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al quasigroupsVladimir Volene
 and Ruºi
a Kolar��uperAbstra
t. The �geometri
� 
on
ept of parallelogram is introdu
ed and investigated ina general quadrati
al quasigroup and geometri
al interpretation in the quadrati
al quasi-group C( 1+i

2
) is given. Some statements about relationships between the parallelogramsand some other �geometri
� stru
tures in a general quadrati
al quasigroup will be also
onsidered.A grupoid (Q, ·) is said to be quadrati
al if the identity

ab · a = ca · bc (1)holds and the equation ax = b has a unique solution x ∈ Q for all a, b ∈ Qi.e., (Q, ·) is a right quasigroup. In [16℄ it is proved that (Q, ·) is then aquasigroup. (Q, ·) is satisfying the following identitites
aa = a, (2)

ab · cd = ac · bd, (3)
ab · a = a · ba, (4)
ab · a = ba · b, (5)
a · bc = ab · ac, (6)
ab · c = ac · bc (7)and the equivalen
ies

ab = cd ⇔ bc = da, (8)
ax = b ⇔ x = (b · ba) · (b · ba)(ba · a), (9)
xa = b ⇔ x = (a · ab)(ab · b) · (ab · b). (10)2010 Mathemati
s Subje
t Classi�
ation: 20N05Keywords: Quadrati
al quasigroup, parallelogram, square
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 and R. Kolar��uperLet (C, +, ·) be the �eld of 
omplex numbers and ∗ the operation on Cde�ned by
a ∗ b = (1 − q)a + qb (11)where q = 1+i

2 . It 
an be proved that (C, ∗) is a quadrati
al quasigroup.This quasigroup has a ni
e geometri
 interpretation whi
h motivates thestudy of quadrati
al quasigroup. Let us regard the 
omplex numbers aspoints of the Eu
lidean plane. For any point a we obviously have a ∗ a = a,and for two di�erent points a, b the equality (11) 
an be written in the form
a ∗ b − a

b − a
=

q − 0

1 − 0
,whi
h means that the points a, b, a ∗ b are the verti
es of a triangle dire
tlysimilar to the triangle with the verti
es 0, 1, q (Figure 1). We 
an say that

a ∗ b is the 
entre of a square with two adja
ent verti
es a and b, whi
hjusti�es the name �quadrati
al quasigroup�. We shall denote this quasigroupby C(1+i
2 ) be
ause we have a ∗ b = 1+i

2 if a = 0 and b = 1.

Figure 1.The �gures in the quasigroup C(1+i
2 ) 
an be used as the illustrations of�geometri
� relations in any quadrati
al quasigroup (Q, ·). For example, theleft side of the identity (1) is obviously the midpoint of the points a and band this identity is illustrated in Figure 2 (here and in all other �gures inthe arti
le we shall use the sign · instead of the sign ∗).In the sequel let (Q, ·) be any quadrati
al quasigroup. The elements of

Q are said to be points.If • is an operation in the set Q de�ned by
a • b = a · ba = ab · a = ca · bc, (12)
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f. [16℄) (Q, •) is an idempotent medial 
ommutative quasigroup, i.e.,the identities
a • a = a, (13)

(a • b) • (c • d) = (a • c) • (b • d), (14)
a • b = b • a (15)hold. The point a • b is said to be a midpoint of the pair {a, b} of points.In [15℄ the notion of a parallelogram is de�ned in any medial quasigroupand be
ause of mediality (3) we 
an apply this de�nition in our quadrati
alquasigroup (Q, ·). A

ording to [15, Cor.1℄ the points a, b, c, d are said tobe the verti
es of a parallelogram and we write Par(a, b, c, d) if there aretwo points p and q su
h that ap = bq, dp = cq. In [15℄ it is proved that

