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The spectrum of a variety of modular groupoids

Robert A. R. Monzo

Abstract. We prove that the spectrum of the variety of idempotent, right modular and anti-
rectangular groupoids consists of all powers of four. We also prove that any finite or countable
groupoid anti-isomorphic to a groupoid in that variety is isomorphic to it. Finally, it is proved
that, to within isomorphism, there is only one countable groupoid in that variety and that it is

isomorphic to a proper subgroupoid of itself.

1. Introduction

Kazim and Naseeruddin studied a groupoid variety consisting of what they called
left almost semigroups, groupoids satisfying the equation zy - z = zy - = [9]. Such
groupoids have also been referred to as left invertive [5], Abel-Grassmann’s [8,
10, 11, 12, 14, 15, 16] and right modular [7]. Various aspects of these groupoids
have been studied over the years, such as partial ordering and congruences [6],
inflations [15], idempotent structure [14], zeroids and idempoids [12], structure of
unions of groups [10], power groupoids and inclusion classes [11] simplicity [7] and
combinatorial chacterization [1].

In this paper we study the variety I N RM N AR of idempotent, right modular,
anti-rectangular groupoids, the collection of groupoids that satisfy the equations
=22, 2y -2=2zy-z and zy - = y. These groupoids also satisfy the equation
x-yz = z - yx and are therefore modular. They were called anti-rectangular AG-
bands in [14] and are also known, perhaps more commonly, as affine spaces over
GF(4) [1, 4]. The main result of this paper is that there is, up to isomorphism,
exactly one groupoid of order 4™ in INRM N AR for each n € {0,1,2,...} and that
there are no finite groupoids in I N RM N AR of any other orders. We also prove
that, up to isomorphism, there is only one countable groupoid in I N RM N AR
and that it is isomorphic to a proper subgroupoid of itself.

2. Preliminary definitions, notation and results
We use G, H, J,... to denote groupoids, xy or = - y to denote the product of = on

the left with y on the right. For example, (zy-2)-yz = [(z-y) - 2] (y-2). The
varieties of idempotent and anti-rectangular groupoids are denoted by I and AR
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and are the collection of groupoids satisfying the equations = z? and zy -z =y
respectively.

The set of orders of the finite algebras in a groupoid variety V is called the spec-
trum of V. We will denote this by sp(V). T. Evans [3] showed that the spectrum
of the groupoid variety defined by the equation zy-yz = y is the set {n? : n € N}.
Evans generalised this result and obtained, for each positive integer n € N, a va-
riety of groupoids having as spectrum all nt® powers [2]. The main result in this
paper, referred to in the introduction above, is that the spectrum of TN RM N AR
is {4" :n e NU{0}}.

There is another reason to study the structure of groupoids in I N RM N AR.
Let RM denote the variety of right modular groupoids determined by the equation
xy -z = zy - x. Proti¢ and Stepanovi¢ [14] proved that any idempotent, right
modular groupoid G is an idempotent, right modular groupoid Y of members of
INRM N AR. In other words,

Lemma 2.1. [14, Theorem 2.1]

If G € INRM, then there exists a groupoid Yo € INRM such that G is a disjoint
union of groupoids G, (a € Yg), GaGs C Gop (o, 3 € Y) and G, € INRMNAR
(Oé S Yg).

So, the finite members of I N RM N AR are basic building blocks of the finite
members of INRM. As we shall see, the basic building block of the finite members
of IN RM N AR is the following groupoid T4 of order 4, called Traka 4 in [14]. It
is isomorphic to any groupoid generated by any two distinct elements, a and b say,
of any member of I N RM N AR and, therefore, Ty € I N RM N AR (see Lemma
2.4 below). The multiplication table of Ty is:

Tyl a| b |ab| ba
a | a |ab|bal| b
b |[ba| b | a|ab

ab | b |ba|ab| a

ba |ab| a | b | ba

We will also show that if G € IN RM N AR and |G| = 4™ then G consists of
47~ disjoint copies of T4 (see Corollary 3.8). Some of the following results will
be used throughout this paper. Several of the proofs are straightforward and are
omitted.

