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Transversals in loops. 2.

Structural theorems

Eugene A. Kuznetsov

Abstract. An investigation of a new notion of a transversal in a loop to its subloop
is continued in the present article. This notion generalized a well-known notion of a
transversal in a group to its subgroup and can be correctly defined only in the case,
when some specific condition (condition A) for a loop and its subloop is fulfilled. The
connections between transversals in some loop to its subloop and transversals in multi-

plicative group of this loop to suitable subgroup are studied in this work.

1. Introduction

In the present work we continue the study of a variant of natural general-
ization of a notion of transversal in a group to its subgroup [1, 5, 6, 11] at
the class of loops, begun in [10]|. As the elements of a left (right) transversal
in a group to its subgroup are the representatives of every left (right) coset
to the subgroup, then a notion of a left (right) transversal in a loop to its
subloop can be well defined only in the case when this loop admits a left
(right) coset decomposition by its subloop (see Condition A, Definition 2.4,
[10).

In the part 2 the different structural theorems are proved. They demon-
strate the correspondence between transversals in a loop to its subloop and
transversals in a multiplicative group of this loop to its suitable subgroup.
Also, we demonstrate the necessity of Condition A when we generalize a
notion of transversal at the class of loops.

Further, we shall use the following notations: (L,-,e) is an initial loop
with the unit e; (R, -, e) is its proper subloop; E is a set of indexes (1 € F)
of the left (right) cosets R; in L to R, where Ry = R.

All necessary definitions and preliminary statements may be found in
[10].
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2. The Condition A and included subgroups

The following lemma is an explanation of the necessity of the Condition A
in the investigation of transversals in loops.

Lemma 2.1. Let G be a group, H be its proper subgroup. Let K be a
subgroup of group G such that H C K C G. If T = {titicr is a left
transversal G to H, then:
1. T1 =T|k = {tj}jer,, where By = {x € E|t, € K}, is a left trans-
versal K to H,

(1) ()

2. < Fq,
T
3. The left Condition A is fulfilled in the left loop < E, (-), 1> to its
T T
left subloop < El,(-), 1> for every a,b €< E,(-), 1> and every

(T) . (1) (T)
ue< Ey, ;1> thereemist ce< E, -",1> and uy €< E1, -',1>

J1I>C< E, -1 >,

such that a (T) (b (T) u) =c (F‘.F) uy.

Proof. 1. Let us denote E; = {z € E|t, € K}. Then the transversal
T1 = {t;}jer, consists of those elements of the transversal 7" which belong to
the subgroup K. Let us take an arbitrary element g € K; since T' = {¢; }icr
is a transversal G to H, then g = t;, - h, t;, € T, h € H. But g € K,
h e H C K , so we obtain that ¢;, € K. Then every element g € K can be
represented in the form g = t, - h, where h € H and

r€FE ={z€FE|t,e KNT}.

This representation is unique for every g € K, because it is the same for
the transversal T in G to H.
2. Let us consider the set Fj introduced in 1. Let t4,t, € K (is equal
ta,ty € T1), then K 5ty -ty = (tch) h € H. As t. € K, then t. € T} and we
T
obtain: ¢ € E1. Thus a( -l)b =c. Buttyty € K C G,and G 3 t, -ty = (tch),

he H,soa @ b = c. Therefore
((T}) (T)

)=()les
(T1) (T)
and finally < Fy, -, 1>C<E, -",1>.

3. Let a,b € E and x € E; (is equal t,,t, € G and t, € K), then
ta, . tb . tw == tat (T) h/ =1 (T), (T) h//,
bz a-'(b-'z
tg tp -t =1 (T)bhltz, hi € H, h/, K e H.
a -
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But K 3 hit, = (t b)), ) € H, u = t,(1 ) h "(1) = hite(1) = hi(z),
hity = <ti}1(a:)h/1> € K, t ) €K, hi(z) € Ey. So, (1) can be rewritten in
the form

Y )h/ =t )ty 1Oy hy.

Hence

T T
Then for the left loop < E,(-), 1 > and its left subloop < El,( ‘1), 1 > the

left Condition A is fulfilled. O

Lemma 2.2. Let H C K C G be groups and let T* = {ty}zcE, be a left
transversal G to K. Then T™* (as a set) can be always supplemented up to
some left transversal T = {t;}zcr of G to H.

Proof. If T* = {ty}+cr, is the left transversal G to K, then
(tK)N(ty,K) =2 Vz,yeEy, x#uy.

Since H C K, we have (t,H) N (t,H) = @ for all z,y € Ey, x # y.

