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OD-Characterization of almost simple groups
related to Us(17)

Mohammad R. Darafsheh, Gholamreza Rezaeezadeh,

Masoumeh Sajjadi and Masoumeh Bibak

Abstract. We characterize groups with the same order and degree pattern as an almost simple
groups related to Us(17).

1. Introduction

Let G be a finite group. For any group G, we denote by 7. (G) the set of orders of its
elements and by 7(G) the set of prime divisors of |G|. Let 7(G) = {p1,p2,--., Pk}
The prime graph T'(G) of a group G is the graph whose vertex set is 7(G) and
two distinct primes p and ¢ are joined by an edge (we write p ~ ¢) if and only if
G contains an element of order pg (pg € 7.(G)). For p € ©(G), we put deg(p) :=
{g € 7(G)|p ~ q}|, which is called the degree of p. If |G| = pi" p5? - - - pi* we define
D(Q) := (deg(p1),deg(p2),...,deg(pr)), where p1 < pa < ... < pg, to be called
the degree pattern of G. A group G is called k-fold OD-characterizable if there
exist exactly k non-isomorphic finite groups having the same order and degree
pattern as G. In particular, a 1-fold OD-characterizable group is simply called
OD-characterizable. A group G is said to be an almost simple group related to S
if and only if S G < Aut(S) for some non-abelian simple group S. In a series
of articles, it has been proved, up to now, that many finite almost simple groups
are OD-characterizable or k-fold OD-characterizable for k > 2, for instance see
[2, 3, 5, 7, 8 9]. In this paper U := Us(17) and Aut(U) = U : S3 and we show
that U and U : 2 are O D-characterizable, also U : 3 and U : S are 3-fold and 5-
fold OD-characterizable respectively (H.K means an extension of a group H by a
group K and H : K denotes split extension). We denote the socle of G by Soc(G),
which is the subgroup generated by the set of all minimal normal subgroups of G.
For p € m(G), we denote by G}, and Syl,(G) a Sylow p-subgroup of G and the set
of all Sylow p-subgroups of G respectively, all further unexplained notation are
standard and can be found in [4].
Throughout this article, all groups under consideration are finite.
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2. Lemmas

It is well-known that Aut(Us(17)) = Us(17) : S3, hence the following lemma follows
from definition.

Lemma 2.1. If G is an almost simple group related to U := U3(17), then G is
isomorphic to one of the following groups: U, U :2, U:3 or U :Sj. O

G is said to be completely reducible group if and only if either G = 1 or G is
the direct product of a finite number of simple groups. A completely reducible
group will be called a CR-group. A CR-group has trivial center if and only if
it is a direct product of non-abelian simple groups and in this case, it has been
named a centerless C R-group. The following lemma determines the structure of
the automorphism group of a centerless C'R-group.

Lemma 2.2. ([4], Theorem 3.3.20) Let R be a finite centerless CR-group and
write R = R1 X Ry X ... X Ry, where R; is a direct product of n; isomorphic
copies of a simple group H;, and H; and Hj; are not isomorphic if i # j. Then
Aut(R) = Aut(R1) x Aut(Rg) x ... x Aut(Ry) and Aut(R;) = Aut(H; )1S,,, where
in this wreath product Aut(H;) appears in its right regular representation and the
symmetric group S,, in its natural permutation representation. Moreover, these
isomorphisms induce isomorphisms Out(R) = Out(Ry)xOut(Rz) X ... x Out(Ry)
and Out(R;) = Out(H;)1S,,. O

Let p > 5 be a prime. We denote by &,, the set of all simple groups with prime
divisors at most p. Clearly, if ¢ < p then &, C &,,. We list all the simple groups
in class 617 in Table 1 below, taken from [6].

Table 1: Simple groups in &,, p < 17.