Lemma 2.2. [13] If G € RM, then G satisfies the identity xu - vy = v - uy.
Lemma 2.3. If G € IN RM N AR. then G satisfies the identity x - yz = z - yx.
Proof. z-yr=(yx-2)-z2=(2x-y) - z=[zx-(2y-2)] -z =

Sz 2y) - @) 2= (2ow2) - (2o 2g) =[5y 2) - ) = - yz. O

Lemma 2.4. Let G € I N RM N AR with {c,d} C G and ¢ # d. Then the
subgroupoid (c,d) of G generated by c and d is isomorphic to T4. One isomorphism
s given by the mapping ¢ — a, d — b, cd — ab and dc — ba.
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Lemma 2.5. Any two distinct elements of T4 generate Ty.

Lemma 2.6. Any bijection on Ty is either an isomorphism or an anti-isomorphism.
Four-cycles and two-cycles are anti-isomorphisms and the identity mapping, three-
cycles and products of two-cycles are isomorphisms.

Lemma 2.7. Any groupoid anti-isomorphic to Ty is isomorphic to Ty4. In partic-
uwlar, if ® : Ty — G is an anti-isomorphism, then the mapping a — Pa, b — b,
ab — ®(ba) and ba — ®(ab) is an isomorphism.

Lemma 2.8. Suppose that H and K are subgroupoids of G € IN RM N AR and
that H 2Ty = K. Then either H=K, HNK =0 or HN K = {c}.

Notation 2.9. G = H [G=H| will denote that G and H are isomorphic |anti-

isomorphic].
Lemma 2.10. If G € INRM N AR and G=H, then H € I N RM N AR.

Proof. Let ® : G — H be an anti-isomorphism. Then it is straightforward to
show that H is an idempotent groupoid that satisfies the equation xy -z = y.
Let {h1,ho,hs} C H. Then there exists {g1, 92,93} C G such that h, = &g;, ¢ €
{1,2,3}. Using Lemma 2.3, hihs - hg = (Dg1) (Pg2) - (Pgs) = D (g201) - (Pg3) =
(g3 - 9291) = P(91 - 9293) = P (9293) - (Pg1) = (Pg3) (Pg2) - (Pg1) = hzha - hy and
so H satisfies the equation xy - z = zy - . Hence, H € IN RM N AR. O

3. The structure of finite members of IN RM N AR

We use G < H [G < H] to denote that G is a subgroupoid [proper subgroupoid]
of the groupoid H. Recall that a € T4.

Theorem 3.1. If Ty < H < R, R € INRM NAR and r € R — H, then
H, = HU{rh},cy U{hr},cyU{ar-h}, oy is a subgroupoid of R and, therefore,
H.e INRMNAR. If H has n elements then H, has 4n elements.

Proof. We will prove that H, is closed under the multiplication inherited from R
and that its multiplication table is as follows:

H, k rk kr ar -k

h hk ar - (ka - h) r-kh (hk - ah)r

rh kh-r r-hk ar - (k- ah) a - hk

hr | ar- (ha-kh) kh hk - r r(ah - k)
ar-h r(h-ka) (hk-a)r ak - ha ar - hk

Table 1. The multiplication table for {h,k} C H.

We will use Lemma 2.2 and Lemma 2.3, together with the fact that R is in
INRM N AR to calculate the products in rows 2, 3, 4 and 5 of the table.
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Row 2: The product in column 2 follows from the fact that H is a subgroupoid
of R. The product in column 4 follows from Lemma 2.3. For column 3, h - rk =
h-(ar-a)k=h-(ka-ar)=ar-(ka-h). For column 5, h-(ar - k) = (h-ar)-hk =
(r-ah)-hk = (hk-ah)-r.

