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A characterization of binary invertible algebras

of various types of linearity

Sergey S. Davidov

Abstract. In this paper we define the left (right) linear over a group binary invertible algebras
and invertible algebras of mixed type of linearity and characterize the classes of such algebras by
the second-order formula, namely by the V3(V)— identities.

1. Introduction

Linear quasigroups introduced by V.D. Belousov in 1967 in connection with an
investigation of balanced identities in quasigroups [2] play a special role in the
study of quasigroups isotopic to groups [5, 4, 6, 10, 11].

A binary algebra (Q;X) is called invertible, if (Q; A) is a quasigroup for any
operation A € X.

Below we introduce the notions of left (right) linear invertible algebras and
invertible algebras of mixed type of linearity and characterize the classes of such
algebras by the second order formulae, namely by the V3(V)— identities.

For details about V3(V)— identities see [9, 12].

2. Left and right linear invertible algebras

We denote by L4, and R4, the left and right translations of the binary algebra
(@Q;X): Lag: x— Ala,z), Rag : x — A(z,a). If the algebra (Q;%) is an
invertible algebra then the translations L4 , and R4 , are bijections for all a € Q
and all A € X.

It is well known (see [2]) that the quasigroups A~!, !4, =1 (A7), (_114)_1 ,
A*, where A*(x,y) = A(y, x), are associated with the quasigroup A.

Similarly, the invertible algebras:

(@271, (@7%), (@ 7'=E™), (&™), (%Y,
where
Yyl={A"Aex}, lx={44ex}, EH={"1AYH Aex},
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(') ={CA) N Aex), ¥ ={A"Aex}

are associated with the invertible algebra (Q,Y). Each of these algebras is called
the parastrophy of the algebra (Q;X).

Definition 2.1. An invertible algebra (Q;X) is called left (right) linear over a
group (Q;+), if every operation A € ¥ has the form:

A(:Ca y) = pAT + 5Ay (A(I7 y) = AT + dJAy) ;

where (54 (respectively a4) is a permutation of the set @, and ¢4 (respectively
¥ 4) is an automorphism of the group (Q;+).

An invertible algebra is called left (right) linear if it is left (right) linear over
some group (Q;+).

Theorem 2.2. A binary invertible algebra (Q;X) is left linear if and only if for
all X, Y € ¥ the following formula

X (Y (x,Y_l(u,y)) ,z) =X (Y (x, Y_l(u,u)) X (u, X (, z))) (1)
is walid in the algebra (Q; X U X1,

Proof. Let (Q;X) be an invertible left linear algebra. Then for every X € ¥ we
have

X (z,y) = pxz + Bxy, (2)

where px € Aut(Q;+) and Bx € Sg. We prove that equality (1) is valid in the
algebra (Q; X UX™!) for all X,Y € %.
Observe that from (2) we obtain

X~ (,y) = Bx' (—pxz +y). (3)
Thus, according to (2) and (3) we get:

XY (2, Y Hu,y)), 2) = ex(pyz + By Y H(u,y)) + Bx 2
= px(pyva + By By (—pvu+y)) + Bxz
= PXPYT —xpyu+ oxy + Bxz,
X(Y(2,Y Hu,u) X (X (y,2))) = ox ¥ (z, Y Hu,u) +Bx X u, X(y, 2))
= ox(pyT—pyu+u)—pxut+oxy+PBxz
= PxPYT—pxpyutoxu—oxutoxy+pBxz
= pxpyT —pxpyu+ pxy+ Bxz.
Hence, the right and left sides of (1) are the same.



A characterization of binary invertible algebras 171

Conversely, let (1) holds in (Q; X UX™!) for all X,Y € X. Then for u = p and
X =A,Y = B, where A, B € ¥, we have

A(B(z,B '(p,y)),z) = A(B

From this, by putting A;(z,y) = A(z
A(B(z, B~Y(p,p)),y) and Ay(x,y) =

)
A1 (Az(z,y), 2) = Az(x, Aa(y, 2)),
(

which by Belousov‘s theorem on four quasigroups (see [3]) shows that operations
Ay, Ay, Az, Ay are isotopic to the same group (Q; ). Hence, the operations A and
B are also isotopic to (Q; *). Since the operations A and B are arbitrary, we obtain
that all operations from ¥ are isotopic to this group.

For every X € ¥, let us define the operation:

“Hp.p), AT, Aly, 2))).