S 15| [Out(S)] S 15| [Out(S)|
As 22.3.5 2 Ao 27 .3%.52.7 2
Ag 23.3%2.5 4 Us(3) | 27-3%.5.7

S4(3) | 2¢.3%.5 2 S4(7) | 28.3%2.5%.74

Lo(7) | 22-3-7 2 Se(2) | 2°-3*.5.7

La(8) | 2%.32.7 3 oF(2) | 2*2.38°.5%.7

Us(3) | 2°-3%.7 2 Lo(11) | 22-.3-5-11
Ar 23.32.5.7 2 My 24.32.5.11

Lo(49) | 2%.3.52.72 4 Mo 26.3%.5.11

Us(5) | 2*-3%2.5%.7 6 Us(2) | 2'9.3%°.5.11

BN N NN N NN~ N O - N

L3(4) | 26.32.5.7 12 Moo 27.3%.5.7.11
Ag 26.32.5.7 2 Aqp 27.3%.52.7.11
Ao 26.3%.5.7 2 MeL | 27-35.5%.7.11
Ja 27.3%.52.7 2 HS 29.32.5%.7.11
Aia 29.3%5.52.7.11 2 Ass 210.36.53.72.11.13
Us(2) | 2'°.35.5.7-11 6 Le(3) | 2'1.3'%.5.7.112.132
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(continued)

S S| |Out(S)] S IS| [Out(S)]
L3(3) 24.3%.13 2 Suz 213.37.52.7.11.13 2
Lo(25) | 2%.3.52.13 4 Ase 214.36.5%.72.11.13 2
Us(4) | 26-3-5%2.13 4 Figo 217.3%.52.7.11-13 2
S4(5) 26.32.5%.13 2 Lo(17) | 2*-32.17 2
L4(3) | 27-3%.5.13 4 Lo(16) | 2*.3.5.17 4
2p,2) | 2 .3%.52.13 2 Sa(4) 28.3%.52.17 4
Lo(13) | 22-.3.7-13 2 He 210.3%.52. 73 .17 2
Lo(27) | 22.3%.7.13 6 Og(2) | 2'2.3*.5.7-17 2
Ga(3) | 26-35.7.13 2 L4(4) 212.3%.52.7.17 4
3Dy(2) | 2'2.3%.72.13 3 Ss(2) 216.35.52.7.17 1
Sz(8) | 2%-5.7-13 3 O5(2) | 229.3%.5%.7.11.17 2
Lo(64) | 26.32.5.7.13 6 Fy(2) 224.36.52.72.13.17 2
Us(5) | 27-3*.55.7.13 4 U, (4) 212.32.5%.13.17 4
L3(9) | 27-3%.5.7-13 4 S (4) 218.3%.5%.7.13.17 2
S6(3) 29.3%.5.7.13 2 OF(4) | 22*.38%.5%.7.13.172 12
0+(3) 29.3%.5.7.13 2 Ls(16) | 2'2.3%2.52.7.13.17 24
Go(4) | 2'2.3%.5%2.7.13 2 S4(13) | 26.32.5.72.13% .17 2
S4(8) 212.3%.5.72.13 6 Lo(13%) | 2%.3.5.7-13% .17 4
OF(3) | 2'2-.3'2.52.7.13 24 Us(17) | 26-3%.7.13.173 6
Ls(3) | 2°-3'0.5.11%2.13 2 A1z 214 .36.5%.72.11.13- 17 2
Ais 29.3%.52.7.11-13 2 Aig 2'% .38 .5%.72.11.13.17 2
Ay 210.35.52.72.11.13 2

Lemma 2.3. ([1], Theorem 10.3.1) Let G be a Frobenius group with kernel K and
complement H. Then

(a) K is a nilpotent group,

(b) |K| = 1(mod|H|). O

3. Almost simple groups related to U3(17)
Theorem 3.1. Let M be an almost simple group related to U := U3(17). If G is a

finite group such that D(G) = D(M) and |G| = |M|, then the following assertions
hold:

(
(
(
(

a) If M =U, then G = U.
b) If M =U:2, then G=U : 2.
¢) If M=U:3,then G=U:3, ZsxU or Z3.U.
d) IfM =U: Sg, then G = U : Sg, Zg X (U : 2), Zg(U : 2), (Z3 X U)ZQ
or (Z3U)ZQ
In particular, U and U : 2 are O D-characterizable, U : 3 is 3-fold O D-charac-
terizable and U : S3 is 5-fold O D-characterizable.
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Proof. We break the proof into a number of separate cases. Note that the set of
order elements in each of the following cases is calculated using GAP.
Case 1. If M = U, then G = U.