Row 3: The product in column 2 follows from the right modularity of R.
The product in column 3 follows from Lemma 2.2 and the fact that R is an
idempotent groupoid. For the product in column 4, rh - kr = rk - hr = rk -
(ah-a)r = rk - (ra-ah) = (r-ra)(k-ah) = ar - (k-ah). For the product in
column 5, rh- (ar - k) = (r-ar) - hk = a - hk.

Row 4: For the product in column 2, hr -k = [h(ar-a)lk = [k(ar-a)]h =
kh-[(ar - a)h] = kh-(ha - ar) = ar (ha - kh). For the product in column 3, hr-rk =
(rk-r)h = kh. For the product in column 4, hr - kr = hk - r. For column 5,
hr-(ar-k)=(h-ar) -rk=(r-ah)-rk=r(ah-k).

Row 5: For the product in column 2, (ar-h)k = (ar - h) (a-ka) = r (h- ka).
For column 3, (ar-h)-rk = (ar-r) - hk = ra- hk = (hk-a)r. For column 4,
(ar-h)-kr = (hr-a) -kr = (ha-ra)-kr = (ha-k)-a = ak-ha. The product in
column 5 follows from Lemma 2.2 and the fact that R is an idempotent groupoid.

Thus, H, is closed under the groupoid operation and hence H, belongs to
INRMNAR.

It is straightforward to show that the sets H, {rh}ncm, {hr}nem and {ar-h}ren
are pairwise disjoint sets. Furthermore, it is easy to show that, for {h,k} C H,
two elements rh and rk [hr and kr; ar - h and ar - k] are equal if and only if h = k.
Therefore, if H contains n elements then H, contains 4n elements. O

Definition 3.2. We will call H, the extension of H by r.
Corollary 3.3. sp(INRM NAR)={4":ne€ NU{0}}.

Corollary 3.4. A groupoid G € INRM N AR of order 4™ has (n+ 1) generators,
ne{0,1,...}.

Theorem 3.5. Suppose that Ty < H € INRM N AR and r ¢ H. We define
pairwise disjoint sets A = {rh}nep, B = {hr}nen and C = {aroh}rcy such that
ANH =BNH=CNH =0. Define H" = HUAUBUC with a product o defined
as in Table 2 below. Then H" = H, and therefore H* € IN RM N AR.

H" k rk kr arok
h hk ar o (ka - h) r(kh) (hk - ah)r

rh (kh)r r(hk) ar o (k- ah) a- hk
r ar o (ha - kh) kh (hk)r r(ah - k)

aroh r(h-ka) (hk - a)r ak - ha ar o hk

Table 2. The multiplication table for o with {h,k} C H.

Proof. The product o is well defined and closed and so H" is a groupoid. We
define a mapping ® : H” — H, as follows: for any h € H, ®h = h, ®(rh) = rh,
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®(hr) = hr and ®(ar o h) = ar - h. It is clear that ® is one-to-one and onto H,..
We now show that ® is a homomorphism. Let {z,y} C H". There are 16 possible
forms x o y can take.

Let {h,k} C H.

Case 1. z = h, y = k. Then ®(z oy) = ®(hk) = hk = ®h - Ok = Oz - Dy.

Case 2. © = h, y = rk. Then ®(zoy) = ®(hork) = ®(aroka-h)) = ar(ka-h) =
h-rk = ®h- o(rk) = dx - Py.

Case 3. z = h, y = kr. Then ®(zoy) = ®(hokr) = &(rokh) =r -kh =
h-kr = ®h- ®(kr) = dx - Py.

Case 4. = h, y = ar ok. Then we have ®(z oy) = ®(ho (arok)) =
O((hk - ah)r) = (hk - ah)r = h(ar - k) = ®h - P(ar o k) = dx - y.

