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On ordered fuzzy I'-groupoids

Niovi Kehayopulu

Abstract. This paper serves as an example to show the way we pass from fuzzy ordered
groupoids (semigroups) to fuzzy ordered I'-groupoids (semigroups). All the results on
fuzzy ordered groupoids (semigroups) can be transferred to fuzzy ordered I'-groupoids

(semigroups) in the way indicated in the present paper.

1. Introduction and prerequisites

The notion of a I'-ring, a generalization of the notion of associative rings,
has been introduced and studied by N. Nobusawa in [10]. T'-rings have been
also studied by W. E. Barnes in [1|. J. Luh studied many properties of
simple I'-rings and primitive I-rings in [9]. The concept of a I’-semigroup
has been introduced by M. K. Sen in 1981 as follows: Given a nonempty set
I', a nonempty set M is called a I'-semigroup if the following assertions are
satisfied: (1) aab € M and aaf € I" and (2) (aad)Bc = a(abf)c = aa(bfc)
for all a,b,c € M and all a, 3 € T [12]. In 1986, M. K. Sen and N. K.
Saha changed that definition as follows: Given two nonempty sets M and
I', M is called a I'-semigroup if (1) aab € M and (2) (aab)Bec = aa(bfc)
for all a,b,c € M and all o, € T [13]. One can find that definition
of I'-semigroups in [16]|, where the notion of radical in I'-semigroups and
the notion of I'S-act over a I'-semigroup have been introduced, in [14] and
[15], where the notions of regular and orthodox I'-semigroups have been
introduced and studied. With that second definition, a semigroup (.5,.)
can be viewed as a particular case of a I-semigroup, considering I' = {~}
(v € S) and defining ayb := a.b. Moreover, let M be a I'-semigroup, take
a (fixed) v € I, and define a.b := a~b, then (M,.) is a semigroup. Later,
in [11], Saha calls a nonempty set M a I'-semigroup (I" # ) if there is a
mapping M x I' x M — M | (a,v,b) — ayb such that (aab)Bc = aa(bfc)
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for all a,b,c € M and all o, € I', and remarks that the most usual
semigroup concepts, in particular regular and inverse I'-semigroups have
their analogous in I'-semigroups. The uniqueness condition was missing
from the definition of a I'-semigroup given in [12], [13]. If we add the
uniqueness condition in the definition of a I'-semigroup given by Sen and
Saha in [13] (that is, considering I' as a set of binary relations on M) we do
not need to define it via mapping. So the definition of a I'-semigroup given
by Sen and Saha in 1986 can be formulated as follows:

For two nonempty sets M and I', define MT'M as the set of all elements
of the form myvyms, where my,mo € M and v € I'. That is,
MTM = {myymgy | mi,mg € M, v € T'}.

Definition 1. (cf. [2]-[5]) Let M and I" be two nonempty sets. The set M
is called a I'-groupoid if the following assertions are satisfied:
(1) MTM C M.
(2) If my,mg,m3,my € M, v1,72 € I such that m; = ms, 1 = 72 and
mgo = My, then mivy1me = mgyomy.

M is called a I'-semigroup if, in addition, the following assertion holds:

(3) (miyima)yams = miyi(may2ms)

for all my, mo,ms € M and all 1,72 € I'. In other words, I' is a set of
binary operations on M satisfying (3).

According to that "associativity", each of the elements (mqy1msz)y2ms,
and mivy1(mayams) is denoted as miyimayams.

Using conditions (1) — (3) one can prove that for an element with more
than 5 words, for example of the form mjy;moyamsysmy, one can put a
parenthesis in any expression beginning with some m; and ending in some
m;j.

There are several examples of I'-semigroups in the bibliography. How-
ever, the example below based on Definition 1 above, shows clearly what a
I'-semigroup is.

Example 2. (cf. [3]) Consider the set M = {a,b,c,d}, and let I" = {v, u}
be the set of two binary operations on M defined in the tables below:

'y‘abcd ,u‘abcd
ala b ¢ d alb ¢ d a
blb ¢ d a blec d a b
cle d a b cld a b c
dld a b c dla b ¢ d
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Since (zpy)wz = xp(ywz) for all z,y,z € M and all p,w € T, M is a
I'-semigroup.

An ordered T'-groupoid (shortly po-I'-groupoid) is a I'-groupoid M to-
gether with an order relation < on M such that a < b implies aye < byc
and cya < cyb for all ¢ € M and all v € T' (cf. also Sen and Seth [17]).

