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Clifford congruences on perfect semigroups
Roman S. Gigon

Abstract. A congruence p on a semigroup S is called perfect if (ap)(bp) = (ab)pforalla,b € S, as
sets, and a semigroup S is said to be n-idempotent-surjective (respectively perfect) if every n-class
of S contains an idempotent of S, where 7 is the least semilattice congruence on S (respectively if
each congruence on S is perfect). We describe the least Clifford congruence £ on an n-idempotent-
surjective perfect semigroup S. In addition, a characterization of all Clifford congruences on
such a semigroup is given. Furthermore, we find necessary and sufficient conditions for £ to be
idempotent pure or E-unitary. Moreover, we give a full description of all USG-congruences on an
n-idempotent-surjective perfect semigroup S. In fact, we show that each USG-congruence ¢ on S
is the intersection of a semilattice congruence € and a group congruence v (and vice versa), and
this expression is unique. Also, S/¢ = S/e x S/v. Finally, we investigate the lattice of Clifford
congruences on a semigroup S which is a semilattice S/n of E-inversive semigroups en (e € Eg).

1. Introduction and preliminaries

The concept of a perfect semigroup was introduced by Vagner [40]. Groups are very
well-known examples of perfect semigroups. Another examples of such structures
are semigroups having exactly two congruences with the property S = S2 (i.e., S is
globally idempotent; note that perfect semigroups possess this property). Perfect
semigroups were studied first by Fortunatov [9, 10] and then by Hamilton and
Tamura [27], Hamilton [26], and by Goberstein [24]. In [3] the authors gave an
example of a cancellative simple perfect semigroup without idempotents.

Fortunatov in [9] determined the structure of all perfect orthogroups (that is,
perfect semilattices of rectangular groups; cf. [28]), and then in [10] showed that
all completely (0)-simple semigroups are perfect. He also described the structure
of commutative perfect semigroups, perfect bands, as well as perfect Clifford semi-
groups. Later in [27] the authors generalized some of his results to finite inverse
perfect semigroups and investigated the lattice of congruences in such semigroups.
Goberstein [24] generalized simultaneously Theorem 5 [10] (cf. Result 1.9, below)
and some of the principle results of [27]. Finally, in [26] Hamilton determined the
structure of completely reqular perfect semigroups and finite perfect semigroups.

Quite-known examples of perfect algebras are: quasigroups, Boolean algebras,
as well as Cantor’s algebras, cf. [11].
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Recall that a semigroup S is regular if S coincides with the set of its regular

elements

Reg(S) ={s € S:s€sSs}.
Recently, it has been proved in [18] that all eventually regular perfect semigroups
are necessarily regular (a semigroup S is eventually regular if every element of S
has a regular power [7]). Finally, in [19] it has been described the structure of
perfect group-bound semigroups (a semigroup S is group-bound if every element
of S has a power which lies in a subgroup of 5).

In this paper we study Clifford congruences on n-idempotent-surjective perfect
semigroups. Well-known examples of n-idempotent-surjective semigroups are:

(a) idempotent-surjective semigroups (i.e., each idempotent congruence class
of such semigroups contains an idempotent [7]);

(b) regular semigroups;

(c) eventually regular semigroups [7];

(d) group-bound semigroups (in particular, periodic and finite semigroups);

(e) structurally reqular semigroups (for the definition and numerous examples
of such semigroups, see [30]).

On the other hand, recall from [3] that there exists a perfect semigroup which
is not n-idempotent-surjective.

Before we start our study, we recall some definitions. For convenience of the
reader, we present first general properties of perfect semigroups, and then some
facts which will be needed in the sequel.

Denote the set of all idempotents of a semigroup S by Eg, that is,

Es={ec S:e*=e}.
The relation < defined on Eg by
e< fee=ef =fe

is a natural order relation on Eg (in fact, < is indeed an ordering relation on Fg).
According to Thierrin [38], an element a of a semigroup S is E-inversive if
there exists x € S such that ax € Eg, and S is said to be E-inversive if every
element of S is F-inversive. It is well-known that S is F-inversive if and only if
the set
Ws(a) ={zx € S:x=xax}

is non-empty for every a € S. Notice that if x € Wg(a), then azx, za € Fg.
For some interesting results on E-inversive semigroups, see e.g. [12, 32].
If Ais an ideal of a semigroup S, i.e., ASUSA C A, then the relation

pAZ(AXA)Uls,

where 1g is the identity relation on S, is a congruence on S (the so-called Rees
congruence). We shall write S/A instead of S/pa. Obviously, A € Eg/4.
The set of all not E-inversive elements of .S, if non-empty, is an ideal of S.