Case 5. © =rh, y = k. Then ®(xoy) = ®(rhok) = ®((kh)r) = kh-r =
rh-k=®(rh) - ok = dx - dy.

Case 6. © =rh, y = rk. Then ®(xoy) = ®(rhork) = &(r(hk)) =r-hk =
rh-rk = ®(rh) - ®(rk) = oz - Py.

Case 7. * = rh, y = kr. Then ®(zoy) = ®(rhokr) = ®(aro (k- ah)) =
ar - (k-ah) =rh-kr = ®(rh) - ®(kr) = oz - Py.

Case 8. © =rh, y =arok. Then ®(xoy) = ®(rho(arok)) = a-hk =
rh-(ar-k) = ®(rh) - ®(ar - k) = dz - Dy.

Case 9. © = hr, y = k. Then ®(zoy) = ®(hrok) = ®(ar o (ha - kh)) =
ar - (ha - kh) = hr -k = ®(hr) - Ok = D - Dy.

Casel0. x = hr, y = rk. Then ®(zoy) = ®(hrork) = ®(kh) = kh = hr-rk =
O(hr) - O(rk) = dx - Dy.

Case 11. = hr, y = kr. Then ®(z oy) = ®(hr o kr) = ®((hk)r) = hk - r
= hr-kr = ®(hr)  ®(kr) = oz - dy.

Case 12. © = hr,y = arok. Then ®(zoy) = ®(hro(arok)) = ®(r(ah-k)) =
r(ah-k) = hr-(ar-k) = ®(hr) - ®(ar - k) = oz - Dy.

Case 13. z =ar-h,y =k. Then ®(xoy) = ®((aroh)ok) = &(r(h-ka)) =
r(h-ka) = (ar-h) -k =®(aroh) - &k = dz - dy.

Case 14. z = aroh, y = rk. Then ®(zoy) = ®((aroh)ork) = ®((hk-a)r) =
(hk-a)r = (ar-h)-rk = ®(ar-h) - ®(rk) = dx - Dy.

Case 15. x = aroh, y = kr. Then ®(zoy) = ®((aroh) o kr) = ak - ha =
(ar - h) - kr =®(ar - h) - O(kr) = Oz - Py.

Case 16. x = aroh,y = arok. Then ®(xoy) = ®((aroh)o (arok)) =
O(ar(hk)) =ar-hk = (ar-h) - (ar-k) = ®(ar - h) - ®(ar - k) = Pz - Py.

Hence, ® is an isomorphism and H" = H,.. O

Definition 3.6. We define G as the trivial groupoid, G; = T4 and by induction,
Gn,=G,"7", n>2 wherer, ¢ Gp, n > 1.

Corollary 3.7. Any finite member of IN RM N AR is isomorphic to G, for some
ne{0,1,2...}. fGeINRMNAR and |G| = 4™, then G 2 G,,.
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Corollary 3.8. Forn € N, Gy, is a disjoint union of groupoids G, with G,Gg C
Gop and G, =2 G,_1, a, 3 € Ty. Therefore, G, is a disjoint union of 4"~ copies
Of T4.

4. The countable member of INRM N AR

In this section we show that, to within isomorphism, there is precisely one count-
able member of INRMNAR. This result will follow from the following construction
of such a groupoid.

Construction 4.1. Let H = (J.2 ; G,,, with the G,,’s as in Definition 3.6. Define
a product * on H as follows. If {u,v} C H with v € G, — Gp,—1 and v €
Gn, — Gp,—1 then u v is defined as the product of u and v in Guaxin, n,}-

Theorem 4.2. H in Construction 4.1 is countable and H € IN RM N AR.

Proof. Clearly x is well defined and H is closed with respect to *. By The-
orem 3.5, G, € INRM N AR, n € N, and since max{max{n,,n,},ny} =
max{max{n,,ny,},n,}, it follows easily that H € I N RM N AR. Since each
G,, n € N, is countable, so is H. O

Theorem 4.3. A countable K € INRM N AR is isomorphic to H in Construction
4.1.