(Q, Par) is a parallelogram spa
e, i.e., we have the properties:(P1) For any a, b, c ∈ Q there is an unique point d su
h that Par(a, b, c, d)holds.(P2) If (e, f, g, h) is any 
y
li
al permutation of (a, b, c, d) or of (d, c, b, a),then Par(a, b, c, d) implies Par(e, f, g, h).(P3) Par(a, b, c, d), Par(c, d, e, f) ⇒ Par(a, b, f, e).But, the parallelogram 
an be de�ned dire
tly, using the midpoints, aswe have:Theorem 1. Par(a, b, c, d) ⇔ a • c = b • d.
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 and R. Kolar��uperProof. Let ap = bq. We must prove the equivalen
e of the equalities dp = cqand a • c = b • d. We obtain su

essively
(a • c)(pq · p)

(12)
= (ac · a)(pq · p)

(3)
= (ac · pq)·ap

(3)
= (ap · cq)·ap = (bq · cq)·bq,

(b • d)(pq · p)
(12)
= (bd · b)(pq · p)

(5)
= (bd · b)·(qp · q)

(3)
= (bd · qp)·bq

(3)
= (bq · dp)·bq,wherefrom it follows the mentioned equivalen
e.Corollary 1. Par(a, c, b, c) ⇔ a • b = c.If we use the equivalen
e Par(a, b, c, d) ⇔ a • c = b •d as the de�nitionfor parallelograms, then the properties (P1)�(P3) 
an be proved simply bythe properties of the quasigroup (Q, •). The properties (P1) and (P2) areobvious. For the proof of (P3) we must prove that a•c = b•d and c•e = d•fimply a • f = b • e. We obtain

(a • f) • (c • d)
(14)
= (a • c) • (f • d)

(15)
= (a • c) • (d • f) = (b • d) • (c • e)

(15)
= (b • d) • (e • c)

(14)
= (b • e) • (d • c)

(15)
= (b • e) • (c • d)and therefore a • f = b • e.Theorem 1 enables us to de�ne the 
entre of a parallelogram. We saythat (a, b, c, d) is a parallelogram with a 
entre o and we write Paro(a, b, c, d)if a • c = b • d = o.The parallelogram 
an be de�ned expli
itly in the quasigroup (Q, ·) (Fi-gure 3), without the auxiliary points, be
ause of the following theorem.Theorem 2. The statement Par(a, b, c, d) is equivalent with the equality

d = [b(bc · c) · (bc · c)c][a(a · ab) · (a · ab)b] (16)Proof. A

ording to (P1) it is su�
ient only to prove that (16) implies
Par(a, b, c, d). Let

p = b(bc · c) · (bc · c)c, (17)
q = a(a · ab) · (a · ab)b. (18)By (16) we have d = pq. A

ording to (6) and (3) the equality (17) 
an bewritten in the form

p = (b · bc)(bc) · (bc · c)c = (b · bc)(bc · c) · (bc · c)
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Figure 3.equivalent with pb = c be
ause of (10). Owing to (7) and (3) the equality(18) 
an be written in the form
q = a(a · ab) · (ab)(ab · b) = (a · ab) · (a · ab)(ab · b)equivalent with bq = a be
ause of (9). This equality 
an be written as

aa = bq by (2). On the other hand we obtain
da = pq · bq

(7)
= pb · q = cq.The equalities aa = bq and da = cq prove the statement Par(a, b, c, d).Corollary 2. Par(a, b, c, d) holds if and only if there are two points p and

q su
h that pb = c, bq = a, pq = d.Figure 4 shows how the equalities pb = c, bq = a, pq = d imply Par(a, b, c, d)in the quasigroup C(1+i
2 ).Using Theorem 1 let us prove some new properties of the relation Parin any idempotent medial 
ommutative quasigroup (Q, •).
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p Figure 4.Theorem 3. Let Paro ′(a ′, b ′, c ′, d ′). The statements Paro(a, b, c, d) and
Paro •o ′(a • a ′, b • b ′, c • c ′, d • d ′) are equivalent.Proof. It is su�
ient to prove the equivalen
e of the equalities a• c = o and
(a • a ′) • (c • c ′) = o • o ′ if we have the equality a ′ • c ′ = o′. But, this isobvious be
ause of

(a • c) • o ′ = (a • c) • (a ′ • c ′)
(14)
= (a • a ′) • (c • c ′).For any p ∈ Q we have Parp(p, p, p, p) be
ause of (13). Therefore, weobtain:Corollary 3. Paro(a, b, c, d) ⇒ Parp•o(p • a, p • b, p • c, p • d).