We have already seen in [2]-[5] that all the results on ordered groupoids
or ordered semigroups based on ideals or ideal elements can be transferred
to ordered I'-groupoids or ordered I'-semigroups. In the same way all the
results on groupoids or semigroups (without order) based on ideals can
be transferred to I'-groupoids or I'-semigroups. In the present paper we
show that all the results on fuzzy ordered groupoids or semigroups can be
transferred to fuzzy ordered I'-groupoids or semigroups, respectively. The
present paper serves as an example to show the way we pass from fuzzy
ordered groupoids or fuzzy ordered semigroups to fuzzy ordered I'-groupoids
or fuzzy ordered I'-semigroups.

There are two equivalent definitions of fuzzy left ideals, fuzzy right ide-
als, fuzzy quasi-ideals and fuzzy bi-ideals in ordered semigroups. The first
one is in term of the fuzzy subset f itself, the second is based on the mul-
tiplication of fuzzy sets. The second one shows how similar is the theory of
ordered semigroups based on fuzzy ideals with the theory of ordered semi-
groups based on ideals or ideal elements and it is very useful for applications.
Using that second definition the results on fuzzy ordered semigroups or on
fuzzy semigroups (without order) can be drastically simplified (cf. also
[2]). In the present paper we examine these equivalent definitions in case
of ordered fuzzy I'-groupoids and ordered fuzzy I'-semigroups. Character-
izations of regular and intra-regular ordered semigroups in terms of fuzzy
sets have been given in [7|. In the present paper we also characterize the
regular and intra-regular ordered I'-semigroups in terms of fuzzy sets. In
a similar way one can prove that the characterizations of w-regular and in-
tra m-regular ordered semigroups considered in [7] have their analogue for
ordered I'-semigroups.

2. Main results

Following the terminology given by L.A. Zadeh [18], if (M, ., <) is an ordered
I-groupoid, we say that f is a fuzzy subset of M (or a fuzzy set in M) if f
is a mapping of M into the real closed interval |0,1]. For a subset A of M,
the fuzzy subset f4 is defined as follows:
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) 1 difxecA
fA.M—>[O,1]|$—>fA($).—{O if 2 A
For an element a of M, we clearly have

oM = 0] 2= g ={ g LI

For an element a of M, denote by A, the relation on M defined by
Ay = {(y, 2) | a < yyz for some v € T'}.

For two fuzzy subsets f and g of M, we define the multiplication of f and
g as follows:

{ sup {min f(y),g(z)} if A, #0
fog:M—>[0,1] \a—> (y,2)EA,
0 if A, =0

and in the set of all fuzzy subsets of M we define the order relation as
follows:
f =X gifand only if f(z) < g(z) for all z € M.

For two fuzzy subsets f and g of M, let f A g be the fuzzy subset of M
defined by:
fAg:M—[0,1] |z — min{f(z),g(z)}.

Denote by 1 the fuzzy subset of M defined by
1:M—10,1] |z — 1(z) := 1.

Denote by f2 the composition f o f. If F(M) is the set of fuzzy subsets of
M, it is clear that the fuzzy subset 1 of M is the greatest element of the
ordered set (F'(M),=<). In a similar way as in [6] (using the methodology of
the present paper) one can prove that if M is an ordered I'-semigroup and

f, g, h fuzzy subsets of M, then (fog)oh = fo(goh).

Definition 3. Let M be an ordered I'-groupoid. A fuzzy subset f of M is
called a fuzzy right ideal of M if

(1) f(zyy) = f(z) for all z,y € M and all y € T,
(2) if z <y, then f(z) > f(y).
A fuzzy subset f of M is called a fuzzy left ideal of M if
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(1) f(zyy) = f(y) for all x,y € M and all v € T,
(2) if x <y, then f(x) > f(y).

Definition 4. Let M be an ordered I'-groupoid. A fuzzy subset f of M is
called a fuzzy quasi-ideal of M if

(1) (fel)A@of) =,

(2) if z <y, then f(z) > f(y).
Definition 5. Let M be an ordered I'-semigroup. A fuzzy subset f of M
is called a fuzzy bi-ideal of M if

(1) flzyypz) = min{f(z), f(2)} for all z,y,z € M and all v, p € T,

(2) if 2 <y, then f(x) > f(y).
Theorem 6. Let M be an ordered I'-groupoid. A fuzzy subset f of M is a
fuzzy right ideal of M if and only if

(1) fol=f,

(2) ifz <y, then f(z) = f(y).
Proof. (=) Let a € M. Then (fo1)(a) < f(a). In fact: If A, =0, then
(fol)(a) :==0< f(a). Let Ay # 0. Then

(fol)(a):= sup {min{f(y),1(z2)}} = sup {f(y)}-

(y,2)€EAq (y,2)EAa

On the other hand, f(y) < f(a) for every (y,z) € A,. Indeed: If (y, z) € A,,
then y,z € M and a < yvyz for some v € I'. Since f is a fuzzy right ideal of
M, we have f(a) > f(yyz) = f(y). Therefore we have

(fel)(a)= sup {f(y)} < f(a).

