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Bipolar fuzzy soft Lie algebras

Muhammad Akram

Abstract. We introduce the notion of bipolar fuzzy soft Lie subalgebras and investigate some of
their properties. We also introduce the concept of an (€, € Vg)-bipolar fuzzy (soft) Lie subalgebra
and present some of its properties.

1. Introduction

In 1994, Zhang [13] initiated the concept of bipolar fuzzy sets as a generalization
of fuzzy sets. Bipolar fuzzy sets are an extension of fuzzy sets [12] whose mem-
bership degree range is [—1,1]. In a bipolar fuzzy set, the membership degree 0
of an element means that the element is irrelevant to the corresponding property,
the membership degree (0,1] of an element indicates that the element somewhat
satisfies the property, and the membership degree [—1,0) of an element indicates
that the element somewhat satisfies the implicit counter-property. Although bipo-
lar fuzzy sets and intuitionistic fuzzy sets look similar to each other, they are
essentially different sets. In many domains, it is important to be able to deal
with bipolar information. It is noted that positive information represents what is
granted to be possible, while negative information represents what is considered to
be impossible. This domain has recently motivated new research in several direc-
tions. In particular, fuzzy and possibilistic formalisms for bipolar information have
been proposed, because when we deal with spatial information in image processing
or in spatial reasoning applications, this bipolarity also occurs. For instance, when
we assess the position of an object in a space, we may have positive information
expressed as a set of possible places and negative information expressed as a set
of impossible places. As another example, let us consider the spatial relations.
Human beings consider “left" and “right" as opposite directions. But this does not
mean that one of them is the negation of the other. The semantics of “opposite"
captures a notion of symmetry rather than a strict complementation. In partic-
ular, there may be positions which are considered neither to the right nor to the
left of some reference object, thus leaving some room for indetermination. This
corresponds to the idea that the union of positive and negative information does
not, cover the whole space.

In 1999, Molodtsov [8] initiated the novel concept of soft set theory to deal
with uncertainties which can not be handled by traditional mathematical tools. He
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successfully applied the soft set theory into several disciplines, such as game theory,
Riemann integration, Perron integration, measure theory etc. Applications of soft
set theory in real life problems are now catching momentum due to the general
nature parametrization expressed by a soft set. Yang and Li [10] introduced the
notion of bipolar fuzzy soft sets. Recently, Akram and Feng introduced the notion
of soft Lie subalgebras of Lie algebras in [11] and studied some of their results.

In this paper, we introduce the notion of bipolar fuzzy soft Lie subalgebras and
investigate some of their properties. We introduce the concept of an (€, € Vq)-bi-
polar fuzzy Lie subalgebra and present some of its properties. We also introduce
the notion of an (€, € Vq)-bipolar fuzzy soft Lie subalgebra and discuss some of
its related properties.

2. Preliminaries

A Lie algebra is a vector space L over a field F' (equal to R or C) on which
L x L — L denoted by (z,y) — [z,y] is defined satisfying the following axioms:

(L1) [,y] is bilinear,
(L2) [z,z]=0forall z € L,
(L3) [z, 9], 2] + [y, 2], 2] + [[2, 2], y] = 0 for all z,y,z € L (Jacobi identity).

Throughout this paper, L is a Lie algebra and F is a field. We note that the
operation [.,.] is not associative, but it is anticommutative, i.e., [z,y] = —[y,z]. A
subspace H of L closed under [-,-] will be called a Lie subalgebra.

Let X be a nonempty set. A fuzzy subset p of X is defined as a mapping from
X into [0, 1], where [0, 1] is the usual interval of real numbers. We denote by F(X)
the set of all fuzzy subsets of X.

A fuzzy set p in a set X of the form

te(0,1], if y=u=x,
u() = {1 €@ iy
0, iy o,

is said to be a fuzzy point with support = and value ¢ and is denoted by z;. For
a fuzzy point z; and a fuzzy set p in a set X, Pu and Liu [9] gave meaning to
the symbol x;au, where o € {€,q, € Vg, € Aq}. A fuzzy point z; is called belong
to a fuzzy set p, written as xy € p, if p(x) > ¢. A fuzzy point z; is said to be
quasicoincident with a fuzzy set u, written as xiqu, if p(xz) +t > 1. To say that
xy € Vqu (resp. xy € Agu) means that xy € p or xqu (resp. x; € p and zqu).
xyap means that x:ap does not hold, where a € {€, ¢, € Vg, € Ag}.

