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Ascending chain conditions on principal left
and right ideals for semidirect products of

ordered semigroups

Thawhat Changphas

Abstract. An ordered semigroup S is said to satisfy the ascending chain condition for principal
left ideals (respectively, principal right ideals) of S if S if there does not exist an infinite strictly
ascending chain of principal left ideals (respectively, principal right ideals) of S. In this paper,
the ascending chain condition on principal left and right ideals for semidirect products of ordered
semigroups are considered. The results obtained extend the results on semigroups.

1. Preliminaries

Ascending chain conditions have been studied in both rings and semigroups. Stopar
[4] investigated the ascending chain condition on principal left and right ideals for
semidirect products of semigroups; the results obtained are similar to the results
on rings in [3]. The purpose of this paper is to extend the results on semigroups
into ordered semigroups.

An ordered semigroup [1] is defined to be a semigroup S together with a partial
order < that is compatible with the semigroup operation, meaning that for x,y, z €
S,

T<LY = 20 < 2Y, TZK Y.

In this paper, we write (S, -, <) for an ordered semigroup S with a partial order
<.
If A and B are nonempty subsets of an ordered semigroup (.5, -, <), we write

AB ={zy |z € A,y € B},
(Al ={z €S|z < aforsome a e A}.

When we deal with singleton sets it is customary to write Az and xA as A{z} and
{z} A, respectively.
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A nonempty subset A of an ordered semigroup (S, -, <) is called a left (respec-
tively, right) ideal [2] of S if the following conditions hold:

(i) SA C A (respectively, AS C A);
(ii) A = (A], that is, for x € A and y € S, y < x implies y € A.

If A is both a left and a right ideal of S, then A is called a (two-sided) ideal of S.
It is easy to see that, for a nonempty subset A of S,

(A); = (AUSA], (A), =(AUAS] and (A) = (AUSAUASUSAS]

are left ideal, right ideal and ideal of S, respectively. In particular, if A = {a}, a
singleton set, then

(@)1 = (aU Sd], (1)
(a), = (aUaS] (2)
and
{(a) = (aU SaUaSUSas].

An ordered semigroup (.5, -, <) is said to satisfy the ascending chain condition
on principal left ideals (ACCPL) if there does not exist an infinitie stricly ascend-
ing chain of principal left ideals of S. In this case S is said to be an ACC P L-ordered
semigroup. An ACC P R-ordered semigroup can be defined similarly.

Let N denote the set of all positive integers. We now begin with the following
lemma characterized ACC P R-ordered semigroups:

Lemma 1.1. The following conditions are equivalent for an ordered semigroup
(57 Yy <) .

(i) S is an ACCPR-ordered semigroup;

(ii) For any two sequences (an)nen and (by)nen in S such that a, < apy1b, for
all n € N, then there exists N € N and a sequence (¢p)nen in S such that
Ont1 < GpCp for allm > N,

(iii) For any two sequences (an)nen and (by)nen in S such that a, < ani1b, for
all n € N, then there exists N € N and cy in S such that an+1 < anycn.

Proof. We prove (i) = (ii) = (iii) = (i). Assume that (i) holds, i.e. that S is
an ACCPR-ordered semigroup. To show (ii), we let (an)nen and (b, )nen be two
sequences in S such that

Gp < Apy1by, for all n € N.
This implies that

<a1>r - <a2>r - <a3>r C ...
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of principal right ideals of S. By assumption, the chain must stabilize, say N.
Then by (2), for each n > N, ap+1 < anc, for some ¢, € S or apt1 < ap. If
Gnt1 < Qp, then apy1 < an < apy1by, and hence for this case we can take by,
for ¢,,. Hence there exists a sequence (¢, )nen in S such that a,41 < anc, for all
n > N. This proves that (ii) holds.

It is clear that (ii) implies (iii).

We show that (iii) = (i). Assume that (iii) holds, i.e. that for any sequences
(an)nen and (by)nen in S such that a,, < ap41b, for all n € N, there exists N € N
and cy in S such that ay;+1 < ayen. To show (i), we suppose that there exists
an infinite strictly ascending chain

(a1)r C (a2)r C {(ag)y C -+

of principal right ideals of S (The notation C stands for proper subset of sets).
Thus there exists a sequence (by,)nen in S such that a, < ap41b, for all n € N,
By assumption, there exists N € N such that ay11 < ayey and ¢y € S, and
hence (an+1) = (an). This is a contradiction. So S is an ACCPR-ordered
semigroup. O

Dually, using (1), we have the following lemma for AC'C P L-ordered semigroup:

Lemma 1.2. The following conditions are equivalent for an ordered semigroup
(S7 ) <) :

(i) S is an ACCPL-ordered semigroup;

(ii) For any two sequences (an)nen and (bp)nen in S such that a, < bpanyy for
all n € N, then there exists N € N and a sequence (¢p)nen in S such that
Gna1 < Cpay for allm > N,

