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Characterizations of hemirings

by interval valued fuzzy ideals

Muhammad Shabir and Tahir Mahmood

Abstract. In this paper we define interval valued fuzzy h-quasi-ideals and interval val-
ued fuzzy h-bi-ideals. We characterize h-hemiregular and h-intra-hemiregular hemirings
by the properties of their interval valued fuzzy h-ideals, interval valued fuzzy h-quasi-

ideals, and interval valued fuzzy h-bi-ideals.

1. Introduction

Semirings, which are the generalization of associative rings, introduced by
H. S. Vandiver in 1934 [12], are very useful for solving problems in different
areas of applied mathematics and information sciences, like as, optimization
theory, graph theory, theory of discrete event dynamical systems, matrices,
determinants, generalized fuzzy computation, automata theory, formal lan-
guage theory, coding theory, analysis of computer programs, and so on.
Hemirings, which are semirings with commutative addition and zero ele-
ment appears in a natural manner in some applications to the theory of
automata and formal languages (see [4]).

Like in rings theory, ideals play important role in the study of hemirings
and are useful for many purposes. But they do not coincide with ring ideals.
Thus many results of ring theory have no analogues in semirings using only
ideals. In order to overcome this deficiency, Henriksen [5] defined a class of
ideals in semirings, called k-ideals. These ideals have the property that if
the semiring R is a ring then a subset of R is a k-ideal if and only if it is a
ring ideal. A more restricted class of ideals in hemirings is defined by lizuka
[6], called h-ideals. La Torre 8] thoroughly studied h-ideals and k-ideals
and established some analogues ring results for semirings.

Zadeh [14], in 1965, introduced the concept of fuzzy set. Which proved

2010 Mathematics Subject Classification: 16Y60, 08A72, 03G25, 03ET2
Keywords: interval valued fuzzy h-ideals, interval valued fuzzy h-quasi-ideal, interval
valued fuzzy h-bi-ideal.



318 M. Shabir and T. Mahmood

a very useful tool to describe situation in which the data are imprecise or
vague. Fuzzy sets handle such situations by attributing a degree to which a
certain object belongs to a set. The concept of fuzzy set was further carried
out by many researchers to generalize some notions of algebra. In [2] J.
Ahsan initiated the study of fuzzy semirings (see also [1]). Fuzzy k-ideals
in semirings are studied in |3] by Ghosh and fuzzy h-ideals are studied in
[7, 10, 13, 15].

In |9] Ma and Zhan introduced the concept of interval valued fuzzy
h-ideals in hemirings and develop some results associated with it. In [11]
Sun et al characterized h-hemiregular and h-intra-hemiregular hemirings by
the properties of their interval valued fuzzy left and right h-ideals. In this
paper we extend this idea and define interval valued fuzzy h-quasi-ideals
and interval valued fuzzy h-bi-ideals. We characterize h-hemiregular and h-
intra-hemiregular hemirings by the properties of their interval valued fuzzy
h-ideals, interval valued fuzzy h-quasi-ideals, and interval valued fuzzy h-
bi-ideals.

2. Preliminaries

For basic definitions of ideals see [4]. A left (right) ideal I of a hemiring
R is called a left (right) h-ideal if for all x,z € R and for any aj,as € I
from = + a1 + z = ag + z, it follows x € I (cf. [8]). A bi-ideal B of a
hemiring R is called an h-bi-ideal of R if for all x,z € R and aj,a2 € B
from x + a1 + z = ag + z, it follows x € B (cf. [13]).

The h-closure A of a non-empty subset A of a hemiring R is defined as

A={reR|z+a+2=0b+z forsomea,be A ,z€ R}.

A quasi-ideal @ of a hemiring R is called an h-quasi-ideal of R if RQNQR C
Q and x4+ a1+ 2z =ag+ z implies ¢ € Q, for all x,z € R and aq,as € Q
(cf. [13]). Every left (right) h-ideal of a hemiring R is an h-quasi-ideal of R
and every h-quasi-ideal is an h-bi-ideal of R. However, the converse is not
true in general (cf. [13]).