Molodtsov [8] defined the notion of soft set in the following way: Let U be an
initial universe and E be a set of parameters. Let P(U) denotes the power set of
U and let A be a nonempty subset of E. Then a pair (F, A) is called a soft set
over U, where F' is a mapping given by F': A — P(U).



Bipolar fuzzy soft Lie algebras 3

In other words, a soft set over U is a parameterized family of subsets of the
universe U. For € € A, F(¢) may be considered as the set of e-approximate elements
of the soft set (F, A). Clearly, a soft set is not just a subset of U.

Definition 2.1. [13] Let X be a nonempty set. A bipolar fuzzy set B in X is an
object having the form

B = {($7 Mp(x)v MN(:E)) |$ € X}a
where 1 X — [0, 1] and pV : X — [~1, 0] are mappings.

We use the positive membership degree uf () to denote the satisfaction degree
of an element x to the property corresponding to a bipolar fuzzy set B, and the
negative membership degree p¥ (x) to denote the satisfaction degree of an element
2 to some implicit counter-property corresponding to a bipolar fuzzy set B. If
pf(x) # 0 and p™(x) = 0, it is the situation that x is regarded as having only
positive satisfaction for B. If u(z) = 0 and p™ (z) # 0, it is the situation that =
does not satisfy the property of B but somewhat satisfies the counter property of
B . Tt is possible for an element z to be such that uf(x) # 0 and () # 0 when
the membership function of the property overlaps that of its counter property over
some portion of X.

For the sake of simplicity, we shall use the symbol B = (u’, V) for the bipolar
fuzzy set B = {(z, uf'(z), u™(z)) |z € X}.

Definition 2.2. Let A = (uf, u) be a bipolar fuzzy set on X and let « € [0, 1].
a-cut A, of A can be defined as

Ao =AJUAY, Al ={z|pd(@) 2 a}, AT ={z|p () < -a}.
We call AL as positive a-cut and AY as negative a-cut.

Definition 2.3. [13] For every two bipolar fuzzy sets A = (u4, %) and B =
(uE, 1) in X, we define

o (AN B)(x) = (min(uf(z), pj(x)), max(py (z), uf (),
o (AUB)(x) = (max(pj (), pj3(x)), min(p} (), p3 (2))).

The concept of bipolar fuzzy soft set was originally proposed in [10]. Let
BF(U) denote the family of all bipolar fuzzy sets in U.

Definition 2.4. [10] Let U be an initial universe and A C E be a set of parameters.
A pair (f, A) is called an bipolar fuzzy soft set over U, where f is a mapping given
by f: A— BF(U). A bipolar fuzzy soft set is a parameterized family of bipolar
fuzzy subsets of U. For any € € A, f. is referred to as the set of a-approximate
elements of the bipolar fuzzy soft set (f, A), which is actually a bipolar fuzzy set
on U and can be written as

fo = A{luf. (@), uf (2)) | w € U},
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where ui (x) denotes the degree of = keeping the parameter e, ué}i () denotes the
degree of x keeping the non-parameter ¢.

Definition 2.5. [10] Let (f, A) and (g, B) be two bipolar fuzzy soft sets over U.
We say that (f, A) is a bipolar fuzzy soft subset of (g, B) and write (f, A) € (g, B)
if AC Band f(e) Cg(e) for e € A. (f, A) and (g, B) are said to be bipolar fuzzy
soft equal sets and write (f, A) = (g, B) if (f,A) € (9, B) and (g, B) € (f, A).

According to [10] for any two bipolar fuzzy soft sets (f, A) and (g, B) over U
we define

e the extended intersection (h,C) = (f, A)N(g, B), where C = AU B and

fe if e€ A— B,
h(e) = Je if e€ B— A,
feNg. if e€ ANB,

e the extended union (h,C) = (f, A)U(g,

B), where C' = AU B and

fe if e€ A— B,
h(e) = Je if e€e B—A,
f:Ug. if e€ ANB,

e the operation (f,A) A (9,B) = (h, A x B), where h(a,b) = h(a) N g(b) for all
(a,b) € A x B.