Clifford congruences on perfect semigroups 213

Let S be a semigroup. Denote by S! the semigroup obtained from S by adjoin-
ing an identity if necessary. Then S'aS! is the least ideal of S containing a € S.
Denote it by J(a). Moreover, we say that the elements a,b of S are J-related if
J(a) = J(b). An equivalence [J-class containing a will be denoted by J,. We can
define an order on S/J by the rule (a,b € S):

Jo < Jp = J(a) C J(b).

We say that a semigroup S without zero is simple if and only if it has no proper
ideals, that is, if and only if SaS = S for every a of S. Further, a semigroup S
with zero is called 0-simple if S is not null (i.e., S? # {0}) and S has exactly two
ideals. Obviously, S is O-simple if and only if S? # {0} and S/J = {{0}, S\ {0}}.

By a 0-minimal ideal of a semigroup S we shall mean an ideal of S which is a
minimal element in the set of all non-zero ideals of S.

The following result seems to belong to folklore of semigroup theory.

Lemma 1.1. [28] Every 0-minimal ideal of a semigroup is either null, or it is a
0-simple semigroup. [

Let a be an element of a semigroup S. Suppose first that J, is minimal among
the J-classes of S. Then J(a) = J, is the least ideal of S. On the other hand, if
J, is not minimal in S/J, then the set

Ia)={be J(a): Jy < Ju, Jp # Ju}

is an ideal of S such that J(a) = I(a) U J, (and this union is disjoint). Also,
if B is a proper ideal of J(a) and I(a) C B, then I(a) = B. This implies that
J(a)/I(a) is a O-minimal ideal of S/I(a), that is, J(a)/I(a) is either null, or it is a
0O-simple semigroup (Lemma 1.1). For convenience, J(a)/ = J(a). The semigroups
J(a)/I(a) (a € S) are the so-called principal factors of S. Remark that we can
think of the principle factor J(a)/I(a) as consisting of the J-class J, = J(a)\I(a)
with zero adjoined (if I(a) # 0). Evidently, J(a)/I(a) is null if and only if the
product of any two elements of J, always falls into a lower J-class. In particular,
if J, is a subsemigroup of S, then the principal factor J(a)/I(a) is not null.

A semigroup is said to be semisimple if each of its principal factors is either
0-simple or simple. Recall that a semigroup is semisimple if and only if all its ideals
are globally idempotent (see e.g. [4]).

Lemma 1.2. Any idempotent congruence class of a perfect semigroup S is globally
idempotent. In particular, all ideals of S are globally idempotent, i.e., S is semi-
simple.

Proof. Let E be an idempotent congruence class of S. Then clearly E? C E. Since
S is perfect, then E? = E. O

Recall that a commutative semigroup in which all elements are idempotents
is semilattice. Evidently, the least semilattice congruence 7 on an arbitrary semi-
group S exists (note that J C 7). This relation induces the greatest semilattice
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decomposition of S, say [Y;S,] (a € V), where Y = S/n, each S, is an n-class
and S = [J{S, : @ € Y}. To indicate this fact we shall always write S = [Y;.5,]
(v €Y) or just S =[Y;S,]. Notice that S,Ss C Sup for all a, 5 € Y, where af
is the product of o and S in the semilattice Y.

We say that a semigroup S is intra-regular if every element a of S is J-related
to a? [4]. It is easily seen that if S is intra-regular, then the relation J is a semi-
lattice congruence on S, so we have the following well-known result.

Lemma 1.3. [4] A semigroup S is intra-regular if and only if n = J, where every
J-class is a simple semigroup. O

We recall some known results on perfect semigroups in general. For beginning,
from the First and the Second Isomorphism Theorem we get the following result.

Lemma 1.4. [10] Every homomorphic image of a perfect semigroup is a perfect
semigroup. O

An ideal A of a semigroup S is called completely prime if ab € A implies that
a€Aorbe A
From the definition of the Rees congruence follows the following result [10].

Lemma 1.5. Every non-zero ideal of a perfect semigroup is completely prime. [

It is not difficult to see that every chain is perfect. Also, if the elements a, b of
a semilattice A are incomparable, then the congruence induced by the ideal a4 is
not perfect. Thus we have the following result.

Lemma 1.6. [10] A semilattice is perfect if and only if it is a chain. O

Let S =[Y;S,]. Assume that S is perfect. In the light of Lemmas 1.4 and 1.6,
Y is a chain. Moreover, the following results is a little more general than some
statements of [10].

Lemma 1.7. Let S = [Y;S,] be a perfect semigroup. Then'Y is a chain and the
following statements hold:

(a) if S does not have a zero, then each S, is simple and Y = S/ J;

(b) if S contains a zero 0, then Y has a least element Oy, S, is a simple
semigroup for o # Oy, and either So,, = {0} (then Y = S/J) or So, is a 0-simple
semigroup whose zero is not adjoined (and J, = an\ {0} if a # 0).