If K = H then everything is proven. Let H C K and we shall consider
a union

So= U (th)
r€Fy
Since
SO .ZGLJEO( * ) < xGLJEO ( v ) G7

then Sp is a subset in G consisting of a collection of left cosets in G to
H. Supplementing Sy up to G by left cosets in G to H, which consists in
(G —Sp), and choosing in every coset an unique representative, we obtain a
required left transversal T'= {t, },cp. Moreover, T* C T and Eg C E. [

Lemma 2.3. Let the assumptions of Lemma 2.2 be satisfied. Let T =
{tz}zecr, be a left transversal G to K, and T = {ty}scr be a such left
transversal G to H, for which T* C T and Eg C E. Then Ty =TNK =
{ts}zecE, is a left transversal K to H and the following statements are true:

1. All elements of the subset Ey form a left transversal the left loop

(T) . (T)
< E, -, 1> toits left subloop < E1, -",1 >.

2. The operations < EO,( ) , 1> and < E(],( 2 ,1 > are isomorphic

(the first operation is a tmnsversal operation that corresponds to the
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left transversal T™ in G to K, the second corresponds to a left transver-

T T
sal Ey in the left loop < E, (-),1 > to its left subloop < El,(~), 1>).

Proof. According to Lemma 2.1 T3 =T N K is a left transversal K to H.
1. Let g be an arbitrary element of G. Then

g=1tzk, t,€T*CT, ke K, z¢ckEy,
and, on the other hand,
g=tyh1, t, €T, hh e H, yek.
Also k=t,hy, t, €Ty CT, z € E1, he € H. Using the above we obtain
tqug:%kzgngﬁgu@ hy € H,

and so .
y:x(-)z. (2)

Since g € G is arbitrary, (2) means that for every y € E there exist z € Ey
(T)

and z € 7 such that y = x -~ z. So, it is sufficient to show the uniqueness
of the representation (2).

Let us assume, that this representation is not unique, then there exists
y € F such that

(T) (T)
y==x1 - 21 =x2 - 22, T1,T2 € Ey, 21,22 € Fy.
Then
ty=t @ =totyh =ty (tsh) €ty K,
A 1 " (3)
@:zmzz%%h:%ﬂMMG%K
2 2

(where A/, h" € H). Since T* = {tz}zep, is the left transversal G to K,
then 21 = x9. Thus (3) may be rewritten in the form

tota b =ty =t t, B, t 0 =1, 0"

Since T} = {t.}.ep, is the left transversal K to H, we have z; = z2. Hence

the representation (2) is unique, and elements of the set Ey form a left
T T
transversal < E,(-), 1> to < Ej, (-),1 >.
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*

2. Let < Ey, - ,1 > be a transversal operation corresponding to a left
transversal 7™ = {t; }zep, the group G to its subgroup K. Then

T*
e " b= =ty =tk tatyto €T CT.a b ce By k€K,

and k=t,h, t, ey CT, z€ E1, h€ H.
From the above we have t,t, = t.k = t.t.h, ie., t (T)bh’ =1t () h'h,
a - c -z
¢ opn (T) (T) . )
h',h" € H Thusa -"b=c - z. Since a,b,c € Ey, z € E1, from 1 we obtain

E T E
a( o b = c, (see also (8) from [10]). Consequently, a( e (Fo) b,
which completes the proof. O

b=c=a

Corollary 2.4. Let H C K C G be groups. Then there exists a one-

to-one correspondence between each left transversal T* = {ty}zer, of G

E
to K and some left transversal Ey the left loop < E,( -O),l > to its left

E
subloop < El,( -0),1 > (where T is a left transversal G to H, T* C T,

and Tv = {t.}.cp, is a left transversal K to H, Ty = T' N K) such that

T* E
corresponding transversal operations ) and (Fo) are isomorphic. O

This correspondence can be converted, as it will be shown further in the
next paragraph.

Analogous results may be proved for the right transversals and two-sided
transversals in loops to its proper subloops.

3. Semidirect products of loops

Let us remind a definition of semidirect product of a left loop L =< F,-;1 >
with two-sided unit 1 and a suitable permutation group H acting on the
set E (H C St1(Sg)) (see [8], [13]).

Definition 3.1. Let the following two conditions be fulfilled for some left
loop L =< E,-,1 > and the permutation group H:

1. Ya,b€ E: 1, = (L, LaLy) € H,
2. Vue EandVh € H: ¢(u,h) = (L h Lyh™") € H, where Lq is a
left translation in < E,-,1 >.
Then the set ¥ x H with the operation

(u? hl) * ('l), h2):(u : hl(v)a lu,h1(v)()0(va hl)hth)
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is a group denoted by L X\ H =< E X H,*,(1,id) > and called a semidirect
product of L and H. The group H is called a transassociant of L.

