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Bipolar fuzzy Lie superalgebras

Muhammad Akram, Wenjuan Chen and Yungiang Yin

Abstract. We introduce the notion of bipolar fuzzy Lie sub-superalgebras (resp. bipolar fuzzy
ideals) and present some of their properties. First we investigate the properties of bipolar fuzzy
Lie sub-superalgebras and bipolar fuzzy ideals under homomorphisms of Lie superalgebras. Next
we study bipolar fuzzy bracket product, solvable bipolar fuzzy ideals and nilpotent bipolar fuzzy
ideals of Lie superalgebras.

1. Introduction

The concept of fuzzy set was first initiated by Zadeh [16] in 1965 and since then,
fuzzy set has become an important tool in studying scientific subjects, in partic-
ular, it can be applied in a wide variety of disciplines such as computer science,
medical science, management science, social science, engineering and so on. There
are a number of generalizations of Zadeh’s fuzzy set theory so far reported in the
literature viz., interval-valued fuzzy theory, intuitionistic fuzzy theory, L-fuzzy
theory, probabilistic fuzzy theory and so on. In 1994, Zhang [17, 18] initiated
the concept of bipolar fuzzy sets as a generalization of fuzzy sets. Bipolar fuzzy
sets are an extension of fuzzy sets whose membership degree range is [—1,1]. In
a bipolar fuzzy set, the membership degree 0 of an element means that the el-
ement is irrelevant to the corresponding property, the membership degree (0,1]
of an element indicates that the element somewhat satisfies the property, and the
membership degree [—1,0) of an element indicates that the element somewhat sat-
isfies the implicit counter-property. Although bipolar fuzzy sets and intuitionistic
fuzzy sets look similar to each other, they are essentially different sets [15]. In
many domains, it is important to be able to deal with bipolar information. It is
noted that positive information represents what is granted to be possible, while
negative information represents what is considered to be impossible. This domain
has recently motivated new research in several directions. In particular, fuzzy and
possibilistic formalisms for bipolar information have been proposed [12], because
when we deal with spatial information in image processing or in spatial reasoning
applications, this bipolarity also occurs. For instance, when we assess the position
of an object in a space, we may have positive information expressed as a set of
possible places and negative information expressed as a set of impossible places.
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As another example, let us consider the spatial relations. Human beings consider
"left" and "right" as opposite directions. But this does not mean that one of them
is the negation of the other. The semantics of “opposite" captures a notion of sym-
metry rather than a strict complementation. In particular, there may be positions
which are considered neither to the right nor to the left of some reference object,
thus leaving some room for indetermination. This corresponds to the idea that
the union of positive and negative information does not cover the whole space.

The theory of Lie superalgebras was constructed by V.G. Kac [14] in 1977 as a
generalization of the theory of Lie algebras. This theory had played an important
role in both mathematics and physics. In particular, Lie superalgebras are im-
portant in theoretical physics where they are used to describe the mathematics of
supersymmetry [11]. Furthermore, Lie superalgebras had found many applications
in computer science such as unimodal polynomials [13].

Recently, Chen [7, 8, 9, 10] have considered Lie superalgebras in fuzzy settings,
intuitionistic fuzzy settings, interval-valued fuzzy settings and investigated their
several properties. Akram introduced the notion of cofuzzy Lie superalgebras over
a cofuzzy field in [4]. Now, it is natural to consider Lie superalgebras in bipolar
fuzzy settings. In this paper, we introduce the notion of bipolar fuzzy Lie sub-
superalgebras (resp. bipolar fuzzy ideals) and investigate the properties of bipolar
fuzzy Lie sub-superalgebras and bipolar fuzzy ideals under homomorphisms of Lie
superalgebras. We also introduce the concept of bipolar fuzzy bracket product
and study solvable bipolar fuzzy ideals and nilpotent bipolar fuzzy ideals of Lie
superalgebras and present the corresponding theorems parallel to Lie superalge-
bras. We have used standard definitions and terminologies in this paper. For
notations, terminologies and applications not mentioned in the paper, the readers
are referred to [2-6, 15, 17].

2. Preliminaries

In this section, we review some elementary aspects that are necessary for this
paper.

Definition 2.1. [14] Suppose that V is a vector space and Vj, V5 are its (vector)
subspaces. Let V = V5@ Vi be the direct sum of the subspaces. Then V' (with this
decomposition ) is called a Zs-graded vector space if each element v of a Zs-graded
vector space has a unique expression of the form v = v5 + vy (vy € Vg, v1 € V7).
The subspaces V5 and V7 are called the even part and odd part of V', respectively.
In particular, if v is an element of either V5 or V7, v is said to be homogeneous.

Definition 2.2. [14] A Z,-graded vector space L = Lg @ L1 with a Lie bracket

[, ]:LxL bilinear L

is called a Lie superalgebra, if it satisfies the following conditions:
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(].) [LZ,L]} - Li+j for i, ] S Z2 e {6, T},
(@) 9] = —(-1)™[y,2] (antisymmetry),
(3) [z, [y, 2]] = [z, y], 2] + (=1)""¥'[[z, 2], y]( Jacobi identity),

where for any homogeneous element a € L;, i = 0,1. The subspaces Ly and Lg
are called the even and odd parts of L, respectively. Therefore, a Lie algebra is a
Lie superalgebra with trivial odd part.

Definition 2.3. [14] If ¢ : L; — Ly is a linear map between Lie superalgebras LL;
=L,5 ®L;7 and Ly = L5 @ Ly such that

(4) @(L1;) C Lg; (i € Zg) (preserving the grading),

(5) ¢([z,y]) = [p(x), ¢(y)] (preserving the Lie bracket).

