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On fuzzy ordered semigroups
Niovi Kehayopulu and Michael Tsingelis

Abstract. There are two equivalent definitions of a fuzzy right ideal, fuzzy left ideal, fuzzy
bi-ideal or fuzzy quasi-ideal f of an ordered semigroup (or a semigroup) S in the bibliography.
The first one is based on the fuzzy subset f itself, the other on the multiplication of fuzzy sets
and the greatest fuzzy subset of S. Investigations in the existing bibliography are based on the
first definition. The present paper serves as an example to show that using the second definition
the proofs of the results can be simplified, drastically in some cases, using only the definitions
themselves.

1. Introduction and prerequisites

As we have seen in [6], there are two equivalent definitions for each of the following:
Fuzzy right ideal, fuzzy left ideal, fuzzy bi-ideal and fuzzy quasi-ideal. These are
the following;:

Definition 1.1. Let (S,.,<) be an ordered groupoid. A fuzzy subset f of S is
called a fuzzy right ideal of (S, ., <) (or just a fuzzy right ideal of S) if

(1) f(zy) > f(x) for all z,y € S and

(2) if z <y, then f(x) = f(y).

Definition 1.2. Let (S,.,<) be an ordered groupoid. A fuzzy subset f of S is
called a fuzzy right ideal of S if

(1) fol < f and

(2) if z <y, then f(z) > f(y).

Definition 1.3. Let (S,.,<) be an ordered groupoid. A fuzzy subset f of S is
called a fuzzy left ideal of S if

(1) f(zy) = f(y) for all z,y € S and

(2) if z <y, then f(z) > f(y).

Definition 1.4. Let (S,.,<) be an ordered groupoid. A fuzzy subset f of S is
called a fuzzy left ideal of S if

(1) 1o f = f and

(2) if z <y, then f(z) > f(y).
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Definition 1.5. Let (5,., <) be an ordered semigroup. A fuzzy subset f of S is
called a fuzzy bi-ideal of S if

(1) f(xyz) = min{f(z), f(2)} for all z,y,z € S and

(2) if z <y, then f(x) > f(y).

Definition 1.6. Let S be an ordered semigroup. A fuzzy subset f of S is called
a fuzzy bi-ideal of S if

(1) folof < f and

(2) if z <y, then f(x) = f(y).

Definition 1.7. Let (S,.,<) be an ordered groupoid. A fuzzy subset f of S is
called a fuzzy quasi-ideal of S if

(1) if # < bs and = < tc for some z,b,s,t,c in S, then f(z) > min{f(b), f(¢)}
and

(2) if x <y, then f(x) > f(y).

Definition 1.8. Let (S,.,<) be an ordered groupoid. A fuzzy subset f of S is
called a fuzzy quasi-ideal of S if

(1) (fel)A(Lof) = fand

(2) if z <y, then f(x) > f(y).

A fuzzy subset f of (S,.,<) is said to be a fuzzy right (resp. left) ideal, fuzzy
bi-ideal or fuzzy quasi-ideal of (S,.) if the following assertions, respectively hold
in (S,.,<): f(zy) > f(x) (resp. f(zy) > f(9)); flzyz) > mind f(z), F()}; o < bs
and z < te imply f(x) > min{f(b), f(c)}.

Definitions 1.1, 1.3, 1.5 and 1.7 are based on the fuzzy subset f itself while in
1.2, 1.4, 1.6, 1.8 the greatest fuzzy subset 1 of S and the multiplication of fuzzy
subsets play an essential role. Investigations in the existing bibliography are based
on Definitions 1.1, 1.3, 1.5 and 1.8. Definition 1.7 has been first introduced by
Kehayopulu and Tsingelis in [6]. The present paper serves as an example to show
that with Definitions 1.2, 1.4, 1.6, 1.8 the proofs of the results can be simplified,
drastically is some cases, using only the definitions themselves.