By Table 1, |G| = |U| = 26.3%.7.13.17% and we have 7. (U) = {1,2,3,4,6,7,8,9,
12,13,16,17,18,24, 32,34, 48,51, 91, 96,102}, so by assumption, D(G) = D(U) =
(2,2,1,1,2). Therefore, there exist two possibilities for T'(G) are as follows:

17
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K
S
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.
—
w

Figure 1-1 Figure 1-2

where a,b,r are distinct prime numbers that belong to {2,3,17}. We have to
show that G is isomorphic to U := U3(17) and we break the proof into a sequence
of steps.

Step 1. Let K be the maximal normal solvable subgroup of G. Then K is a
{2, 3}-group. In particular, G is non-solvable.

We consider these two parts separately:

Part A. Consider Figure 1-1, and Figure 1-2 where r # 17.

First, we show that K is a 17 -group. Assume the contrary and let 17 € 7(K).
Then 13 does not divide the order of K (otherwise, we may suppose that T is a
Hall {17,13}-subgroup of K. It is seen that T is a nilpotent subgroup of order
13.17% for i = 1,2 or 3. Thus, 13.17 € 7.(K) C 7.(G), a contradiction). Thus,
{17} € =(K) C {2,3,7,17}. Let Ky7 € Syl;;(K) and N := Ng(Ki7). By the
Frattini argument, G = K N. Therefore, N contains an element of order 13, say
o. Since G has no element of order 13.17, (o) should act fixed point freely on
K7, implying (0)K;7 is a Frobenius group. By Lemma 2.3(b), |{o)||(|K17] — 1).
It follows that 13|17¢ — 1, for s = 1,2 or 3, which is a contradiction.

Next, we show that K is a p/—group for p € {13,7}. Let 2 be an element of K of
order p and set
C .= Cg(l‘), N := Ng(<$>).

Let p = 13. According to Figure 1-1, C'is a {7, 13}-group. Now, using (N/C)-
Theorem, the factor group N/C is embedded in Aut(< x >) = Zj5. Hence N is
a {2,3,7,13}-group and by the Frattini argument, G = KN then 17 must divide
the order of K, which is a contradiction. According to Figure 1-2, C'is a {r,13}-
group, where » = 2 or 3. Therefore, by the same argument, we conclude that N
is a {2, 3,13}-group and by the Frattini argument, 17 must divide the order of K,
which is a contradiction, so K is a {2, 3, 7}-group.

Let p = 7. According to Figure 1-1, C'is a {7, 13}-group. Now, using (N/C)-
Theorem, the factor group N/C is embedded in Aut(< = >) = Zg. Hence N is
a {2,3,7,13}-group and by the Frattini argument, G = KN then 17 must divide
the order of K, which is a contradiction. According to Figure 1-2, C'is a {7,a}-
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group, where a = 2,3 or 17. Then by the same argument, we conclude that N is a
{2, 3, 7}-group for a = 2,3, and {2,3,7,17}-group for a = 17. Now by the Frattini
argument, G = KN then 13 must divide the order of K, which is a contradiction.
Therefore, K is a {2, 3}-group.

Part B. Consider Figure 1-2 where r = 17.

First, we show that K is a 17/—gr0up. Assume the contrary and let 17 € 7(K).
Then 7 does not divide the order of K (otherwise, we may suppose that T is a
Hall {7,17}-subgroup of K. It is seen that T is a nilpotent subgroup of order
717" for i = 1,2 or 3. Thus, 7.17 € 7.(K) C m.(G), a contradiction). Thus,
{17} C n(K) C {2,3,13,17}. Let K7 € Syl;7(K) and N := Ng(K;7). By the
Frattini argument, G = K N. Therefore, N contains an element of order 7, say
o. Since G has no element of order 7.17, (o) should act fixed point freely on K7,
implying (o)K7 is a Frobenius group. By Lemma 2.3(b), |(o)||(|K17] — 1). It
follows that 7|17¢ — 1, for i = 1,2 or 3, which is a contradiction.