(,
y) ( 7y) ({E Bil( ay))a A3($7y) =
A~ Hp, A(z,y)) we obtain

=~

Ty = X(By,w L), (4)

where a,b are some fixed elements from (). The operation + is a loop operation
X
with the identity element 0x = X (b, a). Obviously, (Q;+) is a loop isotopic to the
X

group (Q;*). Hence, by Albert‘s theorem, it is a group. Hence every X € ¥ each
(Q;+) is a group. So, (1) (where X = A, Y = B) can be rewritten in the form:
X

A(B(z, Lp-14Y),2) = A(RB -1 (uuw) @ La-1,,A(y, 2)),
RA,a(RB,angLB,bLBfl,uy)jLA,bZ:RA,aRB,Bfl(u,u)ijA,bLAf1,u(RA,aytLA,bZ)-
Taking z = LZ}bO 4 in the last equality, we have
Rao(Rpa —zg LppLlp-14Y) = RaaRB B-1(uu)® j LapLla-1,Raqy,

Rz -lg Y) = aa, B 1— Ba,BY, (5)

where aq p = RA,aRB,Bfl(u,u)RE}a, Ba,B = LA,bLAfl,uRA,aL]_gl—l’uLE’lb are per-
mutations of the set ). Since the operations A and B are arbitrary we can take
A = Bin (5). Hence

Raa(z 4y) = asa+ Baay. (6)
From (5) and (6) we have

alpT + Balpy = a4 lar + By,

T4y =482 +04BY, (7)
A B
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where y4,B = QZ}BQA,A and d4p = 6;713614,,4 are permutations of the set Q.
Hence, according to (7), we get

Raq(x -Jg Y) = VA,BOA,BT -g 04.B84.BY,

ie., R4, is a quasiautomorphism of the group (Q;+). Since A is arbitrary we
B
have that R4 , is a quasiautomorfism of the group (Q; +) for all operations A € ¥.
B
According to (4) we have

A({E, y) = RA,ax j; LA,by~

This, according to (7), gives:

A(Iay) = 0,14,B‘T ; 9124,By7 (8)
where 0}y p =~4,8Ra,, and 9%73 = 04,8L 4 are permutations of the set ). Thus,
we can represent every operation from X by the operation 4.

B
Let + = +. We prove that 0} 5 is a quasiautomorphism of the group (Q;+).
5 ;

To do it we take z = (0% 5)"'0p, X = A, Y = B in (1) and rewrite this equality
in the form:

0% 5(RB.av+LppLp-1 yyH03 pz= 04 gRE p—1(uu®+03 pLa-1 4 (04 py+63 p2),

ei,B(RB,ax + LB,bLBfl,uy) = 6)114,B}BB,B*1('u,,u)f’c + 9124,BLA*1,u9114,By-

The last equality shows that 0114’ g is a quasiautomorphism of the group (Q; +).
According to [2, Lemma 2.5] we have

1
9A,Baj = AT + 54,

where ¢4 is an automorphism of the group (@, +) and s4 is some element of the
set Q. Hence, it follows from (8) that

A(z,y) = vaz + Bay, 9)

where Say = sa4 + 91247334. Since A is an arbitrary operation we obtain that all
operations from ¥ can be represented in the form (9), i.e., the algebra (Q;X) is
left linear. O

Similarly, we can prove the following theorem.

Theorem 2.3. A binary invertible algebra (Q; %) is a right linear algebra if and
only if for all X, Y € X the following formula

X(@,Y (7Y (y,u),2)) = X(TX(X(2,9),0), Y (7Y (u,u), 2)), (10)
is valid in the algebra (Q; X U ~1%). O
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Proposition 2.4. A left and right linear invertible algebra is linear. O

Corollary 2.5. The class of all invertible linear algebras is characterized by the
second order formulaes (1) and (10). O

A linear invertible algebra over an abelian group is called an invertible T-algebra
(see [7]). The class of medial invertible algebras is a special subclass of invertible
T-algebras. An invertible algebra (Q;X) is called a left (right) T-algebra, briefly
a LT-algebra (RT-algebra) if (Q;X) is a left (right) linear algebra over an abelian
group. It follows from Proposition 2.4, that if an invertible algebra is a LT-algebra
and RT-algebra, then it is a T-algebra.

Using the same arguments as in the proof of Theorem 1 from [6] and applying
our Theorems 2.2 and 2.3 we obtain

Theorem 2.6. A binary invertible algebra (Q;X) is a LT-algebra if and oly if for
all X, Y € ¥ the following formulaes

X(Y (2, Y N (w,p)),2) = X(V (2, Y (u,u), X~ H(u, X (y,2))),

X(ilX(x’ u)v Xﬁl(ua y)) = X(ilX(y7 u)v Xﬁl(uﬂ x))v (11)
are valid in the algebra (Q; XU X"t U ~IX). O

Theorem 2.7. A binary invertible algebra (Q;X) is a RT-algebra if and only if
for all X, Y € X the following formulaes

X(@,Y (7Y (y,u),2)) = X(TX(X(2,9),0), Y (7Y (u,u), 2)),
X(OX (2,u), XM u,y) = X (T X (y,u), X (u, 2))
are valid in the algebra (Q; XU X"t U ~1%).