It has been announced without proof in [7] that an ordered semigroup (.5, ., <)
is intra-regular if and only if for every fuzzy right ideal f, every fuzzy left ideal g
and every fuzzy bi-ideal h of (5, ., <), we have fAhAg = goho f and that it is both
regular and intra-regular if and only if for every fuzzy right ideal f, every fuzzy
left ideal g and every fuzzy bi-ideal h of (S,.,<), we have fAhAg < ho fog.
Some more general situations are given in the present paper. According to the
present paper, if an ordered semigroup (S5, .,<) is intra-regular, then for every
fuzzy right ideal f, every fuzzy left ideal g and every fuzzy bi-ideal h of (S, .), we
have fARAg = goho f. If an ordered semigroup (S, ., <) is both regular and intra-
regular, then for every fuzzy right ideal f, every fuzzy subset g and every fuzzy
bi-ideal h of (S,.), we have f AhAg < ho fog. We also prove that if an ordered
semigroup (S, .,<) is regular, then for every fuzzy right ideal f, every fuzzy left
ideal g and every fuzzy bi-ideal h of (S,.) we have fAhAg = fohog. "Conversely",
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if for every fuzzy right ideal f, every fuzzy left ideal g and every fuzzy bi-ideal h
of (S5,.,<) we have f AL Ag <X fohog, then S is regular. Characterizations of
regular and both regular and intra-regular ordered semigroups in terms of fuzzy
sets have been also given by Xie in [8].

Let (5, .,<) be an ordered semigroup. For a subset A of S, denote by (A] the
subset of S defined by

(Al :={t e S|t < aforsomeac A}.

A nonempty subset A of (S,.,<) is called a left (resp. right) ideal of (S,.,<) (or
just of S) if (1) SA C A (resp. AS C A) and (2) if a € A and S 3 b < a, then
be A. Ais called a bi-ideal of S if (1) ASAC Aand (2)ifa€ Aand S>b<aq,
then b € A. It is called a quasi-ideal of S if (1) (SA]N(AS]C Aand (2)ifac A
and S 3 b < a, then b € A. A nonempty subset A of (S,.,<) is said to be a left
ideal, right ideal, bi-ideal or quasi-ideal of (.S, .) if the relations SA C A, AS C A,
SAS C Aor (AS] N (SA] C A, respectively hold in S. An ordered semigroup
(S, .,<) is called regular if for every a € S there exists z € S such that a < aza.
Equivalently, if A C (ASA] for every A C S. It is called intra-regular if for every
a € S there exist ¥,y € S such that a < za?y. Equivalently, if A C (SA2S] for
every ACS.

Denote by 1 the fuzzy subset of S defined by 1:S — [0,1] | a — 1. The fuzzy
set 1 is the greatest element in the set of fuzzy subsets of S, that is, f < 1 for
every fuzzy subset f of S. If S is a regular or an intra-regular ordered semigroup,
then we have 101 = 1. It is well known that an ordered semigroup S is regular
if and only if for every fuzzy right ideal f and every fuzzy left ideal g of (.S, ., <),
we have f Ag = fog equivalently fAg <X fog[4]. It is intra-regular if and
only if for every fuzzy right ideal f and every fuzzy left ideal g of (S, ., <), we have
fAg=gof][7. Moreover, an ordered semigroup S is regular if and only if for
every fuzzy subset f of S, we have f < folo f[6]. It is intra-regular if and only
if for every fuzzy subset f of S, we have f < 10 f201 [5]. If (S, ., <) is an ordered
groupoid, f,g fuzzy subsets of (S,.) and f < ¢ then, for any fuzzy subset h of
(S,.), we have foh <gohand ho f < hog (cf. also [4]). It is also well known
that if S is a semigroup or an ordered semigroup, then the multiplication of fuzzy
subsets of S is associative (cf. [3]). For the definitions and notations not given in
the present paper we refer to [4].

2. Main results

The first theorem characterizes the ordered semigroups which are intra-regular
in terms of fuzzy sets. Let us prove it using first the first and then the second
definitions.

Theorem 2.1. Let (S,., <) be an ordered semigroup. If S is intra-regular, then
for every fuzzy right ideal f, every fuzzy left ideal g and every fuzzy bi-ideal h of
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(S,.) we have
fARNg=gohof.

"Conversely", if for every fuzzy right ideal f, every fuzzy left ideal g and every
fuzzy bi-ideal h of (S, ., <) we have fAhAg = gohof, then (S, ., <) is intra-regular.

Proof of Theorem 2.1 using the Definitions 1.1, 1.3, 1.5

We need the following lemmas. As our aim is to compare the two definitions,
we would like to mention everything we use in the proofs. In that sense, for the
sake of completeness, it is no harm to mention the next lemma related to the real
numbers, as well.

Lemma 2.1. If a,b,c,d, e, f are real numbers, then

(1) If a = b and ¢ > d, then min{a, c} > min{b, d}.