It is easy to show (see [8, 13]) that for the left multiplicative group
LM(L) and the left inner permutation group LI(L) of L we have

LI(L) = St;(LM(L)) € LM(L) and LM(L) = L x LI(L).

Lemma 3.2. Let L =< E,-;1 > be a loop and R =< E1,-,1 > be its
proper subloop, and the left Condition A be fulfilled. If T = {tz}zcr, 1S @
left transversal L to R and H C St1(SL) is a permutation group such that
LI(L) C H and p(u,h) € H for allw € L and all h € H, then

1. a semidirect product G = L N H can be defined,
2. K={(r,h)|r € R, h € H} is a subgroup of the group G and H C K,
3. T* ={(ty,id) |ty € T, © € Ep} is a left transversal the group G to

its subgroup K,

T T
4. the transversal operations < Ey, (-), 1> and < Eo,( . ), 1> (corres-

ponding to the left transversal T the loop L to its subloop R, and
to the left transversal the group G to its subgroup K, respectively)
coincide.

Proof. 1. If the conditions of the Lemma are satisfied, then we can define
the semidirect product G = LN H = {(a,h)|a € L, h € H}, where
H={(1,h)|he H} C{(a,h)|a€ L, he H} =G.

2. Since R C L, then according to the assumptions of our lemma, we
have lo, € LI(L) C H for all a,b € R. This implies

o(u,h) € {o(u,h)|lue R, he H} C {p(u,h)|lue L, he H} CH
for all w € R and h € H. Thus, we can define a semidirect product
K=RXH={(r,h)|r€R, he H}.

Clearly, H={(1,h)| he H} C K C{(a,h)|a€ L, he H} =G.
3. Let T'= {ts }zcE, be a left transversal L to R and let

T* = {(tg,id) |ty € T, z € Ey} C G.
For an arbitrary element x € Ey we consider the set

Ky = (ty,id) % K = {(ta,id) * (r,h) |7 € R,h € H} € G. (4)
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K, is a left coset in G to K. Indeed, any g € G can be written in the
form g = (ug, ho), where ugp € L, hg € H. Since T = {ty}zer, is a left
transversal L to R, we have ug = tz, - 7o for some t,, € Ty and rg € R.
Thus for h; = (l;;roho) € H we have

(tivoaid) * (T(J’hl) = (two : r07ltzo,7’0h1) = (u07h0) =9,

which gives g € (tg,,id) * K. Since t, - R = {t, - r|r € R} is a left coset in
L to R, in view of (4), for z1 # x2 we obtain t;, - R) N ({5, - R) = . So for
1 # xo we have

Ky, N Kyy = ((tgy,id) x K) N ((tg,,id) * K)
— {(tnrid) % (1) |7 € R h € HY O {(tayid) = (1, ) |7 € R, € H)
={(tey -1, ley, oP) |7 € Ryh € HYN{(tay -1y lt,, oh) |7 € R, W EHY = .

Hence K, = (tz,id) * K, x € Ejy is the left cosets in G to K. So,
T* = {(tg,id) |ty € T, x € Ep} is a left transversal G by K.
T*
4. Let us consider the transversal operation < EO,( . ), 1 > which cor-

*

T
responds to the left transversal T = {(t,9d)}|zcE,- Then z e )y =z

L
HE (1, id) * (ty,id) = (ta,id) % (r,h), (rh € K). Thus (t, -~ tyles,) =

(L) (L) (L)
-1l rh). Hence ty - t, =t, -1, r € R, ty,t,,t. € T. Consequently,

(T) . (T*) (T)
r - y=zie,x - y=x - yforall x,y € Ey. O

Corollary 3.3. If the conditions of Lemma 3.2 are satisfied, then for every
h € H we have h(R) C R.

Proof. The previous lemma shows that for any two elements (r1,h;) and
(rg, ha) from K holds

(R) »

(ri,he) % (e, he) = (r1 - ha(r2), L g, ) @(r2, Ra)haha).

Because K is a subgroup of the group G, for all 1,7 € R and h € H we
R) ~ o
have (7 ) h(rz2)) € R. Hence h(R) C R for all h € H. O

In the case H = LI(R) the inclusion h(R) C R is equivalent to the fact
that [, ,(R) C R for all a,b € L. The last condition is equivalent to the left
Condition A for the loop L and its subloop R (Lemma 2.8 in [10]).
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