3. Bipolar fuzzy soft Lie algebras

Definition 3.1. Let (f, A) be a bipolar fuzzy soft set over L. Then (f, A) is
said to be a bipolar fuzzy soft Lie subalgebra over L if f(x) is a bipolar fuzzy Lie
subalgebra of L for all = € A, that is, a bipolar fuzzy soft set (f, A) over L is called
a bipolar fuzzy soft Lie subalgebra of L if the following conditions are satisfied:

(1) pf (z+y) = min{uf (2), 1 (v)},

2) pf(z+y) < max{pf (z), 1y ()},

(3) uf (mzx) = py (x), pf (mz) < pf (2),
(4) pf ([z,y]) = min{uf (x), 1f ()},

(5) pf ([, y]) < max{p} (x), n (y)}

for all z,y € L and m € K.



Bipolar fuzzy soft Lie algebras 5

Example 3.2. The real vector space R? with [z,y] = z x y is a real Lie algebra.
Let N and Z denote the set of all natural numbers and the set of all integers,
respectively. By routine computations, we can easily check that (f,Z), where
f:Z — ([0,1] x [—1,0])%2 with f(n) = (ufn,u}\i) : ®2 — [0,1] x [~1,0] for all
n € Z,

0.6 ifz=(0,0)=0, -0.3 if 2 =(0,0) =0,
uj‘?n (z)=<¢ 0.2 ifz=(0,a),a#0, u% (z)=4¢ —0.2 ifz=(0,a),a#0,
0 otherwise, -1 otherwise,
is a bipolar fuzzy soft Lie subalgebra of 2. O

We state the following propositions without their proofs.
Proposition 3.3. Let (f, A) be a bipolar fuzzy soft Lie subalgebra on L, then
(1) 1 (0) > py (x), pf(0) < ufl (2),
(i) pf ([z,9]) = pf (=ly, 2]) = pf (ly, 2]),
(i) pf ([2,9]) = pf (= [y, 2]) = uy [y, 2])
for all x,y € L. O

Proposition 3.4. Let (f, A) and (g, B) be bipolar fuzzy soft Lie subalgebras over
L, then (f, A)N\(g, B) and (f, A) A (g, B) are bipolar fuzzy soft Lie subalgebras over
L. If ANB =0, then also (f, A)U(g, B) is a bipolar fuzzy soft Lie subalgebra . [J

Proposition 3.5. Let (f, A) be a bipolar fuzzy soft Lie subalgebra over L and let
{(hiyBi) | i € I} be a nonempty family of bipolar fuzzy soft Lie subalgebras of
(f,A). Then

(a) Nier(hi, B;) is a bipolar fuzzy soft Lie subalgebra of (f, A),

(b) Aicr(hi, B;) is a bipolar fuzzy soft Lie subalgebra of \;c;(f, A),

(¢) If B,NB; =10 for~all 1,7 €1,1%# 7, then \N/iGI(Hi,Bi) is a bipolar fuzzy soft
Lie subalgebra of \/,.;(f, A). O

Definition 3.6. Let (f, A) be a bipolar fuzzy soft set over U. For each s € [0, 1],
t € [-1,0], the set (f, A)*8) = (f(&1) A), where

(f AP ={zeU | pf(2) =5, p)(2) <t} forallee A,
is called an (s, t)-level soft set of (f, A). Clearly, (f, A)*?) is a soft set over U.