(2) min{min{a, b}, ¢} = min{a, b, c}.

B)Ifazb,c>d ande > f, then min{a,c,e} > min{d,d, f}.
Lemma 2.2. (cf. also |2; Proposition 2|) Let (S,.,<) be an ordered groupoid. If
A is a left (resp. right) ideal of (S,.,<), then the characteristic function fa is a
fuzzy left (resp. fuzzy right) ideal of (S,.,<). "Conversely”, if A is a nonempty
set and fa a fuzzy left (resp. right) ideal of (S, ., <), then A is a left (resp. right)
ideal of (S, .,<).

Lemma 2.3. (cf. also [7; Lemma 4]) Let (S,.,<) be an ordered semigroup. If B
is a bi-ideal of (S,.,<), then the characteristic function fp is a fuzzy bi-ideal of
(S,.,<). "Conversely”, if B is a nonempty set and fp a fuzzy bi-ideal of (S, .,<),
then B is a bi-ideal of (S, ., <).

Lemma 2.4. [4; Proposition 7] If S is an ordered groupoid (or groupoid) and
{A; | i €I} a nonempty family of subsets of S, then we have

/\fA,;me A

iel el

Lemma 2.5. Let S be an ordered semigroup, n a natural number, n > 2 and
{A1,As,..., Ay} a set of nonempty subsets of S. Then we have

Ja,ofa, 0.0 fa, = flaa,..4,

Proof. For n = 2 it is true [4; Proposition 8]. Suppose fa, © fa, 0...0 fa, =
f(A,45...4,,) for a natural number m, m > 2. Then we have

Jayofa, 00 fa, 0 = fa140..4,,) © fAmir = f(A1 A2 A ] As]

= [z An) Ain] = f(A1 454,11
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Lemma 2.6. [4; Proposition 5] If S is an ordered groupoid (or groupoid) and A, B
subsets of S, then we have

ACB << fa=fB.

Taking into account the Proposition 2 and Lemma 2 in [1], one can easily see that
the following lemma is satisfied:

Lemma 2.7. Let (S,.,<) be an ordered semigroup. If (S,.,<) is intra-regular,
then for every right ideal X, every left ideal Y and every bi-ideal B of (S,.) we
have

XNBNY C (YBX].

"Conversely”, if for every right ideal X, every left ideal Y and every bi-ideal B of
(S,.,<) we have X N BNY C (YBX], then S is intra-regular.

Proof of Theorem 2.1

—>. Let f be a fuzzy right ideal, g a fuzzy left ideal, h a fuzzy bi-ideal of (S, .),
and a € S. Since (S, ., <) is intra-regular, there exist ,y € S such that a < xa?y.
Then we have

a < z(za’y)(za’y)y = 2°a’yra’y?,

which implies (z2a%yza,ay?®) € A, ........ (x) and A, # . Then we have

(goh)o f)a):= \/ minf(goh)(u), f(v)} (since A, # 0)

(u,v)€EAL
> min{(g o h)(z*a’yza), f(ay®)} (by (x)).
Since (z%a, ayzra) € Ay242y0q, We have A, 2,2,,, # 0, hence
(g o h)(z*a’yzxa) : = \/ min{(g(w), h(t)}
(w,t)EA,

> min{g(z2a), h(ayza)}.
Then, by Lemma 2.1(1) and (2), we have
((goh)o f)(a) > min{min{g(z>a), h(aywa)}, f(ay®)}

= min{g(z*a), h(ayza), f(ay®)}
= min{f(ay?®), h(ayza), g(x*a)}

Since f is a fuzzy right ideal of (S,.), we have f(ay?) > f(a). Since h is a fuzzy
bi-ideal of (.5, .), we have h(ayxa) > h(a). Since g is a fuzzy left ideal of (5, .), we
have g(z%a) > g(a). Then, by Lemma 2.1(3), we have

((goh) o f)(a) = min{f(a),h(a),g(a)} = (f N Ag)(a).
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As the multiplication of fuzzy subsets is associative, we obtain f AhAg <X goho f.