Proof. (a). Suppose first that S has no a zero element. Since a?> € S'a%S!, then
a € S'a?S* (Lemma 1.5), so S is intra-regular. Thus every S, is a simple semi-
group and Y = S/ 7 (Lemma 1.3).

(b). Let now S contains a zero 0, say 0 € Sy,.. Since Sp,. Sy C Sp, foralla € Y,
then Sp, So = So, for all & € Y (since S is perfect). This implies that Y has least
element Oy .

Since Y is a chain and every S, is a semigroup, then the condition a? = 0
implies that a € Sp,.. Thus S, is a simple semigroup for all o # Oy-.
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If So, # {0}, then S§_ = Sy, # {0} (Lemma 1.2), since it is clear that Sy, is
an ideal of S, that is, Sp, is not null. Suppose that A C Sy, is a non-zero ideal
of S. Then A is completely prime (by Lemma 1.5). It follows that A is a non-zero
completely prime ideal of Sp,.. Hence the partition {4, S, \ A} of Sy, induces
a semilattice congruence on Sy, . On the other hand, it is well-known that every
n-class of S has no semilattice congruences except the universal relation (cf. [37])
In particular, Sp, possesses this property. It follows that A = Sp,., i.e., So, is
a O-minimal ideal of S. Finally, observe that if 0 is adjoined to Sy, then the

partition
{Sa (o # 0y), S0, \ {0}, {0}}

of S induces a semilattice congruence on S which is properly contained in the least
semilattice congruence 7, a contradiction, so Sy, is a 0-minimal ideal of S whose
zero is not adjoined. Consequently, Sy, is a 0-simple semigroup whose zero is not
adjoined (Lemma 1.1). Clearly, J, = an\ {0} if a # 0. O

The following result will be very crucial in our further studies.

Proposition 1.8. Let S =[Y'; S,] be an n-idempotent-surjective perfect semigroup.
Then each semigroup S, is E-inversive, therefore, S is E-inversive.

Proof. 1t is sufficient to give a proof in the case when S has a zero element. Clearly,
Soy 18 E-inversive. Consider now a semigroup S,, where o # 0y. By assumption
S, contains some idempotent e of S. Since S, is simple (Lemma 1.7), then the
set A of all elements of S, which are not E-inversive must be empty (otherwise,
A # S, is an ideal of S, since e ¢ A, a contradiction), i.e., S, is E-inversive. [

Let C be a class of semigroups (call its elements C-semigroups). Recall that a
semigroup is a semilattice of C-semigroups if there exists a semilattice congruence
pon S (that is, S/p is a semilattice) such that each p-class of S is a C-semigroup.
In particular, if every p-class of S is a group, then S is a semilattice of groups.

Let Y be a semilattice and F = {G, : @ € Y} be a family of disjoint groups,
indexed by the set Y. Suppose also that for each pair (o, ) € Y X Y such that
a = 3 there is an associated homomorphism ¢, g : G, — G such that

(@) @a.q is the identical automorphism of G, for every a € Y, and

(0) Ga,308~y = Pa, for all a, B,y € Y such that a > 8 > ~.

Put S = J{G. : @ € Y}, and define a binary operation - on S by the rule that if
aqo € G, and ag € Gg, then

o - 05 = (AaPa,a8)(a508.08),

where the multiplication on the right side takes place in the group Gag.

It is a matter of routine to check that (S, -) is a semigroup. Finally, in the light
of the condition (a), the new multiplication coincides with the given of each G,,
so S is certainly a semilattice Y of groups G,. We usually denote the product in
S also by juxtaposition and write S = [Y; Gy; ¢ 8]
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We call the semigroup S = [Y; Go; da,8] @ strong semilattice of groups. In the
case when Y is a chain and each homomorphism ¢, g is surjective, we say that S
is chain-surjective.

By a Clifford semigroup we mean a regular semigroup in which the idempotents
are central. It is well-known that a semigroup is a Clifford semigroup if and only
if it is a (strong) semilattice of groups [28]. In fact, S is a Clifford semigroup if
and only if S = [Eg; He; ¢e, 5], where H, is a maximal subgroup of S having the
identity e (e € Eg) and for all e, f € Eg such that e > f, the homomorphism
Ge,r : He — Hy is given by a¢e s = af for every a € He.

The following result is due to Fortunatov [10].

Result 1.9. A Clifford semigroup S = [Eg; He; ¢e, 5] is perfect if and only if it is
chain-surjective. [

An equivalence relation p on a semigroup S is called idempotent pure if ep C Eg
for all e € Eg. Recall from [28] that in an arbitrary semigroup S the relation

7 ={(a,b) € S x S: (Vr,y € S*) way € Es < zby € Es}

is the largest idempotent pure congruence on S.