Next, we show that K is a p/—group for p € {13,7}. Let = be an element of K of
order p and set
C .= Cg(l‘), N := Ng(< x >).

Let p = 7. By the prime graph of G, C'is a {7, a}-group, where a = 2 or 3. Now,
using (N/C')-Theorem, the factor group N/C is embedded in Aut(< z >) = Zs.
Hence N is a {2,3, 7}-group and by the Frattini argument, G = KN, so 17 must
divide the order of K, which is a contradiction. Therefore, K is a {2, 3, 13}-group.

Let p = 13. By the prime graph of G, C is a {13,17}-group. Now, using
(N/C)-Theorem, the factor group N/C' is embedded in Aut(< z >) = Z;12. Hence
N is a {2,3,13,17}-group and by the Frattini argument, 7 must divide the order
of K, which is a contradiction, so K is a {2,3}-group. In addition since G # K,
G is non-solvable, and this completes the proof of Step 1.

Step 2. The quotient G/K is an almost simple group. In fact, S < G/K <
Aut(S), where S is a finite non-abelian simple group.

Let G = G/K. Then S := Soc(G) = Py x Py x ... X P, where P;’s are
finite non-abelian simple groups and S < G/K < Aut(S), see [3, Proposition
3.1, Step 2]. In what follows, we will show that m = 1. Suppose that m > 2.
We claim 13 does not divide |S|. Assume the contrary and let 13 | |S|, on the
other hand, {2,3} C = (F;) (by Table 1), hence 2 ~ 13 and 3 ~ 13, which is a
contradiction. Now, by Step 1, we observe that 13 € 7(G) C w(Aut(S)). But
Aut(S) = Aut(S1) x Aut(S2) x ... x Aut(Sg), where the groups S; are direct
products of isomorphic P;’s such that S = S; x Sy X ... x Sg. Therefore, for
some j, 13 divides the order of an automorphism group of a direct product S; of
t isomorphic simple groups P;. Since P; € &7, it follows that |Out(P;)| is not
divisible by 13 (see Table 1), so 13 does not divide the order of Aut(F;). Now,
by Lemma 2.2, we obtain |Aut(S;)| = |Aut(F;)[*.t! . Therefore, ¢ > 13 and so
226 must divide the order of G, which is a contradiction. Therefore, m = 1 and
S = Py, so the proof is completed.
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Step 3. @ is isomorphic to Us(17).

By Table 1 and Step 1, it is evident that |S| = 2%.37.7.13.17%, where 2 < a < 6
and 1 < g < 4. Now, using the collected results contained in Table 1, we deduce
that S = Us3(17) and by Step 2, we conclude that U 9 G/K < Aut(U). As
|G| = |U|, we deduce K =1, so G = U, and the proof is completed.

Case 2. f M =U :2, then G2 U : 2.

G| = 2|U| = 27.34.7.13.17% and 7. (U : 2) = {1,2,3,4,6,7,8,9,12,13, 16,17, 18,
24,32,34,36,48,51,68,91,96,102}, so D(G) = D(U : 2) = (2,2,1,1,2), and there-
fore we conclude that the possibilities for I'(G) are as in Figure 1-1 and Figure
1-2, where a, b, r are distinct prime numbers that belong to {2,3,17}.

Step 1. Let K be the maximal normal solvable subgroup of G. Then K is a
{2, 3}-group. In particular, G is non-solvable.
By an argument similar to that used in Case 1, we can obtain this assertion.

Step 2. The quotient G/K is an almost simple group. In fact, S < G/K <
Aut(S), where S is a finite non-abelian simple group.