Proof. Let K = U~ {yn}, with y; = y; if and only if i = j. Define K, = 0,
K1 = {yl,yg,y1y27y2y1} and R1 =K — Kl. Define K2 = Kftl, where tl is the
minimum of the subscripts of the y,,’s in Ry. Define Ry = K — K5 and K3 = KQ‘%,
where t5 is the minimum subscript of the y,,’s in Rs. In general, by induction we
define R, = K — K,, and K, 1 = K, where t, is the minimum subscript of
the y,’s in R,,. Then every y,, must eventually appear in some K; and therefore
K =J;, K, Note that if {h,k} C K, withh € K,,— K,y and k € K,,— K,_1,
then the product hk in K equals the product hk in Kjs, where M = max{n,m}.

By Lemma 2.4, K1 & G; = T4. Call this isomorphism ®;. Note that ®;(y;) =
a, ®1(y2) = b, 1(y1y2) = ab and @4 (yay1) = ba.

Now by induction we define @, : K,, — G,, n > 2, as follows. Firstly,
®,=®, 1 on K,,_1. Then for k € K,, — K,,_1 we define

D, (v, k) =rpn_1 % (Pr1k), Pnlkye, )= (Pp_1k)*r,—1 and
D ((Y1Yt, 1 )k) = (Pr—191) * 7—1) * (Pr—1k).

We now prove by induction on n that ®,, is an isomorphism (n > 2). Assume
that for 1 < ¢t < n, ®; is an isomorphism and ®;y; = a. Then the fact that
®,, is one-to-one and onto G,, follows from the definition of ®,, and the fact that
®,,_1 is one-to-one and onto G,,_1. The fact that @, (zy) = (P,2)(P,y) for any
{z,y} C K, follows from the definition of product in K, and G, (see Tables 3
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and 4 below) and the facts that ®,,_; is an isomorphism and ®,,_1y; = a. We
leave the straightforward details of these calculations to the reader.

K=K, m Yt M MYt YiYt, M
l Im V1Yo, (myrl) | Yo, oml [ (Umeyd) -y,
Yt ! ml -yt , Yt,_ - lm | yiye, - (meyil) y1-lm
Wi, |viye._.-(lyrml) ml Im-ye, . | Yt,_,-(y2l-m)
Y1, |y (L-my) | (Im-y) -y, y1l - my, Y1Ye,_, - lm

Table 3. The multiplication table for {l,m} C K,,_1.

G,=G 7 k o1k krn_1 arn—1-k
h hk arp—1-(ka-h) rn—1(kh) (hk-ah)r,—1
Tp_1h (kh)rn—1 Trn—1(hk) arn—1-(k-ah) a- hk
hr,_1 arp—1-(ha-kh) kh (hk)rp—1 Tn—1(ah-k)
arn—1-h Tn—1(h - ka) (hk - a)rp—1 ak - ha arp_1-hk

Table 4. The multiplication table for {h,k} C G 1.

So every @, : K,, — G, is an isomorphism.

We now define ® : K — H as follows: for z € K,, — K,,_1, ®x = &, z. Note
that if x € K,, — K,,—1 and M > n then, since K,, C K11 C ... € Kj)—1 and
O, =P,y on Ky q1,t € N—{1}, &)y = &, on K,. Then for any {z,y} C K,
with x € K, — K1 and y € Ky, — K1, @(zy) = Ppr(zy) = (Pprz)(Pary) =
(®p2)(Pry) = (Pz)(Py), where M = max{n,m}. Using the definition of the ®,,’s
it is straightforward to prove that ® is one-to-one and onto H. So, H = K. O

Corollary 4.4. A countable member of I N RM N AR is a union of a countable
number of disjoint, isomorphic copies of Ty.