Recall from [28] that a semigroup S with Fg # 0 is left E-unitary if for all
a € S and e € Eg, the condition ea € Eg implies a € Fg. The notion of a right
E-unitary semigroup is defined dually. Finally, S is E-unitary if it is both left and
right unitary. In [14] it has been shown that an E-inversive semigroup is E-unitary
if and only if it is left (right) unitary.

Moreover, some preliminaries about group congruences on a semigroup S are
needed. A subset A of S is called (respectively) full; reflexzive and dense if Eg C A,
(Va,b € S)(abe A=ba € A) and (Vs € S)(Fx,y € S) sx,ys € A. Also, we define
the closure operator w on S by Aw = {s€ S:(Ja € A) as € A} (where A C S).
We shall say that A C S is closed (in S) if Aw = A. Further, a subsemigroup N
of a semigroup S is said to be normal if it is full, dense, reflexive and closed (if
N is normal, then we shall write N <.5). Finally, if a subsemigroup of S is dense
and reflexive, then it is called quasi-normal.

By the kernel ker(p) of a congruence p on a semigroup S we shall mean the
set {x € S: (x,2%) € p}. Also, S is an E-semigroup if EsEg C Eg.

Result 1.10. [14] Let B be a quasi-normal subsemigroup of a semigroup S. Then
the relation p ={(a,b) € S xS :(3 z,y € B)ax = yb}

is a group congruence on S. Furthermore, B C Bw = ker(pg), and if B<1S, then
B = ker(pg).

Conwversely, if p is a group congruence on S, then there is a normal subsemi-
group N of S such that p = pn (in fact, N = ker(p)).

Moreover, the least group congruence on an E-inversive E-semigroup S is given

by o= {(a,b) € S x S: (e, f € Es) ea=bf). 0
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Remark 1.11. [14] Let B be a quasi-normal subsemigroup of S. Then:
(a,b) € pp < (Fxz € S) za,zb € B.

It is easily seen that if S is an E-inversive semigroup (and so Fg is dense), then
there exists the least normal subsemigroup of S. In the light of Result 1.10, every
FE-inversive semigroup possesses the least group congruence o.

Note that if p is a group congruence on an E-inversive semigroup S, then apb
if and only if ab* € ker(p) for some (all) b* € Wg(b).

Result 1.12. [14] The following conditions concerning an E-inversive semigroup
S are equivalent:
(a) S is E-unitary,

(b) 7=0;
(¢) ker(o) = Egs.
In particular, every E-unitary E-inversive semigroup is an E-semigroup. [

The next result will be very useful (for the definition of Green’s relations and
undefined terms the reader is referred to the books [28, 36]).

Theorem 1.13. Let S be an E-unitary perfect Clifford semigroup. Then:
(@) nNo=1s;
(b) no=on=5S%xS=nVo.
Consequently, S = (S/n x S/o), where S/n= Egs and S/oc = H, for all e € Fg.
Conwversely, let S be the direct product of a chain E and a group G. Then S is
an E-unitary perfect Clifford semigroup, Fs = F and H, = G for every e € Eg.

Proof. Remark first that S is intra-regular, therefore, J is the least semilattice
congruence on S. On the other hand, it is well-known that H = » in an arbitrary
Clifford semigroup. It follows that H =L =R =D = J in S.

(a). This follows from Proposition IIL.7.2 [36] (p. 152).

(b). By Proposition VIL.5.22 [36] (p. 343), no = Sx S, s0 (no)~t =on=SxS.
Thus no =on=5SxS=nVo.

Consequently, S = (S/n x S/o). It is evident that S/n = Eg.

Finally, it is well-known that a Clifford semigroup [Es; He; ¢e f| is E-unitary if
and only if each ¢, s is injective. This implies that H, = Hy for all e, f € Eg, since
Es is chain (see also Result 1.9). Let e € Eg. Then the restriction of a natural
morphism ¢% : S — S/ to H, is an isomorphism of H, onto S/o. Indeed, denote
this restriction by ¢. Clearly, ¢ is a homomorphism. Also, if ac = bo (a,b € H,),
then (ab=!,bb=1) € 0. Hence ab~! € EsN H,, since o = 7 (Result 1.12), so a = b.
Thus ¢ is an injective homomorphism. Furthermore, take any a € S, say a € Hy
(where f € Eg). If e > f, then there is b € H, such that b¢. = a, that is, a = bf.
Consequently, b € ac N H.. On the other hand, if e < f, then ae € ac N H,, so ¢
is the required isomorphism between H, and S/o.

It is a matter of routine to verify the converse of the theorem. O
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Note that in Proposition VII.5.22 [36] the condition “o is perfect” implies the
condition “Lo = S x §7, therefore, we get the following corollary.

Corollary 1.14. An E-unitary Clifford semigroup S is perfect if and only if the
least group congruence o on S is perfect. O

Recall from [25] that any full quasi-normal subsemigroup of a semigroup S is
called seminormal. Clearly, an arbitrary F-inversive semigroup contains the least
seminormal subsemigroup, say B.