Theorem 3.7. Let (f, A) be a bipolar fuzzy soft set over L. (f,A) is a bipolar
fuzzy soft Lie subalgebra if and only if (f, A)*Y) is a soft Lie subalgebra over L
for each s € [0,1], t € [-1,0].
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Proof. Suppose that (f, A) is a bipolar fuzzy soft Lie subalgebra. Then for each
s€[0,1],t€[-1,0],e € Aand z1,22 € (f, A)?’“ we have ui(zl) > s, Mi(l‘g) >
s and u% (x1) <ty ,uﬁ (x2) < t. From Definition 3.1, it follows that (f, A)és’t) is a
bipolar fuzzy Lie subalgebra over L. Thus pf (x1 + 2) > min(u} (1), uf (22)),
,U,Z (1 4+ x2) = s, u}\i (1 4+ x2) < max(pﬁ (xl),,u}i (z2)), uﬁ (1 4+ x2) < t. This
implies that 1 + z2 € fZ. The verification for other conditions is similar. Thus
(f, A)Y is a soft Lie subalgebra over L for each s € [0,1],t € [-1,0].
Conversely, assume that (f, A)(5Y is a soft Lie subalgebra over L for each
s €[0,1],¢t € [-1,0]. Foreach ¢ € A and 1,29 € G, let s = min{ui(xl),,ui(xg)}
and let ¢t = max{u;\i (xl),u}i (z2)}, then z1, x5 € (f, A)S’”. Since (f, A)S’” is a
Lie subalgebra over L, then 1 + z2 € (f, A)S’”
min(ui (xl),,ui (x2)) and Mjc\i (1 + x2) < max(ujc\i (1), ,u}i (22)). The verification
for other conditions is similar. Thus according to Definition 3.1, (f, A) is a bipolar
fuzzy soft Lie subalgebra over L. This completes the proof. O

. This means that ,ui (1 +x2) >

Definition 3.8. Let ¢ : L; — Ly and @ : A — B be two functions, A and B are
parametric sets from the crisp sets L; and Lo, respectively. Then the pair (¢, )
is called a bipolar fuzzy soft function from L1 to Ls.

Definition 3.9. Let (f, A) and (g, B) be two bipolar fuzzy soft sets over L; and
Lo, respectively and let (¢,1) be a bipolar fuzzy soft function from L; to Ls.

The image of (f,A) under the bipolar fuzzy soft function (¢,v), denoted
by (¢,¥)(f, A), is the bipolar fuzzy soft set on Ko defined by (¢,v)(f, A) =
(6(), ¥(A)), where for all k € p(4),y € Ly

; -1

P _ Vo@)=y Vay=k falx) if z €™ (y),
Mo ) { 1 otherwise,
; —1

N _ /\¢(I):y /\w(a):k fa(z) ifzed(y),
o W) { -1 otherwise.

The preimage of (g, B) under the bipolar fuzzy soft function (¢, 1), denoted
by (¢,%)~1(g, B), is the bipolar fuzzy soft set over K1 defined by (¢,v)~ (g, B) =
(¢ (g),v~1(B)), where for all a € ~1(A) for all z € Ly,

10, () = b (02)), sy, (@) = m (B())

Definition 3.10. Let (¢,1) be a bipolar fuzzy soft function from L; to Lo. If
¢ is a homomorphism from L; to Lo then (¢,%) is said to be a bipolar fuzzy soft
homomorphism. If ¢ is a isomorphism from L to Ly and v is one-to-one mapping
from A onto B then (¢, ) is said to be a bipolar fuzzy soft isomorphism.

Theorem 3.11. Let (g, B) be a bipolar fuzzy soft Lie subalgebra over Lo and let
(¢,%) be a bipolar fuzzy soft homomorphism from Ly to Ly. Then (¢,v)" (g, B)
is a bipolar fuzzy soft Lie subalgebra over L.
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Proof. Let 1,22 € Ly, then

¢~ (ug ) (@1 +22) = Mf;w(e) (p(z1 +22)) = Mf;d,(e)
> min{uf _(¢(a1)

)
= min{qﬁ_l(ui)(ﬂcl), ¢_1(M£ (z2)},

M gl ) (w1 + x2) = p, (D@1 +22)) = pf,  (6(x1) + d(22))
<maxiul (@(e), i | (#r2))}
= max{¢~ " (ng.)(21), o~ (g ) (22)}-
The verification for other conditions is similar and hence we omit the detail. Hence
(¢,7) (g, B) is a bipolar fuzzy soft Lie subalgebra over L;. O

Note that (¢,v)(f, A) may not be a bipolar fuzzy soft Lie subalgebra over L.

