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Congruences on an inverse AG**-groupoid

via the natural partial order

Petar V. Proti¢

In memory of Neboj$a Stevanovié (1962—2009), my colleague and
dear friend.

Abstract. In this paper we first describe natural partial order on an inverse AG™*-
groupoid. With it we introduce a notion of pseudo normal congruence pair and normal

congruence pair and describe congruences.
1. Introduction
A groupoid S on which the following is true

(Va,b,ce S) ab-c=cb-a,

is called an Abel-Grassmann’s groupoid (AG-groupoid) [8] (or in some papers
Left almost semigroups (LA-semigroups)) [3]. It is easy to verify that in
every AG-groupoid medial law ab - ¢d = ac - bd holds. Thus, AG-groupoids
belong to the wider class of medial groupoids.

We denote the set of all idempotents of S by E(S) .

Abel-Grassmann’s groupoid S satisfying

(Va,b,ce S) a-bc=b-ac
is an AG*™*-groupoid. It is obvious that in AG**-groupoid for a,b,c,d € S

ab-cd=c(ab-d) =c(db-a) =db- ca.
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If AG-groupoid S has the left identity e, then
a-bc=ea-bc=eb-ac=">b-ac,

so S is an AG**-groupoid.

In [5] an AG-groupoid S is called an inverse AG-groupoid if for every
a € S there exists a’ € S such that a = ad’ - a and o/ = d’a - a’. Then d’ is
an inverse element of a, and by V(a) we shall mean the set of all inverses
of a. It is easy to prove that if ' € V(a), b’ € V(b), then o't € V(ab) and
that aa’ or a’a are not necessarily idempotents.

Remark 1. In [1] it is proved that in an AG**-groupoid S the set E(S)
is a semilattice (Remark 2). Also, in [1] it is proved that in an inverse
AG**-groupoid for a € S, by Remark 3, we have |V (a)| = 1. If a7l is a

unique inverse for a, then by Lemma 1 aa™!,a'a € E(S) if and only if

aa~t = a la.

The following proposition is is trivially true.

Proposition 1. Let S be an inverse AG™-groupoid and p congruence re-
lation on S. Then S/, is an inverse AG**-groupoid. Also, if a,b € S then
apb if and only if a='pb~1. O

2. Natural partial order

In this section we define a natural partial relation on inverse AG**-groupoid
S and prove some of its properties.

Theorem 1. If S is an inverse AG**-groupoid, then the relation
a<b<=a=aa'-b (1)
on S 1s a natural partial order relation and it is compatible.

Proof. The proof that < is reflexive is obvious. For antisymmetry let us
suppose that a < band b < a. Then a =aa"' -band b=bb"! - a, and

a=aa "t b=aa - (Wb -a)=bb"(aa'-a) =00 -a =0,

imply antisymmetry.
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Let us now suppose that a < band b < ¢. Thena =aa"'-b, b=0bb""¢,
and

a=aa"l-b=aat(bb7! ¢) = (( ca)a” )(bb_ c)
=(ata-aa )b c) = (ata-bb™ )( - )
=blata-b7Y) (aa™t-¢) =blaa™t D) - (a7t - ¢)

=ba ' (aa'c)=cat (aaTt D) =cat-a=aa"" ¢,

imply that a < ¢. Hence transitivity holds and < is a partial order on S.
Let a < band c€ S. Then

ca=claa™t - b) = (cct-e)(aa™) b= (cc™'-aa™t) - cb

=(ca-cta™l) b= (ca-(ca)™t) - cb,
and so the relation < is left compatible. Also, since

ac=(aa"t - b)e= (aa' -b)(cc™'-¢) = (aa™ - cc™t) - be
= (ac-a ‘el -be = (ac- (ac)™t) - be,

therefore the relation < is right compatible. Hence, < is compatible. O
Corollary 1. Let S be an inverse AG**-groupoid and a,b € S. Then
a<b<aa ' =ba"t.
Proof. If a < b then by (1) we have
ac ' =(aat - b)at=a-aa T =ata-ba =b(a e a7t) = baL
Conversely, for a,b € S, aa~! = ba~! implies that
a=aat-a=ba"t a=aa"t-0.