Finally, we have need the following two results. The first of them is clear.

Lemma 1.15. Let T be a seminormal subsemigroup of a semigroup S which is a
semilattice of E-inversive semigroups S, (o € A). Then T N S, is a seminormal
subsemigroup of S, (o € A). O

Lemma 1.16. If B is the least seminormal subsemigroup of an E-inversive semi-
group S and @ is an epimorphism of S onto a Clifford semigroup T, then B¢ C Er.

Proof. Put A = (Er)¢~t. Clearly, A is a full subsemigroup of S. Thus A is dense.
Moreover, if zy € A, then Er > (zy)p = 2¢ - yp = yo - xp = (yx)p (since Ep is
reflexive), so yz € A. Hence B C A. Thus By C ((Er)e )¢ C E7. O

2. Clifford congruences

Let X be a semilattice and let a,b € X be such that a < b. Then the sets {a} (if
a ="b), (a,b), (a,b], [a,b) and [a,b] are called the intervals of X. Recall that if p
is a semilattice congruence on a semigroup S = [Y,S,], where Y is a chain, then
a typical element A of S/p is of the form J{S, : @ € Z}, where Z is a non-empty
interval of Y. In particular, S/p is a chain.

Suppose that S is an n-idempotent-surjective perfect semigroup.

Let € be a semilattice congruence on S. Denote the e-classes of S by S, where
a’s are elements of some set Z, and define on Z a binary operation o, as follows:

if a € S4,b € Sg, then aof=ysabe s,

Clearly, (Z,0) is a semilattice (isomorphic to S/e), so S = [J{Sq : @ € Z} is a
semilattice Z of E-inversive S, (Proposition 1.8). For any seminormal subsemi-
group A of S, put A, = AN S, (o € Z). Then by Lemma 1.15 and Remark 1.11,
for every a, the relation

PAL = {(avb) € Sa X Sa : (ElSC € Sa) ra,rb € Aa}

is a group congruence on S,. Put p = J{pa, : @ € Z}. In a similar way as in [13],
we can show that p is a congruence on S. Moreover, ap = apa, if a € S,. Put
Go = Sa/pa,.-Then S/p = J{Gs : @ € Z} is a semilattice Z of groups G,.

Applying the above construction (of p) to the least semilattice congruence 7 on
S and to the least seminormal subsemigroup B of S, we obtain some semilattice
of groups congruence on S, say £.



Clifford congruences on perfect semigroups 219

Let S be an n-idempotent-surjective perfect E-semigroup. Then each 7-class
of S is an E-semigroup. Define on every S, the least group congruence o, (see
Result 1.10). Then the relation £*, induced by this partition of S, is a congruence
on S (for the proof, see [13]).

Using Lemma 1.16, one can show (in a very similar way as in Section 2 of [13])
the following result (denote by B, the intersection of an and B (a € 5)).

Theorem 2.1. The least Clifford congruence on an n-idempotent-surjective perfect
semigroup S is given by

& ={(a,b) en: (3z,y € Byy) za = by}.

The least Clifford congruence on an n-idempotent-surjective perfect E-semigroup
S is given by

& ={(a,b) en: (e, f € Eqpy) ea=0bf}. O
Remark 2.2. In the light of Remark 1.11,

¢={(a,b) €n:(3z € an) za,zb € Byy}.

Theorem 2.3. Let € be an arbitrary semilattice congruence on an n-idempotent-
surjective perfect semigroup S and let A be a seminormal subsemigroup of S. Then
the relation

pae={(a,b) €e:(Fz,y €acNA) za="by}

is a Clifford congruence on S.
Conversely, if p is a Clifford congruence on S, then there ezists a semilattice
congruence € on S and a seminormal subsemigroup A of S such that p=pa ..

Proof. The proof is closely similar to the proof of Theorem 2.4 [13]. O

Using Result 1.12 and Remark 2.2, one can prove in a similar way as in [13] the
following (if (b) below holds, then S is an E-semigroup by Remark 3(b) in [19]).

Theorem 2.4. The following conditions concerning an n-idempotent-surjective
perfect semigroup S are equivalent:

(a) & is idempotent pure;

(b) each n-class of S is an E-unitary E-inversive subsemigroup of S;

(¢) &€=nnr. O

A semigroup S is called strongly E-reflexive if for all a,b € S,e € Eg1, the
condition eab € Eg implies eba € Eg [31].

Corollary 2.5. Let S be an n-idempotent-surjective perfect semigroup. Then & is
idempotent pure if and only if S is a semilattice of E-unitary E-inversive semi-
groups.