(y,2)EAa

(<) Let z,y € M and v € I". By hypothesis, we have (f o 1)(xyy) <
f(xzyy). On the other hand, since (z,y) € Azyy, we have

(fol)(zyy):= sup {min{f(u),1(v)}} = min{f(z), 1(y)} = f(x).

(u,v)EAzy

Hence we obtain f(zyy) > f(x), and f is a fuzzy right ideal of M. O
In a similar way we prove the following theorem

Theorem 7. Let M be an ordered I'-groupoid. A fuzzy subset f of M is a
fuzzy left ideal of M if and only if
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(1) 1of =/,
(2) iz <y, then f(x) > f(y). -

Theorem 8. Let M be an ordered I'-groupoid. A fuzzy subset f of M is a
fuzzy quasi-ideal of M if and only if the following conditions are satisfied:

(1) if x < bys and x < tuc for some x,b,s,t,c € M and v,u € T', then
f(z) Z min{f(b), f(c)},

(2) if <y, then f(z) = f(y)

Proof. (=) Let z,b,s,t,c € M and 7,u € T such that z < bys and
x < tpce. Since f is a fuzzy quasi-ideal of M, we have

f(@) = ((fe) A (Lo f))(x) := min{(f o 1)(x), (1o f)(x)}.

Since z < bys, we have (b, s) € A,, then

(fol)(x) := sup {min{f(u),1(v)}} > min{f(b),1(s)} = f(b).

(u,v)€A,

Similarly from x < tuc, we get (1o f)(z) > f(c). Hence we have

f(@) = min{(f o 1)(x), (1o f)(x)} = min{f(b), f(c)}-
(<) Let z € M. Then ((fol)A (10 f))(x) < f(x). In fact: We have

(fo) A (Lo f))(x) :=min{(f o 1)(z), (Lo f)(2)}.
1. If A, = 0, then (f o1)(z) := 0 and (1o f)(x) := 0. Moreover
min{(f o 1)(z), (1o f)(z)} = 0, and ((f o 1) A (Lo f))(z) = 0 < f(x).
2. Let A, # (. Then

(fel)(x):= sup {min{f(y),1(s)}} (%)

(y,8)€Az

(Lo f)(z) := sup {min{l(?), f(2)}}.

(t,2)EAL
2.1. If f(z) = (f o1)(x), then
f(@) = (f o 1)(2) = min{(f o 1)(x), (1o f)(x)}
= ((fe)A (Lo f)) ().
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2.2. Let f(z) < (fol)(x). By (%), there exists (y, s) € A, such that
) (

min{ f(y),1(s)} > f(z) (otherwise (f o 1)(x) < f(x) which is
impossible). Since min{f(y), 1(s)} = f(y), we have

fy) > f(=). (%)

On the other hand, f(x) = min{1(¢), f(2)} for every (¢, z2) € A,.
Indeed: Let (t,2) € A,. Since (y,s) € A;, we have y, s € M and
x < yys for some v € I'. Since (t,z) € A,, we have t,z € M
and x < tpz for some p € I'. Since x,y,s,t,z2 € M and v, u € T
such that z < yys and = < tuz, by hypothesis, we have f(z) >

min{ f(y), f(2)}. If min{f(y), f(2)} = f(y), then f(x) > f(y)
which is impossible by (xx). Thus we have min{f(y), f(2)} =

f(2), and f(z) = f(2) = min{1(¢), f(z)}. Therefore we have

f(x) = sup {min{1(¢), f(2)} = (Lo f)(z)

(t,2)€As

z min{(f o 1)(z), (1o f)(z)} = ((fo 1) A (Lo f))(z),
and the proof is complete. ]

By Theorem 8, in a similar way as in [8], one can prove the following
theorem.