Then ¢ is called a homomorphism of Lie superalgebras.

Throughout this paper, we denote V' a vector space, L a Lie superalgebra over
field F.

Let p be a fuzzy subset on V, ie., amap p: V — [0,1]. In this paper, the
notations x V y = max{z,y} and z Ay = min{z, y}.

Definition 2.4. [17] Let X be a nonempty set. A bipolar fuzzy set B in X is an
object having the form

B = {(, u(z), pj (z)) |z € X}

where pf : X — [0,1] and ¥ : X — [~1, 0] are mappings. For the sake
of simplicity, we shall use the symbol B = (uf, u%) for the bipolar fuzzy set
B = {(z, pp(2), p () |z € X}.

Definition 2.5. [15] For every two bipolar fuzzy sets A = (uf,pu%Y) and B =
(ph, 1) in X, we define

o (AN B)(x) = (min(uf(z), pj(x)), max(p) (z), pf (),
o (AU B)(x) = (max(p} (2), pp (@), min(p (x), pfs ().

In order to point out the differences between intuitionistic fuzzy Lie sub-
superalgebras and bipolar fuzzy Lie sub-superalgebras, we omit the similar proofs
in this paper.

Lemma 2.6. A = (u4,plY) is a bipolar fuzzy subspace of V' if and only if i and
plY are fuzzy subspaces of V. O

Lemma 2.7. Let A = (uk, 1Y) and B = (u5, uy) be bipolar fuzzy subspaces of
V. Then A+ B is also a bipolar fuzzy subspace of V. O
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Lemma 2.8. Let A = (pk, uY) and B = (uk5, u%) be bipolar fuzzy subspaces of
V. Then AN B is also a bipolar fuzzy subspace of V. O

Lemma 2.9. Let A = (u&,ulY) be a bipolar fuzzy subspace of V' and ¢ be a
mapping from vector space V to V'. Then the inverse image ¢~ 1(A) is also a
bipolar fuzzy subspace of V. O

Lemma 2.10. Let A = (pk, u¥) be a bipolar fuzzy subspace of V and f be a

mapping from V to V'. Then the image ¢(A) is also a bipolar fuzzy subspace of
V. O

3. Bipolar fuzzy Lie sub-superalgebras

Definition 3.1. Let V = V5 & Vi be a Zs-graded vector space. Suppose that
A = (piﬁ,uﬁé) and A7 = (uii,ugi) are bipolar fuzzy vector subspaces of Vj,
Vi, respectively. We define Ay = (ph, 1Y) where

0 0

L (z z eV N (z x €V
{ MAU( ) 0 szg(x)_{ ,UAO( ) 0

P _
KO B PP 0 w¢Vh

and define A7 = (uﬁ%,ﬂg%) where

P (x eV N o(x Tz eV
{MAl( ) 1 #JXQ(J;):{ MAl( ) 1

P —

Then A} = (“igv MX(%) and A} = (,ui,i,uxi) are the bipolar fuzzy vector subspaces
—(,P N
of V. Moreover, we have A5 N A} = (NA/ﬁmA'Iw“AgmA’i)’ where

1 =0
R ACIYLACES A

-1 =0
@) = i@ Vi) = { G220

So Af + A% is the direct sum and denoted by Ag @ A;. If A = (), plY) is an
bipolar fuzzy vector subspace of V and A = Ay @ Az, then A = (4, pulY) is called

a Zso-graded bipolar fuzzy vector subspace of V.

Definition 3.2. Let A = (u4,plY) be an bipolar fuzzy set of L. Then A =
(pki, 1Y) is called a bipolar fuzzy Lie sub-superalgebra of L, if it satisfies the fol-
lowing conditions:

(1) A= (ul],pl)) is a Zs-graded bipolar fuzzy vector subspace,

(2) phi(lz,y]) > ph(x) A pk(y) and ph ([z,y]) < pl (2) Vel (v).
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If the condition (2) is replaced by

(3) wh([z,y]) = phi(x) v pli(y) and pl ([z,y]) < p (z) A pl) (y),

then A = (uf], plY) is called a bipolar fuzzy ideal of L.

Example 3.3. Let N = Nj & Ni, where Ny = (), Ny = (a1, ,apn,b1, -+ ,bp)
and [a;,b;] = e,i = 1,2,---n, the remaining brackets being zero. Then N is Lie
superalgebra. Define Ag = (ufy, ;) where

i) ={ O TSR ={ 0 TE R

Define A7 = (,uii,uﬁi) where

0.5 ze€ N;\{0 —04 € N7\ {0
w0 ={ O TN = { O e
Define A = (uf, 1Y) by A = Ag @ Ay. Then A = (uf, 1Y) is an bipolar fuzzy
ideal of N. O

Definition 3.4. For any ¢ € [0,1] and fuzzy subset uf of L, the set U(u?,t) =
{z € L|uP () >t} (vesp. L(u?,t) = {z € L|uf (z) < t}) is called an upper (resp.
lower) t-level cut of u”.

The proofs of the following theorems are omitted.