Moreover, if it is the case, then S is a strongly E-reflezive E-semigroup and

§={(a,b) en: E(a) = E(b)},
where E(s) ={x € S : sz,zs € Eg} (s € 9).
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Proof. The first part is clear. We show that S is strongly E-reflexive. Let eab € Ejg,
where a,b € S and e € Eg1. Then (eab)¢ is an idempotent of the Clifford semi-
group S/§. Since S/¢ is strongly E-reflexive, then (eba)é € Eg/e. On the other
hand, ¢ is idempotent pure. Thus eba € Eg, as required. Hence the relation

x ={(a,b) € S x S:E(a) = E(b)}

is a congruence on S (Proposition 3.1 [16]). Moreover, S is an E-semigroup. Indeed,
if e, f are idempotents of the same 7-class of .S, then clearly ef € Eg. Otherwise,
e < for f <e(cf. Remark 3(b) in [19]). Hence ef € Eg, as exactly required.
Finally, suppose that E(a) = E(e) (a € S and e € Eg). Then f € E(e) = E(a)
for some f € Eg, (where an is E-unitary). Thus fa € E,,, so a € E,,, C Eg, i.e.,
X is idempotent pure. Consequently, 7 = x (since 7 C x by Proposition 3.3 [16]).
This implies the thesis of the corollary (cf. Theorem 2.4(c)). O

Moreover, we have the following theorem.

Theorem 2.6. Let S be an idempotent-surjective perfect semigroup. The following
conditions are equivalent:

(a) S is E-unitary;

(b) & is an idempotent pure E-unitary congruence on S

(¢c) for every a € S, an is E-unitary and o4, = 0s N (an X an).

Proof. The proof is closely similar to the proof of Theorem 2.8 [13]. O

The next result gives some equivalent conditions for £ to be E-unitary, when
¢ is idempotent pure.

Corollary 2.7. If an idempotent-surjective perfect semigroup S is a semilattice of

an E-unitary E-inversive semigroups, then the following conditions are equivalent:
(a) S is E-unitary;

(b) E=nNno;

(¢) & is E-unitary;

(d) for everya € S, 04y = o5 N (an x an).

Proof. The proof is closely similar to the proof of Corollary 2.9 [13]. O
Finally, we have the following corollary.
Corollary 2.8. In an E-unitary n-idempotent-surjective perfect semigroup S,
ENH=1g.
If in addition Es forms a semilattice, then
ENL=E(ENR = 1g.

Proof. This follows from Theorem 5.5 [14], since £ C o. O
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3. USG-congruences

A semigroup S is said to be a USG-semigroup if it is an F-unitary Clifford semi-
group. Remark that if S is a USG-semigroup, then o N7y = 1g [29].

Theorem 3.1. In any n-idempotent-surjective perfect semigroup S, c Nn = 1g if
and only if S is a USG-semigroup.

Proof. This follows easily from Theorem 2.1 and the above remark (see the proof
of Theorem 3.1 [13]). O

The following result describes all USG-congruences on 7-idempotent-surjective
perfect semigroups.

Theorem 3.2. The intersection ¥ of a semilattice congruence € and a group
congruence v on an arbitrary n-idempotent-surjective perfect semigroup S is a
USG-congruence. Conversely, any USG-congruence on S can be expressed uniquely
in this way. Moreover,

S/9 = S/e x S/v.

Proof. Let p be any congruence on S. Using the Second Isomorphism Theorem,
one can prove without difficulty that S/p is an n-idempotent-surjective semigroup,
therefore, the class of n-idempotent-surjective perfect semigroups is closed under
taking homomorphic images (by the First Isomorphism Theorem and Lemma 1.4).

All assertions of the theorem except a uniqueness follows from Theorem 3.1 and
Theorem 3.2 [13]. The proof of the uniqueness is very similar to the corresponding
proof of Theorem 3.4 [13].

We show the last part of the theorem. If S has zero, then the thesis is obvious.
Notice that every idempotent J-class of S contains an idempotent. Suppose next
that S has no zero and observe that (a,b € 5)

(a9,09) € n =H < (aa”,bb*) € 9 < (aa”,bb*) € € & (a,b) € ¢,

where ¢* € W(c) Nen for ¢ € {a,b}, therefore we get (S/9)/n = S/e. Moreover
(below b* € W(b) Nbn),

(a0,b9) € 0 < ab™ € ker(¥) & ab” € ker(v) < (a,b) € v,

since S/¥ is E-unitary (and so o = 7 in S/¥). Hence (S/9)/oc = S/v. In the light
of Theorem 1.13, S/¥ =2 S/e x S/v. O

Corollary 3.3. The relation o N7 is the least USG-congruence on an arbitrary
n-idempotent-surjective perfect semigroup S. O

Corollary 3.4. An arbitrary n-idempotent-surjective perfect semigroup S is a sub-
direct product of a group and a semilattice if and only if it is a USG-semigroup,
that is, if and only if S = Eg x S/o, where Eg is a chain (see Theorem 1.13).
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Proof. The proof is very similar to the proof of Corollary 3.6 [13]. O

One can show without difficulty that on an arbitrary (E-inversive) semigroup
S the least E-unitary congruence 7 (that is, S/7 is E-unitary) exists.