Definition 2.1. A hemiring R is said to be h-hemiregular if for each x € R,
there exist a,b, z € R such that x + zax + z = zbx + 2.

Lemma 2.2. [15] A hemiring R is h-hemiregular if and only if for any right
h-ideal I and any left h-ideal L of R we have IL=1NL. U
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Lemma 2.3. [13] For a hemiring R the following conditions are equivalent.
(1) R is h-hemiregular.
(ii) B = BRB for every h-bi-ideal B of R.
(iii) Q = QRQ for every h-quasi-ideal Q of R. O

Lemma 2.4. (13| A hemiring R is h-hemiregular if and only if the right
and left h-ideals of R are idempotent and for any right h-ideal I and left
h-ideal L of R, IL is an h-quasi- ideal of R. U

Definition 2.5. [13] A hemiring R is said to be h-intra-hemiregular if for

each = € R, there exist a;,al, bj, b;, z € R such that z + ;" a;ir’al + 2 =
2

> i bzt + 2.

Lemma 2.6. [13| A hemiring R is h-intra-hemiregular if and only if for
any right h-ideal I and any left h-ideal L of R we have INL C LI. O

Lemma 2.7. [13| The following conditions are equivalent for a hemiring
R.

(1) R is both h-hemiregular and h-intra-hemiregular.

(2) B=B? for every h-bi-ideal B of R.

(3) Q@ =Q? for every h-quasi-ideal Q of R. O

3. Interval valued fuzzy sets

A fuzzy subset f is a function f : X — [0, 1]. Now let £ be the family of all
closed subintervals of [0,1] with minimal element O = [0,0] and maximal
element I = [1,1] according to the partial order [, o/] < [3, 8] if and only
if o < B,a' < B defined on L for all [, /], [3,0] € L. An interval valued
fuzzy subset A of a hemiring R is a function A : R — L.

We write A(z) = [\ (x), AT (x)] C [0,1], for all z € R, where A\™, AT are
fuzzy subsets of R such that for each x € R, 0 < A~ (z) < AT (z) < 1. For
simplicity we write A = [A7, AT].

Let A C R. Then the interval valued characteristic function x4 of A is
defined to be a function x4 : R — L such that for all z € R

B =[1,1] if z € A,
XA(‘”_{ —10,0] ifz¢A

Clearly the interval valued characteristic function of any subset of R
is also an interval valued fuzzy subset of R. Note that yg(x) = I for all
z € R.
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For any two interval valued fuzzy subsets A and p of a hemiring R we
define

where

A (@)Vp~ () = sup{A~ (z), ™ ()}, A~ (2)Ap~ () = nf{A™ (2) , p~ (2)},

AT (@)vpt () = sup{AT (z), ut ()}, AT (@) Apt (2) = inf{AT (2), 1" (2)}.
For any two interval valued fuzzy subsets A and p of a hemiring R, A < p

if and only if A(z) < p(x), that is A~ (z) < p~ (z) and AT (z) < pt(z), for

all z € R.

Definition 3.1. [11] Let A and g be two interval valued fuzzy subsets
in a hemiring R. Then the h-intrinsic product of A and g is defined by

A (V@) A @) A A (A (@) A ),
MA@ p) (x) =supq o T
(. +(h, (o +(p
A (@) nwt @) A (@) nnt @),
for all z € R, if x can be expressed as x + X% a;b; + z = ¥}_;ajb} + 2, and

O if x cannot be expressed as  + X% a;b; + 2z = NU_jalb + 2.

An interval valued fuzzy subset A of a hemiring R is said to be idempotent
fAOA=A

Lemma 3.2. [11]| Let R be a hemiring and A, B C R. Then we have
(1) ACB «— xa<xs.,
(2) xa/AXB = XanB;
(3) XA ©XB=Xa5-

Definition 3.3. Let A be an interval valued fuzzy subset of a hemiring R.
Then A is said to be an interval valued fuzzy left (vesp. right) h-ideal of R
if and only if for all xz,y € R
() Az +y) > A() AA),
(1) A(zy) =2 A(y) (resp. A(xy

) = A(x))
(i) x+a+y=b+y— A(z)=> A

(a) ANX(b), for all a,b,z,y € R.