(iii) For any two sequences (an)nen and (by)nen in S such that a, < bpany1 for
alln € N, then there exists N € N and ¢y in S such that ay11 < eyay. O

2. On semidirect products of ordered semigroups
Let (S,-,<s) be an oredered semigroup. A mapping ¢ : S — S such that

(i) p(ab) = p(a)p(b);

(i) a <s b= p(a) <s ¢(b)

for all a,b € S is called an endomorphism on S. Let End(S) denote the set of
all endomorphisms on S. Note that the identity map ids € End(S). Under the
composition of functions, it is clear that End(S) is a semigroup. Moreover, if
», ¥ € End(S), we define

¢ < ¢ if and only if ¢(z) <g ¢(z) for all z € S.
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It is a routine matter to check that End(S) forms an ordered semigroup.

Let (S,-,<g) and (T,0,<r) be two ordered semigroups. Let w : T — End(S)
such that, for ¢t € T, w; denote the image of w under ¢t. We define a multiplication
and a partial order on S x T as follows:

(s1,t1)(82,t2) = (81w, (82),t1 0 t2) (3)
and
(s1,t1) < (s2,t2) if and only if s1 <g s2,t1 <7 to. (4)

It is easy to verify that S x T forms an ordered semigroup, called the semidirect
product of S and T under w and will be denoted by S x, T. Hereafter, we will
skiped the operations - on S and o on T.Then the condition (3) becomes

(s1,t1)(s2,t2) = (s1wy, (82), t1ta).
Lemma 2.1.

(1) If S x, T is an ACCPL-ordered semigroup and there exists f € T such that
ff=Ffandwy =idg, then S is an ACCPL-ordered semigroup.

(2) If S x, T is an ACCPR-ordered semigroup and there exists f € T such that
ff=Ffandwy =1idg, then S is an ACCPR-ordered semigroup.

Proof. Assume that S x,, T is an ACCPL-ordered semigroup and there exists
f €T such that ff = f and wy = ids.
Let 51,52 € S. If 51 < ss2 for some s € S, then, by (3) and (4), we have

(817f) < (8827f) = (Saf)(827f)7
and hence
(s1)1 C (s2)1 = ((s1, f))1 € ((s2, /).

Thus S is an ACC P L-ordered semigroup.
Similarly, if s; < s9s for some s € S, then

(s1,f) < (s25, f) = (s2, [)(s, f)-
Thus
(s1)r € (s2)r = (51, ))r S ((52, )0
We have S is an ACCPR-ordered semigroup. O

Lemma 2.2.

(1) If S x, T is an ACCPL-ordered semigroup and there exists e € S such that
ee =e¢, then T is an ACCP L-ordered semigroup.



Ascending chain conditions on principal left and right ideals 151

(2) If S x, T is an ACCPR-ordered semigroup and there exists e € S such that
ee = e, then T is an ACCPR-ordered semigroup.

Proof. Assume that S x, T is an ACCPL-ordered semigroup and there exists
e € S such that ee = e. To show that T" is an ACCP L-ordered semigroup, we let
tn, U, € T be such that

tn < Uptn+1
for all n € N. For each n € N, we define
Xy = (wy, (€),tn) and y, = (wi, (€),uy).
Thus z,,y, € S X, T for all n € N. We have

wi,, (€), un)(wt,, ., (€); tnt1)

(we, (e)
(wtn(e)w Unt n+1( ) Untny1)
(wr, (e)
(wr, (e)

YnTn+1 =

), ty)
we, (e),tn)

:a’jn

Wi

for all n € N. Since S x,, T is an ACCP L-ordered semigroup, there exists N € N
and (s,t) € S x, T such that xny+1 < (s,t)xn, and so tyy1 < tty. By Lemma
1.2, T'is an ACCP L-ordered semigroup.

For the second case, we assume that S x,, T is an ACC P R-ordered semigroup
and there exists e € S such that ee = e. To show that T is an ACC P R-ordered
semigroup, we let t,, v, € T be such that

tn < tnt1Vn

for all n € N. For each n € N, we define
Ty = (Wi, (€),tn) and yp, = (W0, 101 (€), Un)-

Thus z,,y, € S X, T for all n € N. We have

Tpt1Yn = (Wi, (€) tnt1)(Wo, v, 10, (€)Un)

(e),

(Wh(e)w tn1UnVn—1- 'Ul( )7tn+lvn)
(e)
(e)

WV

(wtlewt() n)

we, (€),tn)

Tn

for all n € N. In the same manner as the case before and using Lemma 1.1, we
have T is an ACC P R-ordered semigroup. O

Lemma 2.3. If S and T are ACCPL-ordered semigroups and for all t,u € T
with t < ut there exists v € T with t < vt such that w,w, = wyw, = idg, then
S X, T is an ACCPL-ordered semigroup.
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Proof. To show that S x,, T is an ACC P L-ordered semigroup, we let s,,r, € S
and t,,u, € T be such that