4. (€,€ Vq)- bipolar fuzzy soft Lie algebras

Let ¢ € G be fixed. If v € (0,1] and 6 € [-1,0) are two real numbers, then
c(v,0) = (z,¢y,c5) is called a bipolar fuzzy point in G, where v(resp, J) is the
positive degree of membership (resp, negative degree of membership) of ¢(y, )
and ¢ € G is the support of ¢(v,0). Let ¢(v,d) be a bipolar fuzzy in G and let
A = (z,pf], p¥) be a bipolar fuzzy in G. Then c(, §) is said to belong to A, written
c(v,8) € Aif pf(c) = v and plY (c) < 5. We say that c(v,d) is quasicoincident
with A, written c(v,8)qA, if pf(c) ++v > 1 and p(c) + § < —1. To say that
c(,0) € VgA (resp, c¢(v,0) € NgA) means that c(y,0) € A or ¢(v,d)qA (resp,
c(v,0) € A and ¢(v,0)qA) and ¢(v, )€ VgA means that c¢(v,d) € VgA does not
hold.

Definition 4.1. A bipolar fuzzy set A = (uf, %) in L is called an (€, € Vq)-
bipolar fuzzy Lie subalgebra of L if it satisfies the following conditions:

(a) x(s1,t1),y(s2,t2) € A= (z + y)(min(s1, s2), max(ty, t2)) € Vg4,
(b) 2(s,t) € A= (mz)(s,t) € VqA,
(c) z(s1,t1),y(s2,t2) € A = ([z,y])(min(sy, s2), max(t1, 1)) € VgA
forall z,y € L, m € K, s,51,52 € (0,1], t,t1,t2 € [-1,0).

Example 4.2. Let %2 be as in Example 3.2. We define a bipolar fuzzy set
A:G—[0,1] x [-1,0] by

1 if z=e¢ 0 if z=¢
P N ) N — ’
pa(z) = { 0.4 otherwise, a () = { —0.2 otherwise.

By routine computations, it is easy to see that A is not an (€, € Vq)-bipolar fuzzy
Lie subalgebra of L. O
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Theorem 4.3. A bipolar fuzzy set A in a Lie algebra L is an (€, € Vq)-bipolar
fuzzy Lie subalgebra of L if and only if

o ph(z+y) > min(ph(2), 1k (y),0.5), p (z+y) < max(u (x), u} (y), —0.5),
(x

(
o uh(ma) > min(d(2),05),  p (ma) < max(u (z), ~0.5),
o whi([z,y]) = min(uf(2), 1 (y),0.5),  pi ([z,y]) < max(u} (), p (y), —0.5)
hold for all x,y € L, m € K. O

Theorem 4.4. A bipolar fuzzy set A of a Lie algebra of L is an (€, € Vq)-bipolar
fuzzy Lie subalgebra of L if and only if for all s € (0.5,1], t € [—-1,—-0.5) each
nonempty Ay is a Lie subalgebra of L.

Proof. Assume that A is an (€, € Vq)-bipolar fuzzy Lie subalgebra of L and let s €
(0.5,1], t € [-1,-0.5). If @,y € A(s ), then pl(x) > s and pli(y) > s, plY (z) < ¢
and pf (y) < t. Thus, pf(z +y) > min(uf (), % (y),0.5) > min(s,0.5) = s and
ph (z +y) < max(pd (@), p (y), —0.5) < max(t,—0.5) = ¢, 0 x +y € A5y
The verification for other conditions is similar. The proof of converse part is
obvious. O

Theorem 4.5. If A is a bipolar fuzzy set in a Lie algebra L, then A ) is a Lie
subalgebra of L if and only if

o max(ply(z +y),0.5) > min(p} (z), 1 (y)),
min(plY (x 4+ y), —0.5) < max(pl (z), 1Y (v)),

e max(uf(mx),0.5) > min(uf ()

~—

(
min(u (ma), —0.5) < max(ulY (),

e max(pf([z,9]),0.5) = min(uf (), 15 (v)),
min (e ([z,y]), —0.5) < max(p}y (x), 1} (y))
forallz,ye L, me K. O

Definition 4.6. Let (f, A) be a bipolar fuzzy soft set over a Lie algebra L. Then
(f, A) is called an (€, € Vq)-bipolar fuzzy soft Lie subalgebra if f(«) is an (€, € Vq)-
bipolar fuzzy Lie subalgebra of L for all a € A.