An interval valued fuzzy subset A : R — L is called an interval valued
fuzzy h-ideal of hemiring R if it is both, interval valued fuzzy left and right
h-ideal of R.

Definition 3.4. An interval valued fuzzy subset A of a hemiring R is called
an interval valued fuzzy h-bi-ideal of R if it satisfies (i), (i4i) and
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(iv) A(zy) > min {A(2),A(
(v) A(zyz) = min{\ (), A
for all z,y,z € R.
An interval valued fuzzy subset A of a hemiring R is called an interval
valued fuzzy h-quasi-ideal of R if it satisfies (7), (¢4i) and
(vi) AOR)A(ROA) <A

Y}
(2)}

Note that if A is any interval valued fuzzy left h-ideal (right h-ideal,
h-bi-ideal, h-quasi-ideal), then A (0) > A (z) for all z € R.

Lemma 3.5. A subset A of a hemiring R is an h-ideal (resp., h-bi-ideal, h-
quasi-ideal) of R if and only if xa is an interval valued fuzzy h-ideal (resp.,
h-bi-ideal, h-quasi-ideal) of R. O

Theorem 3.6. FEvery interval valued fuzzy right(left) h-ideal is interval
valued fuzzy h-quasi-ideal. O

Converse of the Theorem 3.6 is not true in general.

Example 3.7. Let Zg =ZT U {0}, R= {( CCL Z > ca,b,c,d € Zo} and

@= {( E)L 8 > e ZO} . Then R is a hemiring under the usual binary

operations of addition and multiplication of matrices, and @ is h—quasi-
ideal of R but Q is not left (right) h-ideal of R. Then by Lemma 3.5, the
characteristic function x¢ is an interval valued fuzzy h-quasi-ideal of R and
by Lemma 3.5, x¢ is not interval valued fuzzy left (right) h-ideal of R. O

Theorem 3.8. If X is an interval valued fuzzy right h-ideal and p an interval
valued fuzzy left h-ideal of a hemiring R, then A A\ p is an interval valued
fuzzy h-quasi-ideal of R.

Proof. Let x,y € R. Then

AAp)(z+y) =[A" (x+y)Au (+y), AT (x+y) Apt(z+y)]
= A (@) AN () Apm (@) Ap (), AT (@) AXF(y) A pt (2) A pt (y)]
= A" (x) Apm(x), AT(2) A (»”C)]A[A (y) A (y), A (y) A pt(y)]

=AAp)(z ) (AA 1)(y)-
Now (AAp) OR)AROAAR) KAOR)A(ROu) <AAp.
Next let a,b,z,z € R such that © + a + z = b+ z. Then

AN () =M (@) Ap~ (@), AT () A p ()]
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> V(@) A X (8) A (@) A = (8), A (a) A XHB) A (@) A+ (B)]
=" (a) Ap(a), A (a) A p(@)] ATAT(D) A ™ (B), AT(B) A (b))

— (AA (@) A A A ) (B).

Hence A A p is an interval valued fuzzy h-quasi-ideal of R. O

Theorem 3.9. Any interval valued fuzzy h-quasi-ideal of a hemiring R is
an interval valued fuzzy h-bi-ideal of R.

Proof. Let A be any interval valued fuzzy h-quasi-ideal of R. Then for all
z,y,2 € R, for all expressions xyz + %I a;b; + 2" = X_ a}b; + 2', we have

AMzyz) 2 (AOR)A(RON)(zyz) = (AOR) (zyz) A(R O N) (zyz)

sup{(Z\g—mi)) A AN @) (AN ) A (/Z\lwa;))}

1=

A Sup{(igf(b,.)) w(A ). (Ravoa) a(
0

A A+(b;.))}
> {A7(0) A AT (), AT(0) A >\+( )} A{AT(0) AAT(2), AT(0) AAT(2)}
(because zyz+0040 = x(yz)+0 and zyz+004+0 = (xy)z+0)
= Az) A A(2)
Similarly we can show that A\(zy) > A(z) A M(y) for all z,y € R. Hence
A is an interval valued fuzzy h-bi-ideal of R. O

—~

Converse of the Theorem 3.9 is not true in general.