Paro(a, b, c, d) implies Paro(b, c, d, a) and we obtain:Corollary 4. Paro(a, b, c, d) ⇒ Paro(a • b, b • c, c • d, d • a).But, we have more generally:Theorem 4. For any points a, b, c, d the statement Par(a•b, b•c, c•d, d•a)holds.Proof. We obtain
(a•b)•(c•d)

(15)
= (a•b)•(d•c)

(14)
= (a•d)•(b•c)

(15)
= (b•c)•(d•a).Corollary 5. It holds Par(a • b, b • c, c • a, a) for any points a, b, c.A 
on
ept of a square is de�ned in [17℄. We say that (a, b, c, d) is asquare with the 
entre o and we write So(a, b, c, d) or simply S(a, b, c, d) if

ab = bc = cd = da = o. Then we have the equalities ac = d, bd = a, ca = b,
db = c too. Any two of these four equalities imply S(a, b, c, d). In [17, Th.2℄ it is proved that So(a, b, c, d) implies o = a • c = b • d, i.e., we have:
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al quasigroups 235Theorem 5. So(a, b, c, d) ⇒ Paro(a, b, c, d), i.e., every square is a parallel-ogram with the same 
entre.The following theorem generalizes Theorem 5 in [17℄.Theorem 6. Paro(a, b, c, d) ⇔ So(ba, cb, dc, ad).Proof. We obtain
a • c

(12)
= ba · cband the equalities a • c = o and ba · cb = o are equivalent. Analogously, wehave

b • d = o ⇔ cb · dc = o,

c • a = o ⇔ dc · ad = o,

d • b = o ⇔ ad · ba = o.In the quasigroup C(1+i
2 ) Theorem 6 proves a well�known statement (
f.[13℄, [2℄, [3℄, [9℄, [7℄, [10℄, [12℄, [11℄):If we 
onstru
t positively oriented squares on the sides of a given orientedquadrangle, then the 
enters of these squares form a negatively orientedsquare if and only if the given quadrangle is a parallelogram.In [5℄ and [1, p. 241℄ a statement is proved, whi
h is illustrated in Figure5 in the quasigroup C(1+i

2 ) and 
an be formulated as the following theorem.Theorem 7. If
Sa ′(b, c, a1, a2), Sb ′(c, a, b1, b2), Sc′(a, b, c1, c2) (19)and if â, b̂, ĉ are points su
h that

Par(b1, a, c2, â), Par(c1, b, a2, b̂), Par(a1, c, b2, ĉ) (20)then we have the equalities
ĉ b̂ = a, â ĉ = b, b̂ â = c, (21)

b̂ • ĉ = a ′, ĉ • â = b ′, â • b̂ = c ′, (22)
aĉ = b̂a = a ′, bâ = ĉb = b ′, cb̂ = âc = c ′.



236 V. Volene
 and R. Kolar��uper

ĉ
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Figure 5.Proof. Let â, b̂, ĉ be points su
h that âc = c ′, b̂a = a ′, ĉb = b ′. A

ordingto (19) we have the equalities b1c = a, ca = b′, bc = a′, c2a = c′ (amongothers). The equalities b1c = a = aa and âc = c ′ = c2a prove the �rststatement (20) and analogously the other two statements (20) 
an be proved.A

ording to (8) from ca = b ′ = ĉb it follows aĉ = bc, i.e., aĉ = a ′.Therefore we have aĉ = b̂a and by (8) it follows ĉb̂ = aa, i.e., the �rstequality (21). Finally, we obtain the �rst equality (22): b̂ • ĉ
(15)
= ĉ • b̂

(12)
=

aĉ · b̂a = a ′a ′
(2)
= a ′.A point o is said to be the 
enter of the square on the segment (a, b) if