So, by (1), a < b. O

3. Normal congruence pair

In this section by S we mean an inverse AG**-groupoid in which for each

a € S we have aa~! = a~'a or equivalently aa~t,a"ta € E(S).

First, we prove the following consequence of Theorem 1.
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Corollary 2. Let a,b € S. Then
a<b < (Jee€ E(5)) a=eb.

Proof. Let a,b € S. Then a < b if and only if a = (aa~1)b. Since aa™! €
E(S), therefore if e = aa! implies that a = eb.
Conversely, let a,b € S be such that e € E(S) and a = eb. Because
aa~! =a"'a € E(S) and E(S) is a semilattice, we have
ac™t b= (eb-eb b= (bbL-e)b= (bb1-e)(bb!-b)
=t bb Y eb=bb"l-eb=e(bbl-b)=eb=0a
and so a < b. O

Let p be a congruence on S. The restriction p|gg) is the trace of p and
it is denoted by trp. Also, kernel p is kerp = {a € S| (e € E(S)) ape}.

If p is a congruence relation on 5, then kerp is a subgroupoid of S and
E(S) C kerp it is, kerp is a full subgroupoid of S. Also, trp is a congruence
on semillatice E(.5).

Definition 1. Let K be a full subgroupoid of S and 7 a congruence on
E(S) satisfying the following condition:
(i) For alla € S,b € K, b < a and aa~'7bb~! imply a € K.
We call (K, T) a pseudo normal congruence pair for S. If, in addition,
(ii) For every a € K, there exists b € S with b < a, aa~'7bb~! and
b lek
then (K, 7) is called a normal congruence pair for S.

For pseudo normal congruence pair (K, 7), we define a relation
ap(rrb <= ab La b ba b la e K, aat b b raa v bt
Lemma 1. Let (K, 7) be a pseudo normal congruence pair of S, a,b € S.

If apib and b€ K, thena € K.

Proof. From a p i b we have ab~!' € K and aa=!-bb~'7aa" 7 bb~!. Since
b e K, it follows that ab™! - b=bb"' - a € K.
We prove that ab~! - b < a. Here

((abt-b)(ab™t-b) a ab Loya -0 Ya= (00t a)b7b-a"1))a
b 1b)aaHNa = (bt - aaY)a
-bb Na = (aa™' -bb ) (aa™! - a)

aa" (b1 - a) =aa (Wb - a)
=bb~ (aa_ ca)=0bb"'-a=abt-0.

(
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Hence, by (1), it follows that ab~! - b < a.
Also

(ab™t-b)(ab™t-b)"t = (ab"!-b)(a 1D b7

= (ab™t-a"'b)bb™t = (aa™t - b ib)bb !

=t b)) - aa) =0t - aa " raa ™!,
whence by Definition 1 (7) it follows that a € K. O

Theorem 2. If (K, 7) is a pseudo normal congruence pair for S, then p(x ;)
s a congruene on S with

ker pigr) ={a€ K[(3b€S), a >0, aa bt b7 € K} (2)

and the trace is equal to 7. Moreover, if (K1,71) and (Ka,72) are pseudo
congruence pairs for S with Ky C Ky and 11 C T2, then p(x, 1) C p(iym)-

Proof. Let (K, T) be a pseudo normal congruence pair for S and p = pk .-
Since K is full it follows that p is reflexive. Obviously, p is symmetric. We
verify that p is transitive after we prove that p is compatible.

Assume now that apb and let ¢ € S. Then

ac-(be) P =ac-b et =ab e C K- E(S) CK.

Similarly,
(ac)il ~be, be - (ac)fl, (bc)fl -ac € K.

Next we have

By symmetry, it follows that
(ac- (ac)™1)((be)™t - be) T be - (be) 7,

whence ac pbe. Thus p is right compatible. Analogously, p is left compatible.
Hence, p is compatible.
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Now, suppose that a pband b p c. Then by right compatibility ac™! pbe™!

and be pect. Since cc™! € E(S) C K and be1pec!, we have be™! € K
by Lemma 1, and subsequently ac™! € K. Similarly, aa=pba~', ba~'pca™!
yield ca™! € K by Lemma 1.