Example 3.10. Let ZT and RT be the sets of all positive integers and
positive real numbers, respectively. And

— 00 a 01 + +
R—{<O O)}U{<b C).a,bER,cGZ },

_ 00 a 0 + +
{0 Y huf(2 0 Veavereezracil

— 00 a 0. + +
s {002 ) asemrcezansl

Then R is a hemiring under the usual binary operations of addition and
multiplication of matrices, and [ is right h-ideal and J is left h-ideal of R.
Now the product IJ is an h-bi-ideal of R and it is not an h-quasi-ideal of R.
Then by Lemma 3.5, the function x7s is an interval valued fuzzy h-bi-ideal
of R and it is not interval valued fuzzy h-quasi-ideal of R. O
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Theorem 3.11. Let A\ = [A",\T] be an interval valued fuzzy subset of
a hemiring R. Then X\ is an interval valued fuzzy h-ideal (h-bi-ideal, h-
quasi-ideal) of R if and only if A= and \T are fuzzy h-ideals (h-bi-ideals,
h-quasi-ideals) of R. O

Theorem 3.12. [11| A hemiring R is h-hemiregular if and only if for any
wnterval valued fuzzy right h-ideal A and interval valued fuzzy left h-ideal p
of R we have AOu=AAp. U

Theorem 3.13. For a hemiring R the following conditions are equivalent.
(1) R is h-hemiregular.
(11)) XS ANOR O, for every interval valued fuzzy h-bi-ideal of R.
(iii) NS AO RO A, for every interval valued fuzzy h-quasi-ideal of R.

Proof. (i) = (it) Let A be an interval valued fuzzy h-bi-ideal of R and
x € R. Then there exist a,a’, 2 € R such that z + zax + 2z = xa’z + 2. Then
for all expressions = + X7 a;b; + 2 = X7_,aib] + 2z, we have

AORON)(x)

m

A ((AOR)™ (@) AX~(5)) A

/N

AOR)~(d)) A )\—(b]f)),

1

)
. <.
>s1>=

=supq '
A (()\ ©R)* (i) AN (b)) A (()\ O R)*(d}) A A+(b;))
i=1 j=1
{(A OR) (xa) AX" () AN(AOR) (zd) AN () ,}
TAAOR)T (a) AT () AANOR)T (zd') AT (2)

= [(AOR)(za), NOR) (za)|A[ANOR) (xzd’), AOR) T (za ) AN (z), \T(2)]

sup { 7\1 A7(ei) AN\ AT(E), ‘7\1 AT (ci) A ./n\l )\Jr(c;»)} AN (z)

Jj=1 J

(for all za+X7" a;bi+2 = ¥7_ albi+2z and za’+ 52 ¢;di+2 = X7 cld+2)

< { A (zax) AN (zd'z) , AT (zax) AT (zd'z)] A }
7 [N (maz) AN (zd'z) , AT (zazx) A AT (zd'z)] A X(2)
(because xa+ razra+ za = xa'va+ za and xad' +vazra' + za' = xa'xvad' + za')
> [N\ (zaz) , AT (zax)] AN (zd'z) , AT (zd’z)] A XNz) = M(2).
Thus A< AORO A
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(79) = (d¢i) is straightforward because each interval valued fuzzy h-
quasi-ideal is an interval valued fuzzy h-bi-ideal.