Corollary 4.5. A countable member of I N RM N AR is isomorphic to a proper
subgroupoid of itself.

Proof. Consider H in Construction 4.1. Let J; = {a,ar1,r1a,71}. For 1 < n
define J,, by induction as J, = J,;" . Then J = |J,—_, J,,, with the multiplication
inherited from H, is a proper, countable subgroupoid of H. By Theorem 4.3, J
and H are isomorphic. O

It follows from Lemma 2.10, Corollary 3.7 and Theorem 4.3 that:

Corollary 4.6. If G € IN RM N AR, G is finite or countable and GEH, then
G=>=H.
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5. Smallest (W, W) groupoids in RM — AR

Definition 5.1. A groupoid G is called a groupoid Yg of groupoids G, « € Y if
G is a disjoint union of the groupoids G, and GoGg C Gag, o, f € Yg. If a € G,
then G, will denote G,.

In Definition 5.1, if Yo € U and G, € V (« € Y) for some groupoid varieties
U and V, then G is called a (U, V)-groupoid.

In this section W will denote the variety I N RM N AR.

Looking closely at Lemma 2.1, it is natural to wonder whether a right modular
(W, W)-groupoid is anti-rectangular and, hence, a member of W. The converse
statement is trivial, since any G € W is a groupoid Yg = G of trivial members of
W. However, there is a (W, W)-groupoid G € RM — AR. In fact we find a right
modular (W, W)-groupoid G of order 16, which is the minimal order for a right
modular (W, W)-groupoid that is not anti-rectangular, as we proceed to prove.
We also prove that GG is unique up to isomorphism and that any right modular
(W, W)-groupoid K ¢ AR contains an isomorphic copy of G.

Lemma 5.2. If K € RM is a groupoid Yi of groupoids K,, a € Yi, with
Y € W and K, € W (a € Yk), then

1) K is cancellative,

2) for any {a,b} C K, |Ka| = Ky,

3) for any {a,b} C K, ab-a =1 if and only if ba - b = a.

Proof. 1) Suppose that « € K, = K,, b € Kg = K, and c € K, = K.. If
ca = cb, then ya = 0 and, since Yy is cancellative, « = 3. Then ab-a = b and
be=(ab-a)c=ca-ab=cb-ab= (ab-b)c=ba - c.

Hence, (ca-c)b = be-ca = (ba-c)-ca = (ca-c)-ba. But since {b, ba,ca-c} C Kg,
and Kg is cancellative, b = ba. Therefore b = ba = bb. So a = b. Dually, if ac = be,
then a = b. Therefore K is cancellative.

2) Now let ¢ € K, = K,,. Then ab-c € K. Since K is cancellative | K, | < |Kg].
Dually |Kg| < |Kq| and so |K,| = |Kg|.

3) Note that ab-a = a-ba and so we can write aba to denote ab-a. If aba =,
then ba - b = a((bab)a) = a((ba)(aba)) = a((ba)b). But {a,bab} C K, and K, is
cancellative. Hence a = bab. Dually, bab = a implies aba = b. O

Now suppose that K € RM is a groupoid Yk of groupoids K, («a € Yk), with
Yx € Wand K, € W, (o € Yk). If K is not anti-rectangular, then it follows
from Lemma 5.2 that there is a set {a, b, ¢,d} C K with aba = d # b, bab = ¢ # a,
{a,c,ac,ca}l C K, {b,d,bd,db} C Kp, ab # cd and ba # de.

It follows from Lemma 2.4 and the fact that K is a groupoid Yk of groupoids
K,, (o € Yk), with Yx € W and K, € W that {a,c, ac,ca} = G,, {b,d,bd,db} =
Gy, {ab,cd,ab - cd,cd - ab} = Gy and {ba,dc,ba - dc,dc - ba} = Gy, are disjoint,
isomorphic copies of T4 contained in K,, K, K. and K, respectively. We
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proceed to demonstrate that the union G = |J Gy, g € {a,b,ab,ba}, of these four
copies of T4 is a subgroupoid of K and is a groupoid T4 of groupoids G,.