Similarly, by left compatibility, from apb and bpc we have a~'apa~'b,
a 'bpa—te, ¢ lapc™'h and ¢ 'bpc'c. So by Lemma 1 it follows that
ale,cta e K.

Also apb, bpc yields

ata-bb raa b, blb - ce b iree !

1

and by transitivity it follows that aa~'7cc™!. Moreover,

(bt -ceHaa™ e = (b -aa Hee traa! - ee,
(b=t ceV(aa™t - ec™t) = (b7 - aa e b ce T r et
whence aa™! - cc rect.
Now, ac Y, a7 te,ca™!,c7ta € K, aa™' - cc 'raa 7 cc™! is equivalent
to apc. Hence, p is a transitive relation and so is a congruence.

It is apparent that for e, f € E(S), epf if and only if e7 f whence trp = 7.

We let
H={acK|(FecS) a=bb'ecKa ‘b '}

1

and we show that kerp = H.

Let a € H, then there exists b € K such that b < a, b~' € H and
aa"'7bb~!. By (1) b < a it implies that b = bb~! - a. We next prove that
apbb~! that is

o toat et bt a, a-bb e K, bb Y aa traair b

Now b = bbbl a € Kand b™' = bb!-a! € K. Also we have
a-bb~t € K-E(S)C K and

al-bt=(ta-a )bt =b - aHalae K- E(S) CK.

Conversely, let a € ker p. Then ape for some e € E(S). If b = ea, then
b < a by Corollary 2 and b = ea € E(S)- K C K. From ape it follows
that aa™' = ea™" = b~! and since aa~' € K we have by Lemma 1 that
b~ € K. Because b,b~! € K we have bb~! = b~'b € K and so bpb~'. Now

b lpb ot =ea ! ea "t paat - ea?

=e(ata-a™t) =ea " paa!

Thus a € H implies that kerp C H, that is H = kerp. O
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Theorem 3. If (K,7) is a normal congruence pair for S, then p( ;) is a
congruence on S with kernel K and trace 7. Conversely, if p is a congruence
on S, then (kerp, trp) is a normal congruence pair for S and p = p(ierp trp)-

Proof. Let (K, 7) be a normal congruence pair and let p = p(k r). Then by
Theorem 2, p is a congruence with trace equal to 7 and kerp as in (2). Thus
kerp C K. Now let a € K. Then by Definition 1 (ii) there exist b € S,
b<a, b-' € K and bb~'7aa~! such that a € kerp due to Theorem 2. Thus
K = kerp.

Conversely, let p be a congruence on S and let K = kerp, 7 = trp. Then
K is a full subgroupoid of S and 7 is a congruence on E(S).

Leta € S,b € K and a > b. Suppose that aa'pbb~'. Then b =bb~!-a
(by (1)). From aa~tpbb~1! it follows that ap (bb~1)a and by above argument
we have apb. Hence a € bp C kerp = K. Thus (i) from the Definition 1
holds for (K, 7) and that it is a pseudo congruence pair for S.

Let a € K. Then there exists e € E(S) with ape. If b = ea, then b < a
by Corollary 2. From ape it follows that eape whence bpe and so apb.
Now a~'pb~! by Proposition 1 and so aa~'pbb~!. Moreover, from ape
follows that aa 'pea™ = (ea)™ = b1, that is b~! € K. Hence, (K,7) is
a congruence pair for S.

It remains to prove that p = pk ;). Let apb. Then

ab tpbb~t, b tapb b, aatpbat, atapath
and so ab', b la,ba"t, a7 b € kerp = K. Also

aa”t b tpah-bb 7 = (00! - b)a Tt = ba paa?,
aa™t b paat -bat = blaa -a) =bapbT b = b7,
whence it follows that ap(x )b and so p C ap(g -
Let ap( b. Then ab~ a7 ba b la € K, aat - bb 't aa b r bb T,
imply that ab~!pe, ba=lpf for some e, f € E(S). From aa~'pbb~!, it follows
that

apbbla=ab ! -bpeb and bpaa™t-b=0ba"t-ap fa.
Also
apebpe- fape(f-eb) =e(e- fb) =ee(e- fb)
= (fb-e)ee=(fb-e)e=ee-fob=e-fb=f-ebpfapb
imply that apb, that is px ;) C p. Then px ) = p. O
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