(7i1) = (i) Let @ be any h-quasi-ideal of a hemiring R. Then by Lemma
3.5, Xq 1s an interval valued fuzzy h-quasi-ideal of R. Then by Lemma 3.2
and the hypothesis xg C xg ©R® xq = XORO" which implies Q C QRQ.
Also, as @ is an h-quasi-ideal, so QRQ C RQNQR C Q. Hence QRQ = Q.
Thus, by Lemma 2.3, R is h-hemiregular hemiring. O

Theorem 3.14. For a hemiring R, the following conditions are equivalent.
(i) R is h-hemiregular.
(1) AAp < ANOu for every interval valued fuzzy h-bi-ideal A and inter—
val valued fuzzy left h-ideal 1 of R.
(1i1) AN\ p < ANO p for every interval valued fuzzy h-quasi-ideal A and
interval valued fuzzy left h-ideal p of R.
(iv) AN p < AO pfor every interval valued fuzzy right h-ideal A and
interval valued fuzzy h-bi-ideal v of R.
(v) AAp < NGO p for every interval valued fuzzy right h-ideal X and
wnterval valued fuzzy h-quasi-ideal o of R.
(Vi) A puAv < AOpOv for every interval valued fuzzy right h-ideal
A, fuzzy h-bi-ideal p and interval valued fuzzy left h-ideal v of R.
(vii) A pAY < AOuOV for every interval valued fuzzy right h-ideal
A, interval valued fuzzy h-quasi-ideal p and interval valued fuzzy

left h-ideal v of R.

Proof. (i) = (ii) Let X be any interval valued fuzzy h-bi-ideal and p be
any nterval valued fuzzy left h-ideal of R. Since R is h-hemiregular, so for
any a € R there exist x1,z2, 2 € R such that a4+ axi1a+ 2 = axea+ 2. Thus
for all expressions a + X[ a;b; + z = X7_;ajb) + 2, we have
A (A (@) A b)) A A (A (@) Aum (),

A©u)(a) =supq 5 s
A (A*(ai) A /ﬁ(bi)) A A (A+(a;.) A ;ﬁ(b;))

j=1

i=1

= [\ (a), AT ()] A [

(z1a), p (z1a)] A [u™ (220) , ' (z20)]
(because a + azria + z = axza + 2)
=\ (a), AT (@) A [ (a), 17 (a)] 2 A(a) Ap(a) = (AAp)(a).
SoAOpu = AA p.
(74) = (i7) By Theorem 3.9.
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(7i1) = (i) Let X be an interval valued fuzzy right h-ideal and u be an
interval valued fuzzy left h-ideal of R. Since every interval valued fuzzy right
h-ideal is interval valued fuzzy h-quasi-ideal, so by (iii) we have AOu > AAp.
But A® p < AA pu. Hence A® . = A A pu for every interval valued fuzzy
right h-ideal X\ of R, and for every interval valued fuzzy left h-ideal p of R.
Thus by Theorem 3.12, R is h-hemiregular.

Similarly we can prove (i) = (iv) = (v) = (7).

(i) = (vi) Let A be any interval valued fuzzy right h-ideal, p be
an interval valued fuzzy h-bi-ideal and v be an interval valued fuzzy left
h-ideal of R. Since R is h-hemiregular, so for any a € R there exist
1,9,z € R such that a + axia + z = axoa + z. Then for all expres-
sions a + X" a;ib; + 2z = E;‘:lagbg + z, we have

A (@ @)rv®)A A ((Ae m(@)av ),
(ouev)(a) = supg T =
A (@ Had A v ) a A (3o pHa)Avie)
i=1 j=1
> (Ao p)(a) AvT(21at) AvT(@2a), (A © p)(a) AvF(z1a) AvT(z20)]
=[Aou(a), Aop) (@] A (z1a), v (z10)] A v (220), 17 (220)]
= (Ao p)(a) ANv(zia) Av(z2a)

A (@) ar @) A A (@) A (#),
A (e it @) A A (36 A 0))

(for all expressions a + ¥ a;b; + z = X_; b + z)
> (A (az1) AN (az2) A p~(a), A\t (az1) A AT (axe) A pt(a)] Av(a)

= Aax1) AA(az2) A p(a) Av(a) = Na) Ap(a) Av(a) = (AApAv) (a).
Thus AApAv < A0 uov.