<. Let X be aright ideal, Y a left ideal, and B a bi-ideal of (5, ., <). By Lemma
2.7 it is enough to prove that X N BNY C (Y BX]. By Lemmas 2.2 and 2.3, fx
is a fuzzy right ideal, fy a fuzzy left ideal and fp a fuzzy bi-ideal of (S,.,<).
By hypothesis, we have fx A fg A fy = fy o fg o fx. By Lemma 2.4, we have

Ix NfB N fy = fxapny. By Lemma 2.5, fy o fgo fx = fypx)- Hence we have
fxnBny = f(YBX]' Then, by Lemma 2.6, XN BNY C (YBX} U

Proof of Theorem 2.1 using the Definitions 1.2, 1.4, 1.6

—>. Let f be a fuzzy right ideal, g a fuzzy left ideal, h a fuzzy bi-ideal of (S, .).
Since f A h A g is a fuzzy subset of S and S is intra-regular, we have

fARNg=1o(fARNGg ol=10(fAhAg)o(fAhAg)ol
<lolo(fAhAg)PPololo(fAhAg)?olol
=1lo(fARANg)o(fARNg)olo(fARANG)o(fARNgG)ol
< (log)o(holoh)o(fol)
<gohof.
<. Let f be a fuzzy right ideal and g a fuzzy left ideal of (S,.,<). Since 1

is a fuzzy right ideal and f a fuzzy bi-ideal of (S, ., <), by hypothesis, we have
fANg=1ANfAg=gofol=<gof, soS isintra-regular. |

The next theorem characterizes the ordered semigroups which are both regular
and intra-regular using fuzzy sets.

Theorem 2.2. Let (S,.,<) be an ordered semigroup. If S is both regular and
intra-regular, then for every fuzzy right ideal f, every fuzzy subset g and every
fuzzy bi-ideal h of (S,.) we have

fAhRNg=hofog.

"Conversely”, if for every fuzzy right ideal f, every fuzzy left ideal g and every
fuzzy bi-ideal h of (S, .,<) we have f AhAg <X ho fog, then S is both regular and
intra-reqular.

Proof of Theorem 2.2 using the Definitions 1.1, 1.3, 1.5

In addition to Lemmas 2.1-2.6 mentioned above, we need the following lemma.

Lemma 2.8. (cf. also [1; Proposition 3]) Let (S, .,<) be an ordered semigroup. If
(S, .,<) is both regular and intra-regular, then for every right ideal X, every subset
Y and every bi-ideal B of (S,.) we have

XNBNY C (BXY].
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"Conversely", if for every right ideal X, every left ideal Y and every bi-ideal B of
(S,.,<) we have X N BNY C (BXY], then (S,.,<) is both regular and intra-
regular.

Proof of Theorem 2.2

=>. Let f be a fuzzy right ideal of (S,.), g a fuzzy subset of S, h a fuzzy bi-ideal
of (S,.), and a € S. Since S is regular, there exists x € S such that a < aza.
Since S is intra-regular, there exist z,y € S such that a < za?y. Then we have

a < az(aza) < ax(za®y)za = axza’yza,

(azza’yx,a) € A,, Aq # 0, and

(hoflogia):= \/ min{(hof)(u),g(v)}

(u,v)EA,
> min{(h o f)(axza’yz), g(a)}.

Since (azza,ayr) € Agyzq2ys, We have Ayy.q2,, # 0, and

(ho fazza’yx): = \/  min{h(w), f(1)}

(w,t)EA,

zza2yax

> min{h(azza), f(ayx)}.
Hence we obtain

((ho f)og)(a) =2 min{min{h(azza), f(ayz)}, g(a)}
= min{h(azxza), f(ayz),g(a)}

Since h is a fuzzy bi-ideal, f a fuzzy right ideal and g a fuzzy subset of S, we
obtain

((ho f)og)(a) > min{h(a), f(a),g(a)} = (f A A g)(a).
<. Let X be a right ideal, Y a left ideal and B a bi-ideal of (S, .,<). Since fx
is a fuzzy right ideal, fy a fuzzy left ideal and fp a fuzzy bi-ideal of (S, ., <), by

hypothesis, we have fx A fg A fy = fpo fx o fy. Then fxapny = f(Bxy], and
XNBNY C (BXY]. By Lemma 2.8, S is both regular and intra-regular. O

Proof of Theorem 2.2 using the Definitions 1.2, 1.4, 1.6

=—. Since S is both regular and intra-regular, for any fuzzy subset f of S, we
have f < folo f201lo f. Indeed: Since S is regular, we have f < folo f. Since
S is intra-regular, we have f < 10 f2 o 1. Thus we have

f=(folof)olof=<folo(lof?ol)olof
:folof2olof,
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Let now f be a fuzzy right ideal, g a fuzzy subset and h a fuzzy bi-ideal of (S,.).
Since f A h A g is a fuzzy subset of S, we have

fARANGS(fARANG)olo(fARNG)o(fARNg)olo(fARAg)
(holoh)o(fol)og

=
Zhofogy.