The proof is similar to Step 2, in Case 1.
By Table 1 and Step 1, it is evident that |S| = 2*.3%.7.13.17%, where 2 < a < 7
and 1 < 8 < 4. Now, using the collected results contained in Table 1, we deduce
that S = U3(17). Therefore by Step 2, U < G/K < Aut(U), which implies that
|[K|=1or2.

If | K| =1, then GX=U : 2.

If |[K| =2, then K < Z(G) and so deg(2) = 4, which is a contradiction.

Case 3. If M =U :3,then G=U :3,7Z3 x U or Z3.U.

G| = 3|U| = 26.3°.7.13.17% and w.(U:3) = {1,2,3,4,6,7,8,9,12,13, 16, 17,
18,21, 24, 32, 34, 36, 39, 48, 51, 72,91, 96, 102, 144, 153, 273, 288, 306}. Thus, we get
D(G) = D(U : 3) = (2,4,2,2,2). Therefore we have two possibilities for T'(G):

2 7 b 2
13 3 17 13 3 a
Figure 2-1 Figure 2-2

where a, b are distinct prime numbers which belong to {7,17}.

Step 1. Let K be the maximal normal solvable subgroup of G. Then K is a
{2, 3}-group. In particular, G is non-solvable.
We consider these two parts separately:

Part A. Consider Figure 2-1, and Figure 2-2 where ¢ = 17 and b = 7.

First, we claim K is a 17'—gr0up. Assume the contrary and let 17 € 7(K).
Then 13 does not divide the order of K (otherwise, we may suppose that T is a
Hall {17,13}-subgroup of K. It is seen that T is a nilpotent subgroup of order
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13.17% for i = 1,2 or 3. Thus, 13.17 € 7.(K) C 7.(G), a contradiction). Thus,
{17} € 7(K) C {2,3,7,17}. Let K7 € Syl;;(K) and N := Ng(Ki7). By the
Frattini argument, G = KN. Therefore, N contains an element of order 13, say
o. Since G has no element of order 13.17, (o) should act fixed point freely on
K7, implying (o) K77 is a Frobenius group. By Lemma 2.3(b), |{o)||(|K17| — 1).
It follows that 13|17° — 1, for i = 1,2 or 3, which is a contradiction.

Next, we show that K is a p,—group for p € {13,7}. Let x be an element of K
of order p and set

C:=Cg(x), N:=Ng(<z>).

Let p =13. So Cis a {2,3,13} and {3, 7, 13}-group, in Figure 2-1 and Figure
2-2 respectively. Now, using (N/C)-Theorem, the factor group N/C is embedded
in Aut(< « >) 22 Z15. Hence N is a {2,3,13}-group in Figure 2-1, and {2,3,7,13}-
group in Figure 2-2. On the other hand, by the Frattini argument, G = K N. Then
17 must divide the order of K, which is a contradiction.

Let p = 7. According to Figure 2-1, C'is a {3,7,17}-group. Now, using (N/C)-
Theorem, the factor group N/C is embedded in Aut(< = >) = Zg. Hence N is
a {2,3,7,17}-group and by the Frattini argument, G = KN then 13 must divide
the order of K, which is a contradiction. According to Figure 2-2, C'is a {3,7,13}-
group. Then by a same argument, we conclude that N is a {2,3,7,13}-group. Now
by the Frattini argument, G = KN then 17 must divide the order of K, which is
a contradiction. Therefore, K is a {2, 3}-group.

Part B. Consider Figure 2-2, where ¢ = 7 and b = 17.

First, we claim K is a 17 -group. Assume the contrary and let 17 € 7(K).
Then 7 does not divide the order of K (otherwise, we may suppose that T is a
Hall {7,17}-subgroup of K. It is seen that T is a nilpotent subgroup of order
717 for i = 1,2 or 3. Thus, 7.17 € 7.(K) C 7.(G), a contradiction). Thus,
{17} C #n(K) C {2,3,13,17}. Let Ky7 € Syl;;(K) and N := Ng(K;7). By the
Frattini argument, G = KN. Therefore, N contains an element of order 7, say
o. Since G has no element of order 7.17, (o) should act fixed point freely on K7,
implying (o) K17 is a Frobenius group. By Lemma 2.3(b), [{(o)||(|K17] — 1). It
follows that 7|17° — 1, for 4 = 1,2 or 3, which is a contradiction. Therefore, K is
a 17/—group.