Av(a)

(vi) = (vii) Obvious.
(vii) = (i) Let A be any interval valued fuzzy right h-ideal, and v be
an interval valued fuzzy left h-ideal of R. Then
ANV=AARAVSAOROV<AOV]
But A © v < AA v always holds. Hence A ® v = A A v for every interval

valued fuzzy right h-ideal A and for every interval valued fuzzy left h-ideal
v of R. Thus by Theorem 3.12, R is h-hemiregular. O
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Theorem 3.15. A hemiring R is h-hemiregular if and only if
(1) every interval valued fuzzy right and interval valued fuzzy left h-ideal
of R are idempotent,
(7i) for any interval valued fuzzy right h-ideal X and for any interval
valued fuzzy left h-ideal p of R, A ® p is an interval valued fuzzy
h-quasi-ideal of R.

Proof. Assume R is h-hemiregular and let A be an interval valued fuzzy left
h-ideal of R. Then NOAS<ROAILA

Also as R is h-hemiregular, so for any a € R there exist z1,22,2 € R
such that a+ax1a+2 = axsa+z. Then for all expressions a+X" a;b;+2z =
¥ _,aib; + z, we have

n

(A—(a,-) A )\—(bi)> A A (A—(ag) A A—(b;)),

1 J=
1 ()\+(a,~) A )\+(bi)) A /:\1 (A+(a;) A A*(b;-))

AT (z1a) , AT (z1a)] A [N (220) , AT (220)]
(because a + aria + z = axsa + 2)

> A7 (a), AT (@] A A7 (), AT (a)] = A(a) AX(a) = A(a),
that is, A\G A =2 X. Thus A\© A = A

Similarly we can prove for interval valued fuzzy right h-ideal of R. Hence
(7) holds. Now let A be any interval valued fuzzy right h-ideal and p be any
interval valued fuzzy left h-ideal of R, then by Theorem 3.12, A\Opu = AA .
Then by Theorem 3.8, A ® p is interval valued fuzzy h-quasi-ideal of R.
Hence (7i) holds.

Conversely, assume that (i) and (é¢) holds. Let I be any right h-ideal of
R. Then by Lemma 3.5, x7 is interval valued fuzzy right h-ideal of R. Now
by using Lemma 3.2, and hypothesis x; = x; ©® x; = X7z, which implies
I =1?. So Iis an idempotent.

Now let I be any right h-ideal and L be any left h-ideal of R. Then by
using Lemma 3.2, and hypothesis x77 = x7 © Xz is an h-quasi-ideal of R.
Thus by Lemma 3.5, IL is an h-quasi-ideal of R. Hence by Lemma 2.4, R
is h-hemiregular. O

>3

(A©A)(a) =sup{*

>3

)

> [\ (a), A\ (a

~—

Theorem 3.16. A hemiring R is h-intra-hemiregular if and only if for any
interval valued fuzzy left h-ideal A and any interval valued fuzzy right h-ideal
pwof RRAANU<SAO p.
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Proof. Assume that R is an h-intra-hemiregular hemiring, A is an inter-

val valued fuzzy right h-ideal and p an interval valued fuzzy left h-ideal

of R. Now as R is h-intra-hemiregular, so for any * € R, there exists
/ / m 2/ _ n 21/

ai,aj, b, b5,z € R such that z + 3% a;a®aj + 2 = 37 bzt + 2. Then

for all such expressions

A (@ aumoa) n A (@) ),

Ao p)(z) =supqn
A (A (@) A (0) A

i=1

(x(a;.) A u*(b;.)

<

3 £>:

m

A (A (@) A (a)))

A (A~ () A (b)),

A (W) na a) n A (N ) e (a0))

(because = + >, (a;z)(waj) + 2 = 3 °7_, (bjz)(xd]) + 2)

> [(A" @) Ap (2), (AT (@) At (@)] = (A A p) (),
which shows AA u < A ® p.