Theorem 9. Let M be an ordered I'-groupoid. A fuzzy subset f of M is a
fuzzy quasi-ideal of M if and only if the following conditions are satisfied:

(1) if x < bys and x < tuc for some x,b,s,t,c € M and v,u € T, then
f(z) 2 max{min{f(b), f(c)}, min{f (), f(s)}},

(2) if x <y, then f(x) = f(y). m

Theorem 10. Let M be an ordered I'-semigroup. A fuzzy subset f of M is
a fuzzy bi-ideal of M if and only if the following assertions are satisfied:

(1) folof =,

(2) if x <y, then f(z) = f(y)-
Proof. (=) Let a € S. Then (folo f)(a) < f(a). In fact: If A, = () then
(folof)(a)=((fol)o f)(a):=0< f(a). Let Ag # 0. Then

(folof)(a):= sup {min{(fo1)(y),f(2)}}

(va)EAa
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It is enough to prove that

min{( o 1)(y), ()} < f(a) for every (4.2) € A (%)
Let now (y,z) € Aq. If Ay =0, then (f o1)(y) := 0, and

min{(f o 1)(y), f(2)} =0 < f(a).
Let A, # (). Then

(fol)(y) :== sup {min{f(s),1(t)}} (%)

(s,t)€Ay

We consider the following two cases:

1. Let f(a) = (f o1)(y). Then

fla) = (f o 1)(y) 2 min{(f o 1)(y), f(2)},

and condition (x) is satisfied.

2. Let f(a) < (fo1)(y). Then, by (xx), there exists (z,w) € Ay such that
f(a) < min{f(x),1(w)} (otherwise, f(a) > (f o1)(y) which is impossible).
Since min{ f(z), 1(w)} = f(z), we have

fla) < f(x).

Since (y,z) € A,, we have y,z € M and a < ypz for some p € I'. Since
(x,w) € Ay, we have z,w € M and y < zyw for some v € I'. Since
a < ypz < zywpz and fis a fuzzy bi-ideal of S, by the definition of fuzzy
bi-ideal, we have

fa) = f(azywpz) = min{f(z), f(2)}.
It f(z) < f(2), then min{f(z), f(2)} = f(z), and f(a) > f(z

)
impossible. Hence we have f(x) > f(z). Then min{f(z), f(2)} =
and f(a) > f(z). Since (z,w) € Ay, by (*x), we have

min{f(), w)} < sup {min{f(s), 1()}} = (f o )(y).

(s,t)EAy

which is
(2

Then we have (f o 1)(y) > min{f(z),1(w)} = f(z) > f(z). Consequently
min{(f o 1)(y), f(2)} = f(2) < f(a), and condition (x) is satisfied.
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(<) Let z,y,z € M and v, € T. Then f(xyyuz) > min{f(x), f(z)}.
Indeed: Since folo f < f and zyyuz € M, we have (folo f)(xyyuz) <

fzyyuz). Since zyyuz < (zyy)uz, p € ', we have (27y,2) € Apyype.
Then

(folof)(zyypz):=  sup  {min{(fo1)(u),f(v)}}

(u,0)EAcyypz

> min{(f o 1)(zvy), f(2)}.

Since (z,y) € Agyy, we have

(fol)(zyy) == sup  {min{(f(z), l(w)}} > min{f(z), 1(y)} = f().

(z,w)EAz~y
Thus f(zyypz) = min{(f o 1)(xyy), f(2)} = min{f(x), f(2)}. O

Definition 11. An ordered I'-semigroup M is called regular if for every
a € M there exist x € M and ~, u € I such that a < ayzpua.

In a similar way as in [8] we prove the following lemma and the two
corollaries below:

Lemma 12. Let M be an ordered I'-groupoid, f, g fuzzy subsets of M and
a € M. The following are equivalent:

(1) (fog)a)#0.
(2) There exists (x,y) € Aq such that f(x) # 0 and g(y) # 0. O

Corollary 13. Let M be an ordered I'-groupoid, f a fuzzy subset of M and
a € M. The following are equivalent:

(1) (fol)(a) #0.
(2) There exists (z,y) € Aq such that f(z) # 0. O

Corollary 14. Let M be an ordered I'-groupoid, g a fuzzy subset of M and
a € M. The following are equivalent:

(1) (1og)(a) #0.
(2) There exists (z,y) € Aq such that g(y) # 0. O

Theorem 15. An ordered I'-semigroup M is reqular if and only if for every
fuzzy subset f of M we have f <X folo f.