Theorem 4.7. Let (f, A) and (g, B) be two (€, €Vq)-bipolar fuzzy soft Lie subal-
gebras over a Lie algebra L. Then (f, A) A (g, B) is an (€, €Vq)-bipolar fuzzy soft
Lie subalgebra over L.

Proof. By the definition, we can write (f, A) A (g, B) = (h,C), where C = A x B
and h(a, B) = f(a) Ng(B) for all («,3) € C. Now for any (a, 8) € C, since (f, A)
and (g, B) are (€, € Vq)-bipolar fuzzy soft Lie subalgebras over L, we have both
f(a) and ¢(B) are (€, € Vg)-bipolar fuzzy Lie subalgebras of L. Thus h(«, ) =
f(a)Ng(B) is an (€, € Vg)-bipolar fuzzy Lie subalgebra of L. Hence, (f, A) A (g, B)
is an (€, € Vg)-bipolar fuzzy soft Lie subalgebra over L. O
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Theorem 4.8. Let (f, A) and (g, B) be two (€, € Vq)-bipolar fuzzy soft Lie subal-
gebras over a Lie algebra L. Then (f, A)N(g, B) is an (€, € Vq)-bipolar fuzzy soft
Lie subalgebra over L.

Proof. We have (f, A)N(g, B) = (h,C), where C = AU B and

f(e) if e A-B,
h(e) = g(e) if ee B-C,
fe)ngle) if e€ ANB

for all « € C.

Now for any a € C, we consider the following cases.

1. « € A— B. Then h(a) = f(«) is an (€, € Vq)-bipolar fuzzy Lie subalgebra
of L since (f, A) is an (€, € Vq)-bipolar fuzzy soft Lie subalgebra over L.

2. a € B— A. Then h(a) = g(«) is an (€, € Vg)-bipolar fuzzy Lie subalgebra
of L since (g, B) is an (€, € Vq)-bipolar fuzzy soft Lie subalgebra over L.

3. a € AnB. Then h(a) = f(a) Ng(a) is an (€, € Vq)-bipolar fuzzy Lie
subalgebra of L by the assumption. Thus, in any case, h(«) is an (€, € Vg)-bipolar
fuzzy Lie subalgebra of L. Therefore, (f, A)N(g, B) is an (€, € Vq)-bipolar fuzzy
soft Lie subalgebra over L. O

Theorem 4.9. Let (f, A) and (g, B) be two (€, € Vq)-bipolar fuzzy soft Lie subal-
gebras over a Lie algebra L. If ANB # 0, then (f, A)N(g, B) is an (€, € Vq)-bipolar
fuzzy soft Lie subalgebra over L.

Proof. (f, A)N(g,B) = (h,C), where C = AN B and h(a) = f(a)Ng(a) for all
a € C. Now for any o € C| since (f, A) and (g, B) are (€, € Vq)-bipolar fuzzy soft
Lie subalgebras over L, we have both f(«) and g(«) are (€, € Vg)-bipolar fuzzy
Lie subalgebras of L. Thus h(a) = f(a) Ng(a) is an (€, € Vg)-bipolar fuzzy Lie
subalgebra of L. Therefore, (f, A)N(g, B) is an (&, € Vq)-bipolar fuzzy soft Lie
subalgebra over L. O

Theorem 4.10. Let (f, A) be an (€,€Vq)- bipolar fuzzy soft Lie subalgebra over
L and let {(h;,B;) | i € I} be a nonempty family of (€, € Vq)-bipolar fuzzy soft
Lie subalgebras of (f, A). Then

(a) Nier(hi, By) is an (€,€Vq)- bipolar fuzzy soft Lie subalgebra of (f, A),

(b) NAser(hi, By) is an (€, € Vq)- bipolar fuzzy soft Lie subalgebra of \,c;(f, A),

(c) If BN Bj =0 for all i, j € I, then \~/i€I(Hi,Bi) is an (€, € Vq)- bipolar
fuzzy soft Lie subalgebra of \/,., f, A). O

Theorem 4.11. Let (f, A) and (g, B) be two (€, € Vq)-bipolar fuzzy soft Lie sub-
algebras over a Lie algebra L. If A and B are disjoint, then (f, A)U(g, B) is an
(€,€Vq)-bipolar fuzzy soft Lie subalgebra over L. O
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