Conversely, let I and J be any left and right h-ideals of R, respectively.
Then by Lemma 3.5, the characteristic functions y; and x; are interval
valued fuzzy left h-ideal and interval valued fuzzy right h-ideal of R, re-
spectively. Then by hypothesis and Lemma 3.2, we have

>
>

.
—

Xing = X1 AN X7 € X1 O XJ = X717
which implies I N J C IJ. Lemma 2.6 completes the proof. ]

Theorem 3.17. The following conditions are equivalent for a hemiring R.
(i) R is both h-hemiregular and h-intra-hemiregular.
(1) X=AXOAX for every interval valued fuzzy h-bi-ideal A of R.
(iii) N=AXOX for every interval valued fuzzy h-quasi-ideal \ of R.

Proof. (i) = (ii) Let A be an interval valued fuzzy h-bi-ideal of R and

x € R. Then as R is both h-hemiregular and h-intra-hemiregular, so there

exist elements a1, az, p;,p;, qj,q;, 2 € R such that

a4+ (Tasgiz)(vqjarz)+3 77 (zaigiz) (zqjaze )+ 0" (varpiz) (zp/arx)

+> i (wagpix) (wp]asw)+2 =) 1" (zagpix) (xpiarz)+> " | (varpix) (xp]azz)
+ > 51 (zargir)(zqiarw) + 370 (vazqjr)(zqjazr) +2 (see Lemma 5.6 [13]).

Now for all expressions  + X[ a;b; + 2 = ¥_,a}b} + z, we have
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(@) A ))A/\( ~(d! }

(A (@) A X (i) A /\( ) AN

A
(A® N)(x) = sup =1
A

i=1
,

>3l>s

()F(a:alpim) A X (zplaiz) AN (zagpiz) AN~ (xp]asx )

\%
I

(/\_(a:agqjx) AA(zqfarx) A A" (zargiz) A A~ (zgjaze )/\

<)\+(xa2qj ) AT (zgjarz) AXT (zargjz) A XF (zgjage) | A

||'>SE>3

=
—_

()\+(xa1p z) AT (zplarz) A AT (zagpix) A AT (zp) agaz))

> [A7(2), AT (2)] = A(=).
But as AOA< A, s0 A0 A=A
(74) = (i1i) is straightforward by Theorem 3.9.

(79i) = (i) Let @ be an h-quasi-ideal of R. Then by Lemma 3.5, xq is
an interval valued fuzzy h-quasi-ideal of R. Thus by hypothesis and Lemma
3.2, we have xg = xo®Oxg = Xgz- This implies Q = Q2. Hence, by Lemma
2.7, R is both h-hemiregular and h-intra-hemiregular. O

Theorem 3.18. The following conditions are equivalent for a hemiring R.
(i) R is both h-hemiregular and h-intra-hemireqular.
(11) AN p < XOp for all interval valued fuzzy h-bi-ideals A and p of R.
(ii1) AANg < AOp for every interval valued fuzzy h-bi-ideal A and
every interval valued fuzzy h-quasi-ideals p of R.
(iv) AN g < AO p for every interval valued fuzzy h-quasi-ideal A and
every interval valued fuzzy h-bi-ideals p of R.
(v) AANg < AO p for all interval valued fuzzy h-quasi-ideals A and p
of R.

Proof. (i) = (ii) Similarly as in the previous proof.

(13) = (1ii) = (v) and (i1) = (iv) = (v) are straightforward.

(v) = (i) Let A be an interval valued fuzzy left h-ideals of R and p be an
interval valued fuzzy right h-ideal of R. Then A and p are interval valued
fuzzy h-quasi-ideals of R. So by hypothesis AAu < AOu. But AAu > Ao up
(see |11]). Thus AAp = A® pu. Hence by Theorem 3.12, R is h-hemiregular.
On the other hand by hypothesis we also have A p < /\Q,u So by Theorem
3.16, R is h-intra-hemiregular. O
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