Theorem 3.5. If A = (uk, 1Y) is an bipolar fuzzy Lie sub-superalgebra (resp.
bipolar fuzzy ideal) of L, then the sets U(uk,t) and L(u¥ ,t) are Lie sub-superalge-
bras (resp. ideals) of L for every t € Imuk N Imu?y . O

Theorem 3.6. If A = (ul], u) is an bipolar fuzzy set of L such that all non-
empty level sets U(uk,t) and L(pX,t) are Lie sub-superalgebras (resp. ideals) of
L, then A = (uk, ulY) is an bipolar fuzzy Lie sub-superalgebra (resp. bipolar fuzzy
ideal) of L. O

Theorem 3.7. If A = (uk], uY) and B = (u5, ulY) are bipolar fuzzy Lie sub-super-
algebras (resp. bipolar fuzzy ideals) of L, then so is A+ B = (u g, plY, 5). O

Theorem 3.8. If A = (], u) and B = (u5, u%) are bipolar fuzzy Lie sub-super-
algebras (resp. bipolar fuzzy ideals) of L, then so is AN B = (ph g, pNrp). O

Proposition 3.9. Let ¢ : L — L’ be a Lie homomorphism. If A = (ua,ply) is a
bipolar fuzzy Lie sub-superalgebra (resp. bipolar fuzzy ideal) of ', then the bipolar
fuzzy set = (A) of L is also a bipolar fuzzy Lie sub-superalgebra (resp. bipolar
fuzzy ideal).
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Proof. Since ¢ preserves the grading, we have p(z) = ¢(z5+x1) = p(x5)+p(r1) €
Li @ Lf, for o = x5 + 1 € L. We define ¢~ !(A)5 = (#5—1(A)6’/1g—1(,4)6) where
uf,’_l(A)ﬁ = cpfl(uio) o 1(A) = w*l(uﬁ) and o™ (A)1 = (171 (4), 151 (a),)
where pf o-1(4); = P ’LLAl 'LLAI By Lemma 2.9, we have that
they are blpofar fuzzy subspaces of ]io, L1, respectively.

Then we define ¢~ ! (A)5 = (u) Siay, N “(ay, ), where ufj—lm)é - cp_l(uﬁ(%),
,ug—l(A)é = @_1(11'%6)’ and ¢ I(A)/i = (u W—l(A)%vﬂg—l(A)%)a where ,ug—l(A)/i =

—1/, P N _ =1/, N
2 (’uA/i)’ /@,—1(,4)/1—410 (MA%)-

Clearly,
P _ N L~
P _ ) p —1(A)-($) r € lLg N _ ) —1(A)£(x) z € Lo
Ho-1(ay, (2) = { of T pdLg Homiay @) =9 F ¢ Lo
and

P
P _ ] Heray () zelg N _ 2
Hw—l(A)/I(z) { 0 ! rdl; #5071(,4)/1(50) 0 ! 2 ¢ L

These show that ¢! (A)f and ¢~ (A)} are the extensions of ¢! (A)g and ¢~ (A)1.
For 0 # x € L, we have

{ Mg—l(A) () zely

Nf:fl(A)g () A ui—l(Ayi(x) = 90_1(#2%)(35) A SD_l(Ni/i)(ff)
= plys (p(2)) A iy, (p()) = 0

and

o= ar (@) V g

z
1

For z € L we have

Mgfl(A)ngwl(A)fi(ﬂ?) = Ssup {lﬂo A)'( )/\/1'5*1(,4)’1(1))}

r=a-+b
= s {7 () (@) A () (0))
= sup {1 () i ()}

= sup Auly (e(a) Ay (0(0))}
e(z)=p(a)+p(b)

= ts 44 (9(2)) = 15 (0(2)) = pg1 () (@)
and

ug—lm)faw—l(m%(m) = wi%ﬂb{/iw 1(ay, (@) V Ngfl(A)'i(b)}
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= inf Lo () (@) Vo () (0))

= inf i (p(a) V ik (0(b)}
{1, (9(@) V i, (2(0)}

inf
w(x)=p(a)+p(b)
N

= s ar (9(2)) = 1) (9(2)) = P31y (@).

So, o 1 (A) = ¢ 1 (A)g D ¢ 1(A); is a Zy-graded bipolar fuzzy vector subspace of
L.

Let z,y € L. Then

(1) v ay([2.9]) = 1oz, 9]) = wa(le(@), oW)]) = (@) A ph(ely) =
uE oy (@) Al 4y (W), and sy (2, y]) = p (e, 9]) = 1 ([p(2).0(y)]) <
u (p(2)) V i (0(y) = 181y (@) V 11 4y (y), thus ¢ 1(A) is a bipolar fuzzy
Lie sub-superalgebra.

@) 1l (z9) = while(z,y]) = wh(lp@), o)) > whle(@)) V ik (e(y))
pE oy @)Vl (), and wl ) ([2,9]) = wd (o([2,9]) = ) ([e(2).0(y)]) <

X (p(@) Al (0(y)) = 1 ay (@) A i 4y (y), thus ¢ 1(A) is a bipolar fuzzy
ideal. O

Proposition 3.10. Let p : L — L' be a Lie homomorphism. If A = (uk, u) is
a bipolar fuzzy Lie sub-superalgebra of L, then the bipolar fuzzy set p(A) is also a
bipolar fuzzy Lie sub-superalgebra of 1L'.