<. Let f be a fuzzy right and g a fuzzy left ideal of (5, ., <). Since 1 is a fuzzy
right ideal of (5,.,<) and f a fuzzy bi-ideal of (S, ., <), by hypothesis, we have
fAg=1AfAg = folog =X fog, and S is regular. Since g is a fuzzy bi-ideal and 1 a
fuzzy left ideal of (5, ., <), by hypothesis, we have fAg = fAgAl <X gofol <X gof,
and S is intra-regular. O

We finally characterize the ordered semigroups which are regular in terms of fuzzy
sets.

Theorem 2.3. Let (S,.,<) be an ordered semigroup. If S is regular, then for
every fuzzy right ideal f, every fuzzy left ideal g and every fuzzy bi-ideal h of (S,.)
we have

fARNg= fohog.

"Conversely", if for every fuzzy right ideal f, every fuzzy left ideal g and every
fuzzy bi-ideal h of (S,.,<) we have f AhAg = fohog, then S is reqular.

Proof of Theorem 2.3 using the Definitions 1.1, 1.3, 1.5

In addition to Lemmas 2.1-2.6, we need the following lemma.

Lemma 2.9. (cf. also [1; Proposition 1]) Let (S, ., <) be an ordered semigroup. If
S is regular, then for every right ideal X, every left ideal Y and every bi-ideal B of
(S,.) we have

XNBNY C (XBY].

"Conversely"”, if for every right ideal X, every left ideal Y and every bi-ideal B of
(S,.,<) we have X N BNY C (XBY], then S is regular.

Proof of Theorem 2.3

—>. Let f be a fuzzy right ideal, g a fuzzy left ideal, h a fuzzy bi-ideal of (S, .),
and a € S. Then a < aza < (aza)z(aza) for some z € S. Then (axaza,za) € A,,
and

(fohyog)(a):= \/ min{(foh)(u),g(v)}

(u,v)EA,
> min{(f o h)(azazxa), g(xa)}.
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Since (azx,azxa) € Agzaza, We have

(fon)(azaza): = \/  min{(f(w), h(t)}
(w,t)€Aazaza

> min{ f(az), h(aza)}.
Then we have

((f o h) 0 g)(a) = min{min{f(ax), h(azxa)}, g(za)}
= min{ f(ax), h(aza), g(za)}
= min{f(a), h(a), g(a)}
= (f AR Ag)(a).
Hence we obtain fAhRAg =X fohog.

<. Let X be a right ideal, Y a left ideal, and B a bi-ideal of (5, ., <). Then fx
is a fuzzy right ideal, fy a fuzzy left ideal and fp a fuzzy bi-ideal of (S, .,<). By
hypothesis, we have fx A fg A fy = fx o fgo fy. Since fx A fB A fy = fxnBny

and fy o fp o fx = fvpx], we have fxnpny = f(ypx)- Then, by Lemma 2.9,
XNBNY C (XBY], and S is regular. O

Proof of Theorem 2.3 using the Definitions 1.2, 1.4, 1.6

—. Let f be a fuzzy right ideal, g a fuzzy left ideal, h a fuzzy bi-ideal of (S, .).
Since S is regular and f A h A g a fuzzy subset of .S, we have

fARANGS(fARANG)olo(fARAg)
X (fARANg)olo(fARANg)olo(fARANg)olo(fARAg)
=< (fol)o(holoh)o(log)
< fohog
<. Let f be a fuzzy right ideal and g a fuzzy left ideal of (.5,., <). Since 1 is a

fuzzy bi-ideal of (.5, ., <), by hypothesis, we have fAg = fAIAg X fo(log) <X fog,
and S is regular. g

As a conclusion, we have the following

Theorem. An ordered semigroup S is intra-regqular (resp. regular) if and only if
for every fuzzy right ideal f, every fuzzy left ideal g and every fuzzy bi-ideal h of
S we have f AhANg < gohof (resp. fARNg = fohog). Itis both regular
and intra-regular if and only if for every fuzzy right ideal f, every fuzzy left ideal
g and every fuzzy bi-ideal h of S, we have f AhANg<ho fog.
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