Theorem 3.5. In an n-idempotent-surjective perfect semigroup S,
ocnNn=E&EVm.
Proof. The proof is closely similar to the proof of Theorem 3.9 [13]. O

Corollary 3.6. In an E-unitary n-idempotent-surjective perfect semigroup S,

§=oNnn

and

S/Ex=S/nx S/o.

4. The condition T N& = 1g

In this section we characterize those idempotent-surjective perfect semigroups S
which are a subdirect product of an EF-unitary semigroup and a Clifford semigroup,
that is, those semigroups S for which 7N & = 1g. Since F-unitary semigroups and
Clifford semigroups are both E-semigroups, then S are E-semigroups, too.

In [7] Edwards defined the relation p on a semigroup S by

(x Lax or x Lbr) = axH bz,

b)) e <—
(a,0) € u {(xRa:aoera:b)ﬁxabe,

where x is an arbitrary element of Reg(S). He proved in [8] that y is the maximum
idempotent-separating (that is, u N (Es X Eg) = 1g) congruence on an arbitrary
idempotent-surjective semigroup S.

Recall that a semigroup S is:

e fundamental if u = 1g [6];
e -simple if n = S x S [37].

Proposition 4.1. If S is an n-idempotent-surjective perfect semigroup such that
mNE& = 1g, then S is a semilattice of (n-simple) E-unitary E-inversive semigroups.

Proof. The proof is very similar to the proof of Proposition 4.2 [13]. O

Theorem 4.2. Let S be a fundamental n-idempotent-surjective perfect semigroup.
Then m N & = 1g if and only if S is E-unitary.

Proof. Let tN& = 1g; ¢, f € Eg. If (e, f) € m, then (e, f) € n. Hence (e, f) € &.
Thus e = f, so m C = 1g. Consequently, S is E-unitary.
The converse implication is trivial. O
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Remark 4.3. The above theorem is valid for any C-congruence p instead of 7
(that is, S/p € C, where C is some fixed class of C-semigroups) contained in 7
(i.e., if we replace in the theorem 7 by p, then we must replace “FE-unitary” with
“C-semigroup”).

Recall from [17] that (for idempotent-surjective semigroups) every congruence
of the interval [, o] is E-unitary. Also, ker(p) = ker(w) for every p € [, o].

Recall that in regular semigroups S, u N7 = 1g. The next theorem gives
necessary and sufficient conditions for # N ¢ to be the identity relation on an
idempotent-surjective perfect semigroup S such that pN7r = 1g.

Theorem 4.4. Let S be an idempotent-surjective perfect semigroup, u N 7= 1lg.

Then the following conditions are equivalent:

a) TNE=1g;

b) S is a semilattice of E-unitary E-inversive semigroups and m C p;

¢) S is a semilattice of E-unitary E-inversive semigroups and m C pNo C o

d) S is a semilattice of E-unitary E-inversive semigroups and the congruence

pwN o is E-unitary;

(e) S is a semilattice of E-unitary E-inversive semigroups and at least one
tdempotent-separating congruence on S is E-unitary;

(f) S is a subdirect product of an E-unitary idempotent-surjective semigroup
and a Clifford semigroup;

(9) S is a semilattice of E-unitary E-inversive semigroups and the relation
H N o is E-unitary congruence on S.

(
(
(
(

Proof. The proof is closely similar to the proof of Theorem 4.6 [13]. O

5. Lattice of Clifford congruences

Throughout the entire section S denotes an arbitrary semigroup which is a semi-
lattice S/n of E-inversive semigroups en (e € Eg).
Firstly, we shall indicate which of the above results are valid for S.

Result 5.1. Let € be a semilattice congruence on S and let A be a seminormal
subsemigroup of S. Then the relation

pae={(a,b) €c:(Fz,y €acNA) za=by}

is a Clifford congruence on S. O
Conversely, if p is a Clifford congruence on S, then there exists a semilattice
congruence € on S and a seminormal subsemigroup A of S such that p = pa..

Result 5.2. If S is also an E-semigroup, then the least Clifford congruence on S
s given by
52{(a7b)€n:(aeaf€Ean) ea:bf}' [
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Result 5.3. The following conditions concerning the least Clifford congruence &
on S are equivalent:

(a) & is idempotent pure;

(b) S is an E-semigroup and every n-class of S is E-unitary;

(¢) E=nNnr. O

Proof. Suppose that (a) holds and take any e, f € Es. Then clearly (ef)¢ € Egje.
Hence ef € FEg. Thus S is an E-semigroup. The rest of the proof is closely similar
to the corresponding proof of Theorem 2.6 in [13]. O

Result 5.4. The following conditions concerning S are equivalent:
(a) S is E-unitary;
(b) & is an idempotent pure E-unitary congruence on S
(¢c) for everya € S, an is E-unitary and o4, = og N (an x an).