Proof. Since A = (&, u&Y) is a bipolar fuzzy Lie sub-superalgebra of L, we have
A = Ay @ A7 where A5 = (NA(]?HXG),AI = (uAi,ugi) are bipolar fuzzy vector
subspaces of L and Lz, respectively. We define ¢(A); = (ug(A)a,ug(A)é), where
Nf;(A)G = SD(/J,IZ(—]): uﬁ’(A)ﬁ = ‘P(/‘X—))a (A = (Nf:(A)iv/«Lg(A)i), where Mi(A)i =
w(uﬁi), “g(A)i = gp(ugi). By Lemma 2.10, ¢(A)s and ¢(A); are bipolar fuzzy
subspaces of LLg, L, respectively. And extend them to @(A)j, p(A)7, we define
p(A)g = (ME(A)%aug(A)(L)) where Ni(A)(% = ‘P(Hié)aﬂﬁ(mé = ‘P(,Ugé) and ¢(A)] =

P N P _ PN N  _ N
(NW(A)%vN@(A)%) where Moy = SD(IJA%)»/@,(A)% = QP(HA%)- Clearly,

A
1

(z) = { ,gg(A)G(x) vl N () = { Poa(®) @€l
0

Hitay, (@ z¢ly 0 z¢ly
P N
P _ By, (@) welg N | mgay, (@) weli
ot () = { 0" pgny o M@= " g,

For 0 # x € I’ we have
Bip(ay, (@) A g ay () = (i ) (@) A (i) (x) = sup {pl ()} A sup {i, (a)}
0 ! 0 ! a=p(a) a=p(a)

= Sul(j){,uA’( ) Ay (@)} =0,
z=¢p(a



146 M. Akram, W. Chen, Y. Yin

Moy, (@) pigay, (#) = (i) (@) V (i) (@) = inf {uy (@)} v inf (1 (a)}

dnf {1, (@) V i (a)} = 0.

Let y € L. Then

Po(aysto(ay (U) = sup {uf;(Ay( ) A btgay (0)} —ysggb{w(um)(a) A (i) (b)}

= sup{ sup {MA’( )} A sup {HA'( )
y=a+b a=p(m) b=¢p(n)

= sup { sup {ﬂA'( )/\HA%(”)}}
y=p(z) r=m+n

= sup {(uh o) @} = sup {uh(@0)} = ulia W),
y=¢(z) y=¢p(z)

% (A)’+<p(A)’i( y) = inf {uﬁmy,(a) v /if,y(A)fi(b)} = yif;ib{ﬂﬂgg)(a) N 90(#%1)(@}

ylgﬂb{ inf {MA’( )}Vb:ig(fn){uﬁ%(n)}}

e g )

At {0 )@} = inf G @)} = 1 (0):

So p(A) = p(A)g @ p(A)1 is a Ze-graded bipolar fuzzy vector subspace.

Let 2,y € L. It is enough to show ug(A)([:E,y}) > ug(A)(x) A Mi(A) (y) and
Ng(A)([ﬁ’y]) < Mg(A)E;U) \ Mg(A)(y)I-D If Ni(A)([%yp < ME(A)@C)/\ H’i(A)(y)a we
have i q) ([, y])< w4y () and pig g ([2,9]) < piga)(y). We choose a number
t € [0,1] such that ug(A)([x,y]) <t< ,uf;(A)(:c) and ME(A)([I,y]) <t< ug(A)(y).
Then there exist a € p~1(z),b € ¢~ !(y) such that pk(a) > t, p%(b) > t. Since

¢(la,b]) = [p(a), ()] = [z,y], we have uJ 4 ([z,y]) = W 1 b]){ui([% b))}=
pki([a,b]) = ph(a) A pk(b) >t > ufz(A)([ac, y]). This is a contradiction.

Suppose that Mg(A)([xvyD >Mg(A)(x)VMg(A)( ): Wehavep A)([x y])>ﬂ (@)

and 1) 4 ([2,y]) > pl) 4)(y). We choose ¢ € [~1,0] such that <p( M ([z,y]) >t >
,ug(A)(:v) and uf’y(A)([x, yl) >t > /Lg(A)(y). Then there exist a € ¢~ !(2),b € p~1(y)
sggh that pf (a) < t ,uA(b) < t. Since ¢([a,b]) = [p(a), p(b)] = [z,y], we have
i) = it (et} < i (at) < ado) v ko) < o <
13 ay([,y]). This is a contradlctlon.

Therefore, p(A) is a bipolar fuzzy Lie sub-superalgebra of L'. O

We state the following results without proofs.
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Proposition 3.11. Let ¢ : . — " be a surjective Lie homomorphism. If A =
(uf, plY) is a bipolar fuzzy ideal of L, then p(A) is also a bipolar fuzzy ideal of
L' O

Theorem 3.12. Let ¢ : L. — I be a surjective Lie homomorphism. Then for any
bipolar fuzzy ideals A = (pki, pY) and B = (up,py) of L we have p(A + B) =
¢(A) + ¢(B). O

4. Bipolar fuzzy bracket product

Definition 4.1. For any bipolar fuzzy sets A = (uf;, u) and B = (u5, u¥) of L,
we define the bipolar fuzzy bracket product [A, B] = (MQ,B],A% B}) putting

sup  {min{pf(z;) A u5(y:)}} where a; € F, 2,y € L
= Z O‘i[l‘ivyt] €N
iEN

P
[, (T) = ie
4.5 0 if = is not expressed as x = > a;[z;, yi]
iEN
and
inf  {max{p (x;) V ¥ (y:)}} where a; € F, z;,y; € L
=3 ai[ziy:] €N
l‘fix p(@) = e P
’ 0 if « is not expressed as x = Y a;[x;, yi]
iEN

Lemma 4.2. Let Ay = (i, i3, ), Az = (4, p,), By = (w,, p3,) and By =
(1, 1p,) be bipolar fuzzy sets of L such that Ay C Ay, By C By. Then [Ay, By] C
[As, Ba). In particular, if A = (uk, 1Y) and B = (u5, u¥) are bipolar fuzzy sets
Of ]L, then [Al,B] Q [AQ,B] and [A,Bl] Q [A,B2] O
Lemma 4.3. Let Ay = (Milvﬂgl)vAQ = (M£27MJX2)7BI = (/igl,/lgl)732 =
(,u§2, ,ugz) and A = (uf,pulY), B = (u5, u¥) be any bipolar fuzzy vector subspaces
of L. Then [A1+A2, B] = [Al, B]+[A27B] and [A, Bl+Bz] = [A, Bl]+[A, Bg]. O