Corollary 2.8. The class of all invertible T-algebras is characterized by the second
order formulaes (1), (10) and (11). O

3. Invertible algebras of mixed type of linearity

Definition 3.1. An invertible algebra (Q;X) is called an invertible algebra of
mized type of linearity of the first (second) kind over a group (Q;+), if every
operation A € ¥ has the form

A((E, y) = pAT +ca+ EAy (A(xv y) = @Ax +ca+ ¢Ay)7

where pa,194 € Aut(Q;+), ¥ 4,P,4 are antiautomorphisms of (Q;+), and c4 is a
fixed element from Q.
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Theorem 3.2. An invertible algebra (Q;X) is of mized type of linearity of the
first kind if and only if for all X, Y € 3 the following second order formulaes

X(Y (2, Y™ (u,9)),2) = X (Y (2, Y (u,u), X7 (u, X (y, 2))), (12)

Xz, 'Y (Y(y, Y Hu,v)),u) = X (T X (X (2, Y(v,u)),u),y) (13)
are valid in the algebra (Q; X UL ~tU 1Y) .

Proof. Let (Q;X) be an invertible algebra of mixed type of linearity of the first
kind, then for every X € 3 we have
X(z,y) = oxz +cx + ¥y,
_1X(Z‘,y) = (p)_(l(x - d)Xy - CX):
—1
X_l(ﬂj7y) = ¢X (_CX 2. €4 =+ y)7

where px € Aut(Q;+), ¥y is an antiautomorphism of (Q;+) and cx € Q.
Using the above identities we can prove that the left and right sides of (12)
and (13) are the same.

Conversely, let (12) and (13) be valid in the algebra (Q; X UX "1 U ~1%) for all
X,Y € ¥. We prove that an algebra (Q;X) is an algebra of mixed type of linearity
of the first kind.

As in the proof of Theorem 2.2 we can see that from (12) we obtain

A(z,y) = 04 px + 6% py, (14)

for any operation A € 3, where 0114, g 1s a quasiautomorfism of the group (Q;+).
Thus,

04 pr = paz+ta, (15)

where p4 € Aut(Q;+) and t4 is some element of the set @ [2, Lemma 2.5].
To prove that 9124, g is an antiquasiautomorphism of the group (Q;+) observe
that (13) for X = A, Y = B and fixed u € Q gives

Az, R1p By, Lp-1,4,v)) = A(R-14,A(z, R-15,4),Y),
O pr+6; pR-1p W (Rt LepLp-1,0) = O pR-144(04 g+ 65 pR-1p 4 v)+03 Y.
Taking « = (6 5)~'0 in the last equality, we obtain
0% 5R-15u(y+v) =04 pRaau0i pRapuLlph Lphv+ 0% pRyy.
Thus, the triplet

1 2 -1 —1 2 -1 2
(QA:BR_1A7u9A,BR_1BauLB717uLB,b7 QA,BRB,a’ QA,BR_lB,u)
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is an antiautotopy of the group (Q;+). Since any component of an antiautotopy
of a group is an antiquasiautomorphism (see [1]), then 9%7 BRgla is an antiquasi-
automorphism of the group (Q;+). Similarly as in the proof of Theorem 2.2 we
can see that R];la is a quasiautomorphism of the group (Q;+). Therefore 9124’ g is
an antiquasiautomorphism of the group (Q;+).

Thus,

9,24,393 =54+ 2, (16)

where 1) 4 is an antiautomorphism of (Q;+), and s4 is an element of the set Q.
Hence, from (14), (15) and (16) we get

A((E,y) = QAT +ca +$A'T7 (17)
where cq4 =t4 + 54. O

Theorem 3.3. An invertible algebra (Q;X) is an invertible algebra of mized type
of linearity of the second kind if and only if for all X, Y € ¥ the following formulaes

X(2,Y(T'Y (y,u),2)) = X(T' X (X (2,9),u), Y (Y (u, ), 2)), (18)

XY Hu, Y (Y (z,u),9)),v) = X(y, X (u, X (Y Hu,z),v))), (19)
are valid in the algebra (Q; X UL U 1Y),
Proof. The proof is similar to the proof of Theorem 3.2. O

Note, that the equalities (1), (10), (11), (12), (13), (18) and (19) are the
identities of the second order (in the sense of Yu.M. Movsisyan [11]).
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