Recall that K € INRM is cancellative. We have ab-a = d. Then ab-c = cb-a =
(bab-b)a = (b-ba)a = aba-b = db, ab-ac = (aba)(ab-c) = aba-(cb-a) = d-db = bd
and ab - ca = (ab- ¢) - aba = db - d = b. We have shown that G, = (ab)G,.

Similarly we can calculate that G, = G.b and Gy, = bG,.

We can then calculate the Cayley table consisting of the 256 products of pairs
of elements of G. In order to have sufficient space to show the Cayley table we
define the following two ordered 16—tuples as equal:
(1,2,3,4,5,6,7,8,9,10,11,12,13, 14, 15,16) =

(a,c,ac, ca,b,d,bd,db,ab, cd,ab - ¢d, cd - ab, ba, dc, ba - de, de - ba).

G 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
1 1 3 4 2 9 11 12 10 16 14 13 15 6 8 7 5
2 4 2 1 3 12 10 9 11 13 15 16 14 7 5 6 8
3 2 4 3 1 10 12 11 9 15 13 14 16 5 7 8 6
4 3 1 2 4 11 9 10 12 14 16 12 13 8 6 5 7
5 13 15 16 14 5 7 8 6 2 4 3 1 12 10 9 11
6 16 14 13 15 8 6 5 7 3 1 2 4 9 11 12 10
7 14 16 15 13 6 8 7 5 1 3 4 2 11 9 10 12
8 15 13 14 16 7 5 6 8 4 2 1 3 10 12 11 9
9 6 8 7 5 13 15 16 14 9 11 12 10 4 2 1 3
10 7 5 6 8 16 14 13 15 12 10 9 11 1 3 4 2
11 5 7 8 6 14 16 15 13 10 12 11 9 3 1 2 4
12 8 6 5 7 15 13 14 16 11 9 10 12 2 4 3 1
13 9 11 12 10 2 4 3 1 8 6 5 7 13 15 16 14
14 12 10 9 11 3 1 2 4 5 7 8 6 16 14 13 15
15 10 12 11 9 1 3 4 2 7 5 6 8 14 16 15 13
16 11 9 10 12 4 2 1 3 6 8 7 5 15 13 14 16
Table 5.
G h (ab) - h hb bh
g gh [c(g-ah)]b | bl(a-hg)c] | (ab)-(ga-h)
(ab) - g |  blca- hg) (ab) - (gh) cg - ha (gh - a)b
gb (ab) - (ha - gh) | b(hg - ca) (gh)b h-(ag-c)
bg (hg)b h-gc (ab) - (g - ch) b(gh)

Table 6. The multiplication table for {g,h} C G, = {a,c, ac, ca}.

Table 6 is derived using calculations obtained from Table 5. Notice that Table
6 yields the following Cayley table in set theoretic notation:

G Ga Gb = (ab)Ga Gab = Gab Gba = bGa
Ga Ga Gab Gba Gb
Gb = (ab)Ga Gba Gb Ga Gab
Gab = Gab Gb Gba Gab Ga
Gba = bGa Gab Ga Gb Gba
Table 7.

Note that the subscripts of the Gy s, g € {a,b,ab,ba}, multiply in exactly the
same way as the elements of T4. The fact that G € RM follows from the fact that
G <K and K € INRM C RM. This proves that G is a right modular groupoid
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T4 of groupoids G, where each G, = T4. Note however that {a,b, ab,ba} is not
even a subgroupoid of G! We have therefore proved:

Theorem 5.3. G € INRM and G is a groupoid T4 of (four) isomorphic copies of

Ty.

However G ¢ W. Also, if (W, W)-groupoid K € RM — AR, then K contains

an isomorphic copy of G.
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