Lemma 4.4. Let A = (uf,plY) and B = (u5, u¥) be bipolar fuzzy vector sub-
spaces of L. Then for any a, € F, we have [«A, B] = a[A, B] and [A,B] =
BlA, B]. O

Theorem 4.5. Let A, = (uil,,u%l),Ag = (/ﬂjz,ugz),Bl = (ugl,ugl),Bg =
, an = , ,B = , e bipolar fuzzy vector subspaces o

fpy i3,) and A = (uly, ul), B = (ug, py) be bipol y vector sub

L. Then for any o, 3 € F, we have

[@A; + BAs, Bl = alAy, B] + S[As, B,
[A,aB1 + BBs] = a[A, B1] + B[A, Ba].

Proof. The results follow from Theorem 4.3 and Lemma 4.4. |
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Lemma 4.6. Let A = (u], p) and B = (u§, uy) be any two bipolar fuzzy vector
subspaces of L. Then [A, B| is a bipolar fuzzy vector subspace of L. O

Let A = (uf,pY) and B = (uh, ul¥) be Zs-graded bipolar fuzzy vector sub-
spaces of L. Then A = A ® Ay, B = By ® Bji, where Ag, By are bipolar fuzzy
vector subspaces of L and Az, By are bipolar fuzzy vector subspaces of Lj.

We define:

o [Ag, Byl = (uﬁ‘6736],uf\£‘6736]), where
fiay g (1) = LS yx}{rgeli]rvl{uia () A iy (i)}
i€
and
1y, B () = inf  {max{u}\ (z;) V u, (v:)}},

z=3 aifwi,ys] €N
iEN

for z; € Ly and y; € Lg,
o [A5, Bi] = (uﬁ\a,Bi]’“f\f’lmBi])’ where

P - ; P P o
Hiag,By) (%) = F_;iﬂm,yﬂ{?élfvl{“f‘ﬁ (i) A i, (i)}
iEN
and
g py (@) = inf - {ma{pd (2) V g, (i)},

=3 ai[ziyil
iEN

for z; € Ly and y; € Lg,

o [A7,Bg] = (”541,35]’“{\;11,3@])’ where

P - ; P P o
MlAs, B (z) = . Zsiﬂwi,yi}{%%{ﬂAi (i) A 2: 8 (yi)}}
i€EN
and
pin, gy (@) = inf  {max{u} (z:) V i, (vi)}}
[A1,Bg] e=3 asfeiys] €N 1 B )
i€EN
for x; € L1 and y; € Lg,
o [A;,Bi] = (uf41731],uf\217311), where
P - ; P P o
M[Ai,Bﬂ(x) T ngﬂwi,yi}{%lj{}{ﬂAi (i) A Hpy (yi)}}
i€EN
and
pin, py (@) = inf  {max{ul, (z:) V i, (v)}},

= ailz;,y;] 1EN
N
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for z; € L1 and y; € Lg.
Note that [Ag, Bs], [A1, Bi] are bipolar fuzzy sets of Lg and [Ag, Bil, [41, Bg)
are bipolar fuzzy sets of Lj.

Lemma 4.7. Let A = (pf, uY) and B = (5, u¥) be any two Zy-graded bipolar
fuzzy vector subspaces of L. Then

[A, Blg := [Ag, Bs] + [A1, Bi] is a bipolar fuzzy vector subspace of Lg,
[A, By
[A, B] is a Za-graded bipolar fuzzy vector subspace of L.

:= [Ag, B1) + [A1, Bg] is a bipolar fuzzy vector subspace of Ly and

Proof. Since [Ag, Bg] and [A7, B] are bipolar fuzzy vector subspaces of Lg by
Lemma 5.5, we can get that [A, Bl := [Ag, Bg] + [A1, Bi] is a bipolar fuzzy
vector subspace of Ly by Lemma 2.6. Similarly, [A, Bl := [Ag, B1] + [41, B is a
bipolar fuzzy vector subspace of ;. We define [A, B]j := [Af, Bg| + [A], Bi] and
(A, B, := [}, B + [A}, BY).

Let © € L. We have

(z) = (Mﬁxé,Bé]Jr[A'i,B%])(z)

= sup {Mﬁxé,Bé](a) A N&%,B%](b)}
r=a-+b

= sup {  sup  {min{uly (ki) A pg (1)} A
z=a+b a= Y oy;lki,li] iEN 0 0
iEN

A sup  {min{pky, (m;) A pg (n:)}}
b= Bi[mini] €N 1 !
i1EN

= sup { sup  {min{pl (k) A pp, (L)} A
rz=a+b a= ) o;lki,li] ieN
iEN

A sup  {min{uly, (mi) A pg, (i)}
b= Bilms,n;] €N
ieEN

= sw b{ufZ(,,Ba](a) A bfay O} = ({ay Boj+ 14y, 5:0) (@) = B, B, (@)

(z) = (Nﬁ’ﬁ,Bé]HA’i,B%])(x) = wi%ib{ﬂmg,Bé] (a) V Nﬁ%,B%](b)}

o : N X N .
= it { _ anyfi [ki,li]{?é%({uAé (ki) V g (L)} V
iEN

Vies i[gll_f[mm]{rgg{uﬁfi (mi) V gz, () }}
ieN
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_ : N . N )
= nf { _ z”ifi[ki,zi]{%%({“/*ﬁ(k’) V gy (li)}} v
1EN