So(a, b, c, d) holds for some points c and d, i.e., if ab = o. A rotation for a(positively oriented) right angle about a point o is the mapping a 7→ b su
hthat ab = o.Theorem 8. If a1, a2, a3, a4 are any points and bij is the 
enter of thesquare on the segment (ai, aj) for any i, j ∈ {1, 2, 3, 4} (i 6= j), then wehave the statements Par(b12, b32, b34, b14) and Par(b21, b23, b43, b41). Therotation for a right angle about the point a1 • a3 maps Par(b23, b21, b41, b43)onto Par(b12, b32, b34, b14) and the rotation for a right angle about the point
a2 • a4 maps Par(b12, b32, b34, b14) onto Par(b41, b43, b23, b21) (Figure 6).
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ording to [15, Th. 28℄ we have the statement Par(a1a2, a3a2,

a3a4, a1a4) and Par(a2a1, a2a3, a4a3, a4a1) and for any i, j ∈ {1, 2, 3, 4}
(i 6= j) we have the equality aiaj = bij . The rotation for a right angleabout the point a1 •a3 maps the points b23, b21, b41, b43 onto the points b12,
b32, b34, b14 be
ause of the equalities

b23b12 = a2a3 · a1a2
(12)
= a3 • a1

(15)
= a1 • a3 = a2a1 · a3a2 = b21b32,

b41b34 = a4a1 · a3a4
(12)
= a1 • a3

(15)
= a3 • a1 = a4a3 · a1a4 = b43b14.In the 
ase of the quasigroup C(1+i
2 ) Theorem 8 proves some statementsfrom [14℄ and [8℄.Theorem 9. If

So(p, a, u, b), So′(p, a′, u ′, b ′), (23)
Par(a ′, p, b, c), Par(a, p, b′, c′) (24)holds, then the rotation for a right angle about the point o maps Par(p, b, c, a′)onto Par(a, p, b ′, c ′) and the rotation for a right angle about the point o ′maps Par(a, p, b ′, c ′) onto Par(c, a ′, p, b) (Figure 7).
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Figure 7.Proof. Let the statements (23) hold and let c, c′ be the points su
h that
cb ′ = o, c ′b = o ′. The equalities

pa = o = cb ′, pa ′ = o ′ = c ′bimply by (8) the equalities
ac = b ′p = o ′, a ′c ′ = bp = o.Now, the equalities

a ′b ′ = p = pp, cb ′ = o = bp resp. ab = p = pp, c ′b = o ′ = b ′pprove the statements (24). The last two statements of theorem are the
onsequen
es of the equalities
pa=o, bp=o, cb ′=o, a′c ′=o resp. ac=o′, pa ′=o ′, b ′p=o ′, c ′b=o ′.In the 
ase of the quasigroup C(1+i

2 ) Theorem 9 proves some statementsfrom [4℄. The fa
t that the rotation for a right angle about the points omaps the segment (b, a ′) onto the segment (p, c ′) proves that the medianfrom the vertex p of the triangle (p, b ′, a) is orthogonal to the side (b, a ′)of the triangle (p, b, a ′) and equal to the half of this side and a similar fa
tholds for the median from the vertex p of the triangle (p, b, a ′) and thesegment (b ′, a) (
f. [18℄).Theorem 10. With the hypotheses of Theorem 9 it holds S(u, c, u ′, c ′)
(Figure 7).
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ording to Corollary 2 we observe the impli
ations
Par(b, p, a ′, c), u ′p = a ′, pu = b ⇒ u ′u = c,

Par(b ′, p, a, c ′), up = a, pu ′ = b ′ ⇒ uu ′ = c ′,and the equalities u ′u = c, uu ′ = c ′ imply S(u, c, u ′, c ′).Theorem 11. The statements S(b, c, a1, a2), S(c, a, b1, b2), S(a, b, c1, c2)and the equalities ao = c1b2, bo = a1c2, co = b1a2 imply
Par(c, a, b, ao), Par(a, b, c, bo), Par(b, c, a, co) (25)

bo • co = a, co • ao = b, ao • bo = co (Figure 8).

Figure 8.Proof. We have the equalities c1a = b, ab2 = c, c1b2 = ao and a

ordingto Corollary 2 it follows Par(c, a, b, ao). Analogously we 
an prove otherstatements (25). From Par(bo, a, b, c) and Par(b, c, a, co) by (P3) we obtain
Par(bo, a, co, a), i.e., bo • co = a.Referen
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