(5n7 tn) < (TTLv un)(5n+1a tn—&-l)
for all n € N. That is
Sn g anun (sn—i-l) and tn g untn+1

for all n € N. Since T is ACCPL-ordered semigroup, there exists m € N such
that ¢, 11 < vpt, for some v, € T for all n > m. If n > m, we let

[
Sn = wumum+1"'un71(3n) € S

Then

sy, < wumumﬂ---unq(rnwun (8n41)) = Wu,num+1'--un71(rn)5;z+1-

Since S is ACCPL-ordered semigroup, so there exist k > m and s € S such that
Spp1 < 88y, Since ty11 < vpUntpyr for all n > m, by assumption, there exist
wy, € T such that t,11 < wptpy1 and wy, Wy, 4, = tds for all n > m. Setting

Zn = WnUn

for all n > m, then

Sk+1 = Wszk71~~-an(5;f+1) S Wapzp gz (8)Wapzp 1o ozm (S;c) = S/WZk(Sk)
where s’ = w,, 2, _,..z,, (8). Since

Zpty = WUkt 2 Witk41 2 teta,
it follows that (sg+1,tk+1) < (8, 2k)(sk, tx). Hence S x,, T is an ACCP L-ordered

semigroup and completes the proof. O

Lemma 2.4. Let S and T are ACCPR-ordered semigroups such that for all
p,rys € S and all t,u € T, if s < srwi(p) and t < tu, then r € (Im(w:)]. (Let
Im(w;) denote the range of w;). Then S x,, T is an ACCPR-ordered semigroup.

Proof. To show that S x,, T is an ACCP R-ordered semigroup, we let s,,r, € S
and t,,u, € T be such that

(Sna tn) < (Sn+1> tn+1)(rn; un)
for all n € N. That is
Sp < Spp1Wi, ., (1) and £, < typup

for all n € N. Since S and T are ACCP R-ordered semigroups and Lemma 1.1,
there exist N € N, s € S and t € T such that sy41 < sys and ty41 < tnt, and
hence

SN < SNS(UtNJrl(TN) and tN+1 < tN+1uNt.
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By assumption, there exists r € S such that s < w;y,, (). We have

(5N+1:tN+1) < (SNWey 1 (7)sEN+1)
< (SNtht(T),tNt)
= (sn,tn)(we(r), t).

Therefore S x,, T is an ACC P R-ordered semigroup. O

An element b of an ordered semigroup (5, -, <) is called a complete inverse of
a € S if a = aba, b = bab and ab = ba. It is easy to see that is such b exists then
it is unique.

Lemma 2.5. Let S x, T be an ACCPR-ordered semigroup. If for all p,r,s € S
and t,u € T, s < srw(p) and t < tu implies that v is a complete inverse of wi(p),
then Im(w;) is closed for complete inverse for all t € T with t < tu for some
uwel.

Proof. To show that Im(w;) is closed for complete inverse for all ¢t € T with ¢ < tu
for some u € T, we let t € T such that ¢ < tu for some v € T and let » € S be a
complete inverse of w;(p) for some p € S. Define

T, =("t) €S x,T and y= (p,u) €S x, T.

We have
Tn1y = (") (p,u) = (7 wi(p), tu)
(rnwt (p)?", t)
> (1)

for all n € N. Since S x,, T is an ACC P R-ordered semigroup, there exists N € N,
q € S and v € T such that 2y41 < on(q,v) in S x,, T, and so ¥+ < rNw,(q).
Since r is a complete inverse of wy(p), it follows that

N

rNwi(q)wi(p) = rVH

wi(p) =N,

This shows that w;(q) is a complete inverse of w;(p). Hence r = w;(q). O

Theorem 2.6. Let S and T be ordered semigroups with idempotents e and f,
respectively. Let w : T — End(S). Suppose that for all t,u € T with t < ut
there exists v € T with t < vt such that wyw, = wyw, = ids. Then S x, T
is an ACCPL-ordered semigroup if and only if S and T are ACCP L-ordered
Semigroups.

Proof. If ff = f, then by assumption there exists v € T such that f < vf and
Wyws = wyw, = idg. Hence wy is invertible. Since wywy = wy, so wy = idg. Using
Lemma 2.1(1), Lemma 2.2(2) and Lemma 2.3, we have the theorem. O
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Theorem 2.7. Let S and T be ordered semigroups with idempotents e and f,
respectively. Let w : T — End(S). Suppose that wy = ids and for all p,r,s € S
and t,u € T, s < srwi(p) and t < tu implies that r is a complete inverse of
wi(p). Then S x, T is an ACCPR-ordered semigroup if and only if S and T
are ACCPR-ordered semigroups and Im(w;) is closed for complete inverse for all
t €T with t < tu for someueT.

Proof. This is a consequence of Lemma 2.2(2), and 2.3. O
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