\% inf max ma) v .
b:AgNﬁi[mi,nl]{zeN{ﬂA ( z) /LB( ,)}}

= inf Sl (@ V im0} = (g sorar,0) (7) = 1, p), (@)

Now let « ¢ L. Then u[]i‘ B]L(x) = 0 and ,u[A B]L( x) = —1. Similarly, for
? 0 0

x € L1, we have /‘54,3]'1(35) = :“54,3]1( x) and ’U’[A,B]'i( x) = fv p; (¢). For z ¢ Lg,
we have “54,3];(35) = 0 and “&,B]’i(x) = —1. Thus [A, B]} and [A, B]; are the
extensions of [A, B]g and [A4, B];.

Clearly, [A, Bl N [A, B]f = (Mﬁl,B]gﬂ[A,B}’I’Mfi,B]gﬁ[A,B]’i)’ where

6(@ /\/J[A,B]/I(x) = {O 240"

Nfﬁl,B]/ﬁm[A,B]'i (z) = M@,B]

-1 x=0

N N _
(z) = N[A,B]g(x) \//‘[AyB]’i(x) - { 0 z#0°

,LL[A BJ5N[A,B]

P\
For x € . we have

[A, B)(x) = [A5 + A1, B + Bil(x) = ([45, Bl + [A1, Byl + [45, Bl + [A1, Bg)(«)
- ([AvB]() [A7 B]%)(Z‘)

Hence [A, B] = [A, Bl @ [A, B]j is a Zs-graded bipolar fuzzy vector subspace. [

Lemma 4.8. Let A = (pk, uY) and B = (5, u%) be any two Zy-graded bipolar
fuzzy vector subspaces of L. Then [A, B] = [B, A]. O

The following theorem is our main theorem in this section. The proof is base
on Lemma 4.8. The left is similar to intuitionistic fuzzy ideal of Lie superalgebras.
For more details see [10].

Theorem 4.9. Let A = (uf, 1Y) and B = (u5, uly) be any two bipolar fuzzy
ideals of L. Then [A, B] is also a bipolar fuzzy ideal of L. O

5. Solvable and nilpotent bipolar fuzzy ideals

Definition 5.1. Let A = (uf, 1Y) be a bipolar fuzzy ideal of L. Define inductively
a sequence of bipolar fuzzy ideals of L by A(®) = A, A = [A0) A©] AP =
[AD AM] o A = [A=D ] A(=1)] then A™ is called the nth derived bipolar
fuzzy ideal of IL In which, A(H‘l (,uA<L+1> , MA<1+1)) where
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sup {mij{}{ui(i) (CCJ) A Mi(i) (y;)}} where o € F, zj,y; € L
P o= 3 ajlw;y;] €
:LLA(i+1)(x) = JEN . .
0 if x is not expressed as x = > oj[x;,y;]
JEN
and
inf max{u (z;) V i, (y;)}} where a; € F, 2;,y; € L
N r=3 aj[mjvyj]{jEN{ A (@) V e (U5) j i Yi
,UA(i-H)(l') = JEN . .
0 if z is not expressed as x = Y oj[x;,y;l.
jEN

From the definition, we can get ui(o) 2 ulj(l) D) ,ui(Q) 2.2 ui(m D ... and
N N N N
g0 c g c A c---C Hp () C---

Definition 5.2. Let A be as above. Define: (™ = sup{u%, (z):0# z € L}
and k(™ = inf{z7\,,,(z) : 0 # x € L}. Then it is clear that 7 > M > p >
sz > and kO <D <R L <M L

Definition 5.3. An bipolar fuzzy ideal A = (uf, ulY) of L is called solvable, if
there is a positive integer n such that (™ = 0 and (™ = 0. So, it is a solvable
bipolar fuzzy ideal, then there is positive integer n such that ui(n) = 1p and

Nﬁ(n) = (=1)o-

Example 5.4. For the Lie superalgebra L from Example 3.3 we define A =
(nhy 1, ), where ply (x) = 1,p} (#) = —1 for all x € Ng. Then it is a bipolar
fuzzy subspace of Nj. Let € Ny. Then = = kyay + koas + ksby + kqbs, for
ki # 0 and i = 1,2,3,4. We define Ay = (uf;_, plY) where pf (z) = pk (a1) A
g (az) A s (b1) A pdy (b2), in which py (a1) = 0.2, py (az) =1, ply_(b1) = 0.1,
ph (b2) =1, pf (0) = 1, and plY (2) = pfY (a1) v i) (a2) V il (b1) V plY (b2), in
which ,uﬁi (a1) = —0.7, ,ugi (ag) = —1, “Xi (by) = —0.9, ,ugi (b)) = —1, u%j (0) =
—1. Then A is a bipolar fuzzy subspace of Nj.

Let + € N. Then z = ke + kia; + koas + ksby + kabs for k,k; # 0 and
i=1,2,3,4. We define A = (uk, 1Y) where pk(z) = pk(e) A ph(ar) A pki(az) A
ply(b1) A g (b2), in which py(e) = 1, pfi(a1) = 0.2, pli(az) = 1, pl(br) = 0.1,
ph(b2) = 1, pf(0) = Land pfy (x) = pgy (e) VY (ar) v Y (az) v Y (b1) V Y (b2), in
which ,Ll,g(e) = 717#%(0’1) = -0.7, N%(@) = -1, Ng(bl) = -0.9, ,U,%(b2) = -1,
plY (0) = —1. Then A = Ay @ Aj is a bipolar fuzzy ideal of N.