Proof. (=) Let f be a fuzzy subset of M and a € M. Since M is regular,
there exist x € M and ~,pu € T such that a < ayzpa. Since a < (ayz)pa,
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where pu € T, we have (ayx,a) € A,. Then we have

(folof)(a):= sup {min{(fo1)(y),f(z)}} = min{(f o 1)(ayz), f(a)}.

(y,2)€Aq

Since (a,x) € Agye, we have

(fol)(ayz):= sup {min{f(u),1(v)}} = min{f(a), 1(z)} = f(a).

(u,v) eAa'yz

Hence we have (folo f)(a) = min{(fo1)(avyx), f(a)} = f(a).

(<=) Let a € M. Since f, is a fuzzy subset of M, by hypothesis, we have
1= fola) < (faolofy)(a). Since fyolo f, is a fuzzy subset of M, we have
(fao 10 fa)(@) < 1. Then ((fa01)o fu)(@) = (faolo fu)(a) = 1. By Lemma
12, there exists (z,y) € A, such that (fgol)(x) # 0 and f,(y) # 0. If y # a,
then f,(y) = 0 which is impossible. Thus we have y = a, (z,a) € A,, and
a < zpa for some p € T If A, = 0, then (f,01)(x) := 0 which is impossible.
Thus we have A, # ), and

(fao)(z) := sup {min{fa(b), 1(c)}} = sup {fa(b)}.
(b,c)EA, (b,c)EAL
If b # a for every (b,c) € Ay, then f,(b) = 0 for every (b,c) € A;, then
(fa o 1)(z) = 0 which is impossible. Hence there exists (b,c¢) € A, such
that b = a. Then (a,c) € A, so x < aye for some v € I'. Then we obtain
a < xpa < aycpua, where c € M and v, € I', and M is regular. O

Definition 16. An ordered I'-semigroup M is called intra-reqular if for
every a € M there exist x,y € M and ~, u, p € I such that a < zyapapy.

Proposition 17. Let M be an ordered I'-groupoid and a,b € M. Then we
have b < aya for some v € T if and only if f2(b) # 0.

Proof. (=) Let b < a~ya for some € I'. Since (a,a) € Ay, we have

(fao fa)(b) := sup {min{fy(x), fa(y)}} = min{fa(a), fa(a)} = 1.

($,y)€Ab

(<=) Since f2(b) # 0, by Lemma 12, there exists (z,y) € A, such that

fa(a) # 0 and f,(y) # 0. Since f,(z) # 0, we have x = a. Since f,(y) # 0,
we have y = a. Since b < zyy for some v € ', we have b < avya, where

a€el. O
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Theorem 18. An ordered I'-semigroup M is intra-reqular if and only if for
every fuzzy subset f of M we have f <10 f2o1l.

Proof. (=) Let f be a fuzzy subset of M and a € M. Since M is intra-
regular we have a < xvyapapy for some z,y € M and v,u,p € I'. Since
(zyapa,y) € A,, we have

(1o f*o1)(a) := ( Sl)lgA {min{(1 0 f*)(u),1(v)}}
> min{(1 o f?)(zyapa), 1(y)} = (1 o f*)(zyapa).

Since (z,apa) € Azyaua, We have
(1o f2)(x7aua) = sup  {min{1(s), f2(t)}}
(s,t)EAa~yaua

> min{1(z), f*(aua)} = f*(apa).

Since (a,a) € Agua, we have

f*(apa) = (f o f)(apa) == sup {min{f(w), f(2)}}

(wvz)eAaua

> {f(a), f(a)} = f(a).

Hence we have

fla) < f*(apa) < (Lo f*)(zyapa) < (Lo f2 o 1)(a).
Since f(a) < (1o f?01)(a) for every a € M, we have f <10 f201.

(<=) Let a € M. Since f, is a fuzzy subset of M, by hypothesis, we have
fo=1of201. Then 1 = fu(a) < (1o f2o01)(a). Since 1o f2o01lis a
fuzzy subset of M, we have (1o f201)(a) <1,s0 (1o f201)(a) # 0. Then,
by Corollary 13, there exists (w,y) € A, such that (10 f2)(w) # 0. By
Corollary 14, there exists (z,t) € A, such that f2(t) # 0. By Proposition
17, we have t < apa, for some p € I'. Since (z,t) € Ay, w < zvt for
some vy € I". Since (w,y) € Ay, a < wpy for some p € T'. Then we obtain
a < wpy < zytpy < xyapapy, where v, u, p € I', and M is intra-regular. [
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