Next, we show that K is a p/—group for p € {7,13}. Let x be an element of K
of order p and set

C:=Cg(zx), N:=Ng(<z>).

Let p=7. So C is a {2,3,7}-group. Now, using (N/C)-Theorem, the factor
group N/C is embedded in Aut(< z >) = Zg. Hence N is a {2,3, 7}-group and
by the Frattini argument, G = KN then 17 must divide the order of K, which is
a contradiction.

Let p = 13. Therefore, C' is a {3,13,17}-group. Now, using (N/C)-Theorem,
the factor group N/C is embedded in Aut(< z >) = Z;2. Hence Nisa {2,3,13,17}-
group and by the Frattini argument, G = KN then 7 must divide the order of K,
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which is a contradiction. So K is a {2,3}-group. In addition since G # K, G is
non-solvable, and this completes the proof of Step 1.

Step 2. The quotient G/K is an almost simple group. In fact, S < G/K <
Aut(S), where S is a finite non-abelian simple group.

Similar to Step 1, we consider two parts:

Part A. Consider Figure 2-1, and Figure 2-2 when ¢ = 17 and b = 7.
Let G = G/K. Then S := Soc(G) = P, x P, x ... x P,,, where P;’s are finite
non-abelian simple groups and S < G/K < Aut(S). In what follows, we will show
that m = 1. Suppose that m > 2. We claim 7 does not divide |S|. Assume the
contrary and let 7 | |S|, on the other hand, {2,3} C w(F;) (by Table 1), hence
2 ~ 7 and 3 ~ 7, which is a contradiction. Now, by Step 1, we observe that
7€ 7(Q) C w(Aut(S)). But Aut(S) = Aut(S;) x Aut(Ss) x ... x Aut(Sy), where
the groups S; are direct products of isomorphic P;’s such that S = S; xSy x...xS.
Therefore, for some j, 7 divides the order of an automorphism group of a direct
product S; of ¢ isomorphic simple groups F;. Since P; € &7, it follows that
|Out(P;)| is not divisible by 7 (see Table 1), so 7 does not divide the order of
Aut(P;). Now, by Lemma 2.2, we obtain |[Aut(S;)| = |Aut(P;)|".t!. Therefore,
t > 7 and so 2'* must divide the order of G, which is a contradiction. Therefore,
m =1 and S = Py, so the proof of this part is completed.

Part B. Consider Figure 2-2, when a =7 and b = 17.

Let G = G/K. Then S := Soc(G) = P; x Py X ... x P,,, where P;’s are finite
non-abelian simple groups and S < G/K < Aut(S). In what follows, we will show
that m = 1. Suppose that m > 2. We claim 13 does not divide |S|. Assume the
contrary and let 13 | | S|, on the other hand, {2,3} C 7(P;) (by Table 1), hence
2 ~ 13 and 3 ~ 13, which is a contradiction. Now, by Step 1, we observe that
13 € m(G) C w(Aut(S)). But Aut(S) = Aut(S;) x Aut(Ss) x ... x Aut(Sk), where
the groups S; are direct products of isomorphic P;’s such that S = 51 xS3 x...xSj.
Therefore, for some j, 13 divides the order of an automorphism group of a direct
product S; of ¢ isomorphic simple groups P;. Since P; € &7, it follows that
|Out(P;)| is not divisible by 13 (see Table 1), so 13 does not divide the order of
Aut(P;). Now, by Lemma 2.2, we obtain |Aut(S;)| = |Aut(P;)|".t! . Therefore,
t > 13 and so 225 must divide the order of G, which is a contradiction. Therefore,
m =1 and S = Py, so the proof is completed.