Let A©®) = A. Note that [a;,b;] = e and the other brackets are zero. Then
1ho (@) = 0.1, ) () = —0.7. We define A = [A® AO] If z € Ny, then x
can not be expressed as ¢ = > «; (x4, yi], i, ¥; € N, so ,uim(x) =0, ug(l)(x) =0.
If z € Ny, then = can be expressed as x = «aja1, b1] + asag, ba], ar,as € k. We
calculate
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ﬂi(l)(z) = ZSUP[ , ]{gig{#i(m (ai) A Hi(m (bi)}} =0.1,
i il@i,0q ’
MX(l)(x) = o inoi[a,-,bi]{irg?,}é{ﬂjx(o) (ai) v Nﬁ(m (bi)}} = -1

i=1,2

Define A?) = [AM) AW)] we calculate

(o () = sup { min {uhi o (ai) A ki) ()1} =0,
z= Y aila;b;] =12
i=1,2
P (2) = o Hgv (s b_]{g%{ufm (ai) V 1y (bi) }} = 0.

-

i=

;2

So, 79 > M > n? =0 and k@ < kM < kP = 0. These show that A is a
solvable bipolar fuzzy ideal of N. O

From the definition of solvable bipolar fuzzy ideals, we can easily get

Lemma 5.5. Let A = (uk, 1Y) be a bipolar fuzzy Lie ideal of L. Then A =
(ufy, ulY) is a solvable bipolar fuzzy ideal if and only if there is a positive integer n
such that /,Li<m> = 107/‘1)((7'1) = (=1)g for all m = n. O

Theorem 5.6. Homomorphic images of solvable bipolar fuzzy ideals are also solv-
able bipolar fuzzy Lie ideals.

Proof. Let ¢ : L — I’ be a homomorphism of Lie superalgebra and assume that
A = (pk, ulY) is a bipolar fuzzy ideal of L. Let p(A) = B, i.e, uf = ,uf:(A),ug =
ug(A). We prove ,uf:(A(n)) = uﬁw and ug(mn)) = ug(n) by induction on n, where
n is any positive integer. Indeed, let y € I”. Consider n = 1,

M&Am)(y) = Mi([AA])(y) = SUI() ){qu,A] ()}
y=p(z

sup {  sup  {min(ul (@) A ps(y:)}}

y=p(z) =3 oifzi,yi ieN
iEN
= sup {min(uy () A pdy ()}
iEN

y= > aip[ri,y;]
i1EN

= sup {min(pdy (@) A pdi (0) = o) = ai, (i) = bi}
y:.EZN ailai,bi] 1€EN

= sup  {min(up(ai) A pp(bi)} = pip 5 (Y) = 1o (1),
.;Nai[aubi]:y e
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and

oA (¥) = 14,4 W) = y:igl(cx){uf\,gﬂ] (z)}

= inf inf max (Y (2;) V 1k (y;
o ‘”){xz,-eZN 0 g Ui (i) V pia (ys))

inf max(u () V 1 (s
y:,gNin[mi,yi]{ieN(uA( )V o (yi)}

= inf max in vV N i : ;) = Qg, i :bl
o O ) V) 5 () = o pl) = )

inf max(u (a;) V uN (b))} = ul) =ul, .
vezNai[ai,bi]:y{ieN(“B( )V g (b))} = pp 5 (Y) = o (v)

These prove the case of n = 1. Suppose that the case of n — 1 is true, then
P _ P _ P _ P _ P
Hoamy = Hoam- an-n)) = Flpam-1) oA0n-1)] = H[pn-1 gr-1] = Kpm) and

N _ N _ N _ N _ N

NSO(A(")) = NW([A(yHl)’A(nfl)D = /‘L[LF(A('nfl))#p(A(nfl))] = N[B<7L71)VB(7L71>] = HpBm)-

Let m be a positive integer such that p’,,, = 1o and pf,,, = (—1)o. Then for

any 0 # y € L', we get i) (y) = 1 4om)(4) = sup ){10(90)} =0, pyom (y) =
y=p(x

P ) () = y:igfz){(—l)c)(ﬂf)} = 0. S0 ptm = Lo and p., = (=1)o- O

Let A = (u}, nY) be a bipolar fuzzy ideal of L and I be an ideal of L. We can
prove that A/T is a bipolar fuzzy ideal of L/I.

Theorem 5.7. Let A = (ufy, p) be an bipolar fuzzy ideal of I and A/I be a
solvable bipolar fuzzy ideal of L/I. If B = (uh,u%) is a solvable bipolar fuzzy
ideal of L and is also a bipolar fuzzy ideal of A = (u%, ulY) such that B(I) = A(I),
then A = (uk;, u¥) is solvable.

Proof. Let ¢ be the canonical projection from L to L/I. From the proof of
Theorem 5.6, we get /‘5(,4@)) = ﬂfA/l)w and ug(A(n)) = F‘&/[)(n)' Since A/I is
solvable, there exists n such that u&ﬂ)(n) =1y and Mé\,[ax/z)(m = (—1)o.

For 0 # 5 € /I, we have SuIi( ){Mi(m (m)} = Hi(mn))(?) = M&/;)(M () =0
mep=1(g

and mefﬁfl@){“%") (m)} = ,ug(A(n))(gj) = u&/”(n) () = 0 . Notice that m € L

and m # 0, we get p”,, (m) = 0 and pf,, (m) = 0.

