proposition 4.4. For a ternary semigroup T the following assertions are
equivalent.

(1) Each two-sided ideal of T' is left weakly pure.

(2) Each two-sided ideal of T is idempotent.

(3) Each two-sided ideal of T is right weakly pure.
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Proof. (1) = (2) Suppose each two-sided ideal of T is left weakly pure. Let
X be a two-sided ideal of T, then for each two-sided ideal Y of T" we have
XNY = XXY. In particular X = X N X = XX X. Hence each two-sided
ideal of T is idempotent.

(2) = (1) Suppose each two-sided ideal of T is idempotent. Let X be a
two-sided ideal of T', then for any two-sided ideal Y of T we always have
XXY C XNY. On the other hand,

XNY=(XNY)(XNY)XNY)C XXY.

Hence we have X NY = X XY. Thus X is left weakly pure.
(2) = (3) Similarly as (2) = (1).

(3) = (2) Suppose each two-sided ideal of T is right weakly pure. Let X be
any two-sided ideal of T'. Then X is right weakly pure. Hence for each two-
sided ideal Y of T, we have X NY = Y X X. In particular X N X = X X X.
Hence each two-sided ideal of T' is idempotent. ]

Example 4.5. Any set 7" with the ternary operation (zyz) =z ifx =y =
z, and (xyz) = 0 otherwise, where 0 is a fixed element of T, is a ternary
semigroup in which every subset containing 0 is its two-sided ideal. Every
two-sided ideal of this semigroup is its right (left) pure ideal.

If |T) =1 or 2, then every two-sided ideal of T is purely prime. But if
|T'| > 3, then the ideal {0} is not purely prime. Because if a,b € T — {0},
then I ={0,a} and J = {0,b} are right pure ideals of 7" such that I NJ =
{0} but neither I ¢ {0} nor J ¢ {0}.

5. Pure spectrum of a ternary semigroup

In this section T is a ternary semigroup with zero such that 73 = T.
Let P(T) be the set of all right pure ideals of 7" and P(7") be the set of
all proper purely prime ideals of 7. Define for each I € P(T),

Br={JeP(T):1¢J}, S(T)={B;: 1 €P(T)}.
Theorem 5.1. I(7T') forms a topology on P(T).

Proof. As {0} is a right pure ideal of T', so Bygy = {J € P(T) : {0} € J} =
(), because 0 belongs to every right pure ideal. Since T is a right pure ideal
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of T, Br ={J € P(T) : T ¢ J} = P(T) because P(T) is the set of all
proper purely prime ideals of T'.
Let {Br, : a € A} C (T, then

B, ={7€P(T): I, J for someac A}={J€ P(T): UL, & J}=Buy,.
acA

To prove that By, N By, € S(T) for any Br,,Br, € S (T') we consider
J € By, NBy,. Then JeP(T), I ¢ Jand I, ¢ J.

Suppose that I; N Is € J. Since J is a purely prime ideal, therefore
either I1 C J or Is C J, which is a contradiction, hence I; N I Q J, which
implies J € Br,nr,. Thus By, N Br, € Brni,-

On the other hand, if J € Br,nr,, then

Lhnh¢J=L¢Jand I, L J=Je By and J € By, = J € By, N By,.

Hence Br,n1, € By, N By,. Consequently, Br,n1, = Br, N Br,, which implies
Bh N BIQ S %(T)
Thus I (T') is a topology on P(T). O
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