Now by Table 1 and Step 1, it is evident that |S| = 22.3%.7.13.173, where
2<a<6and 1 <P <5 By using the collected results contained in Table 1,
we deduce that S = U3(17) and by Step 2, we conclude that U I G/K < Aut(U).
Hence, |K| =1 or 3.

If | K| =1, then G=U : 3.

If |K| =3, then G/K = U. In this case we have G/C¢(K) < Aut(K) = Zs.
Thus, |G/Ce(K)| = 1 or 2. If |G/Ce(K)| = 1, then K < Z(G), that is, G
is a central extension of Zg by U. If G splits over K, we obtain G = Z3 x U,
otherwise, we have G = Z3.U. If |G/Cq(K)| = 2, then K C Cg(K) and 1 #
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Ce(K)/K <G/K = U. Thus, we obtain G = Cg(K) because U is simple, which
is a contradiction.

Case4. f M =U: Sg, then G = U : Sg, Zg X (U : 2), Zg(U : 2), (Zg X U)ZQ
or (ZgU)ZQ

G| = 6|U| = 27.3°.7.13.17% and m.(U : S3) = {1,2,3,4,6,7,8,9,12, 13, 16, 17,
18,21, 24, 32,34, 36, 39,48,51,68,72,91, 96, 102, 144, 153,273, 288,306}, so D(G) =
D(U :S3) = (2,4,2,2,2), and therefore we conclude that there exist two possibil-
ities for the prime graph of G presented by Figure 2-1 and Figure 2-2, where a,b
are distinct prime numbers which belong to {7,17}.

Step 1. Let K be the maximal normal solvable subgroup of G. Then K is a
{2, 3}-group. In particular, G is non-solvable.
We can prove this by the similar way to that in Case 3.

Step 2. The quotient G/K is an almost simple group. In fact, S < G/K <
Aut(S), where S is a finite non-abelian simple group.
The proof is similar to Step 2, in Case 3.

Now by Table 1 and Step 1, it is evident that |S| = 22.3°%.7.13.17, where
2< a<7and 1 < 0 < 5. By using the collected results contained in Table 1,
we deduce that S = Us(17) and by Step 2, we conclude that U <G/K < Aut(U).
Hence, |K| =1,2,3 or 6.

If | K|=1, then G2 U :S;.

If |[K| = 2, then K < Z(G). It follows that deg(2) = 4, which is a contradiction.

If | K| = 3, then G/K = U : 2. In this case, we have G/Cq(K) S Aut(K) = Zs.
Thus, |G/Ce(K)| =1or 2. If |G/Cq(K)| =1, then K < Z(G), that is, G is a
central extension of Zs by U : 2. If G splits over K, we obtain G = Z3 x (U : 2),
otherwise, we have G = Zs.(U : 2). If |G/Cq(K)| = 2, then K C Cg(K) and
1# Ce(K)/K <G/K = U : 2 and we obtain Cg(K)/K = U. Because K <
Z(Ca(K)), Ca(K) is a central extension of K by U. Thus, Cq(K) 2 Z3 x U or
Zg.U. Therefore, G= (Z3 X U)ZQ or (ZgU)ZQ
If |K| =6, then G/K = U and K = Zg or Ss.

If K =7, then G/Cq(K) < Zs and so |G/Cq(K)|=1or 2. If |G/Cq(K)| =
1, then K < Z(G). It follows that deg(2) = 4, a contradiction. If |G/Cq(K)| = 2,
then K C Cq(K)and 1 # Cq(K)/K<G/K = U, which is a contradiction because
U is simple.

If K 2 S3, then KNCg(K) =1 and G/Cq(K) < S3. Thus, Cq(K) # 1.
Hence, 1 # Cq(K) =2 Cq(K)K/K<SG/K = U. It follows that U = G/K = Cg(K)
because U is simple. Therefore, G = S5 x U, which implies that deg(2) = 4, a
contradiction. The proof of Theorem 3.1 is completed. O
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