Forj =0, weh A = 4P oy (0)=Tand inf {u¥
ory =0, we avemeitgg(o){uA<n>(m)} Ho(aomy(0) =Tand | inf {ui, (m)}

= /Lg(A("))(O) = —1. Since ¢~ (0) = I and B(I) = A(I), we have pk ., (I) =
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! (I) and pl¥ ., (I) = ph,) (I). For any = € I, B is solvable, then there exists n
such that uéw =1p and ug(n) = (—1)o, we have ,uﬁm) =1p and ufm = (—1)o.

Hence for any x € L, we always have that u%,,, = 1o and p),,, = (=1)o, which
imply that A = (uf], u&) is solvable. O

Lemma 5.8. Let A = (u, ) and B = (u§, uly) be bipolar fuzzy ideals of L.
Then (A © B)™ — A & B0,
Proof. Let 0 # x € L. Then we have [A4, B] = (N[A B u[A B]) where

g (@) = sw o {min(uf(@) Apg )} < ph@) Apge) =0,

z=3Y ailmi,y] T
iBN

(@) = it (e (o) v () 2 (@) V (o) =0
iBN e
So “54,3] = 1p and uf\ng] = (—1)g. Consequently, for any positive integer
a,b, we have “ﬁx(aLB(b)] = 1p and “ﬁ(w,B(b)] = (—1)g. We prove the lemma by

induction on n.
Let n = 1. Then

(AeB)Y =[AeB,A®B]=[A,A|® [A,B] @ [B,Al®[B,B] = AV ¢ BW.
Suppose that the case of n — 1 is true, then
AeB)™ = [(4®B)"), (A B)" )]
= [AD g BN A=) g Bn=1)] = 4() g B
So we get (A @ B)™ = A" @ B, O

Theorem 5.9. Direct sum of any solvable bipolar fuzzy Lie ideals is also a solvable
bipolar Lie ideal.

Proof. Let A = (uf,pulY) and B = (uf, u¥) be solvable bipolar fuzzy ideals.
Then there exist positive integers m,n such that uiw = 10,/1%,”) = (—1)g and
ph = lo,pNe, = (=1)o. Since (A ® B)m+™) = Alm+n) g Bm+m) we have

P _ P _ N _ N _
HagB)imt+n) = Ha(m+n) gBpom+n) = 1o and HagBym+n) = Hgmin) gpmtn) = (—1)o.
So A @ B is a solvable bipolar fuzzy Lie ideal. |

Definition 5.10. Let A = (4, 1Y) be a bipolar fuzzy ideal of L. Define induc-

tively a sequence of bipolar fuzzy ideals of L by A = A, Al = [4, A"], A? =

[A, AL, A" = [A, A"71] ... which is called the descending central series of a

bipolar fuzzy ideal A = (u%,uY) of L. We get pfy D ply D ph, D D pkl, D
cand plfy Cplfy Cpll, € Cpfll C

Definition 5.11. For any bipolar fuzzy Lie ideal A = (u4,pY), define n* =
sup{ph.(z) : 0 # z € L} and & = inf{p¥.(x) : 0 # 2 € L}, for any positive
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integer n. The bipolar fuzzy ideal is called a nilpotent bipolar fuzzy ideal, if there
is a positive integer m such that ™ = 0 and ™ = 1, or equivalently, uf.. = 1o
and plY.. = (=1)o.

Example 5.12. Let us take the basis h, e, f of sl(1|1) as follows

(0080 e

Then h is an even element, and e and f are odd element. Their bracket products
are as follows: [e, f] = [f,e] = h, the other brackets = 0. Then sl(1]1) is a
three-dimensional Lie superalgebra.

Define A = (uiﬁ,,uga) :5l(1|1)5 — [—1, 1] where

0.6 r=nh —-0.4 x=h
P _ N _
Hiag (7) = { 1 otherwise * /4o () = { -1 otherwise
Define A7 = (,uii,,ugi) :5[(1]1)1 — [-1,1] where
0.3 T=e -0.7 T=e
uii () =< 0.5 x=f, /ifi (x)=< —0.5 z=f
1 otherwise -1 otherwise
Define A = (4, u) : si(1]1) — [=1,1] where 3 (z) = if. (20) A i (27) and
pl (z) = ugﬁ (xg) V ugi (7). Then A is a bipolar fuzzy ideal of s[(1]1).
Let A = A. We define A = [A, A%, then if 2 € s[(1|]1);, x can not be
expressed as © = Y a;[z;, yi], x5,y € sI(1[1) then ph(z) = 0,48, (z) = 0. If
z € sl(1]1)5, z = ale, f], a € F, then pk, (z) = sup{u’(e) A pfo(f)} = 0.3 and

phi (x) = inf{pY () V o ()} = —0.5.

Define A% = [A, A'], we calculate if = € sl(1]1)1, pl.(z) = 0,p48:(z) = 0.
If 2 € si(11)g, pha(x) = suplufi(e) A uba ()} = 0 and 1 () = inf{yed (e) v
phi(f)} = 0. Then we get n° >n' >7?> =0and K < k! < K2 =10. So Ais a
nilpotent bipolar fuzzy Lie ideal of s[(1]1). O

Theorem 5.13. Homomorphic images of nilpotent bipolar fuzzy ideals are also
nilpotent bipolar fuzzy Lie ideals. Direct sum of nilpotent bipolar fuzzy ideals is

also a nilpotent bipolar fuzzy ideal. O
Theorem 5.14. If A = (uf}, uX) is a nilpotent bipolar fuzzy ideal of L, then it is
solvable. O
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