Proof. (a) = (b). Indeed, S is an E-semigroup by [14]. As every n-class of S is an
E-unitary E-inversive semigroup, & is idempotent pure. Further, if (af)(ef) € Eg/¢
(a € S,e € Eg), then ae € Eg (since £ is idempotent pure). Hence a € Eg by (a).
Thus a§ € Eg/¢, so S/¢ is E-unitary, that is, £ is E-unitary.

(b) = (a). Let ae € Eg, where a € S and e € Eg. Then (af)(ef) € Eg/¢, so
a§ € Eg/¢ (since £ is E-unitary). Hence a € Eg (because { is idempotent pure).
Thus S is E-unitary.

(a) & (c). The proof is similar to the corresponding proof of Theorem 2.8 in
the paper [13]. O

Result 5.5. If every n-class of S is E-unitary, then the following conditions are
equivalent:

(a) S is E-unitary;

(b) E=nno;

(¢) € is E-unitary;

(d) for everya € S, 04y = 0s N (an x an).
Proof. (a) = (b). Firstly, S is an E-semigroup by (a). Hence ¢ is idempotent pure
(Result 5.3). Thus € = n N7 (Result 5.3). Further, as S is E-unitary, o = 7 [14].
Consequently, ¢ =nnNo.

(b) = (c). It follows from the fact that n and o are both E-unitary.

(¢) = (a) & (a) & (d). This follows from Result 5.4. O

Result 5.6. If S is E-unitary, then
ENH=1s.
If in addition Es forms a semilattice, then
ENL=E(ENR = 1g. O
Result 5.7. If S is a fundamental and 1N & = 1g, then S is E-unitary. O



Clifford congruences on perfect semigroups 225

Result 5.8. S is a USG-semigroup if and only if o Nn = 1g. O

Let p be a congruence on S. Using the Second Isomorphism Theorem, one can
prove that T'= S/p is a semilattice T'//n of E-inversive semigroups en (e € Er).

Result 5.9. The intersection ¥ of any semilattice congruence € and any group
congruence v on S is a USG-congruence on S. Conversely, each USG-congruence
on S can be expressed uniquely in this way.

In particular, n N o is the least USG-congruence on S. O

Result 5.10. S is a subdirect product of a group and a semilattice if and only if
S is a USG-semigroup. O

Result 5.11. The following equality holds in the lattice of congruences on S:
ocnNn=£&EV.
In particular, if S is E-unitary, then £ = o N1). O

Secondly, we investigate the lattice of Clifford congruences on S. Remark that
the interval [€,S x S] consists of all Clifford congruences on S (since the class
of Clifford semigroups is closed under taking homomorphic images), so it is a
complete sublattice of C(S) (the lattice of congruences on S). Denote it by CC(S).
Moreover, the lattice of all semilattice congruences on S is denoted by SC(S).
Clearly, SC(S) = [, S x 5] is a complete sublattice of CC(S).

The following concepts will be useful. A congruence p on a semigroup A is called
idempotent-surjective (resp. regular-surjective) if each idempotent (resp. regular)
p-class of A contains some idempotent of A [7] (resp. regular element of A [15]).

Proposition 5.12. Fach Clifford congruence p on S is regular-surjective and
every idempotent p-class of S is an E-inversive subsemigroup of S (in particular,
p is idempotent-surjective).

Proof. Indeed, every p-class of S is an equivalence class of some group congruence
on a certain E-inversive semigroup, therefore, it contains a regular element of S.
This also implies that any idempotent p-class of S is an E-inversive semigroup (for
details, see [21]). O

By the trace tr(p) of a congruence p on an arbitrary semigroup A we shall mean
the restriction of p to the set E 4, and by the kernel ker(p), the set {a € A : apa?}.
Observe that if p is a Clifford congruence on S, then ker(p) = U, ¢ g, ep-

Using Proposition 5.12, we can show in a similar way, as in [15], the following
theorems.

Theorem 5.13. The following conditions concerning Clifford congruences p1, p2
on S are equivalent:

(a) ep1 Cepy for every e € Eg;

(b) p1 C pa.
Thus p1 = po if and only if epy = eps for every e € Eg. O
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Theorem 5.14. The following conditions concerning Clifford congruences p1, p2
on S are equivalent:

(a) Ker(pr) C ker(ps) & tx(p1)  tr(p);

(b) p1 C pa-
Thus p1 = p2 if and only if ker(p1) = ker(pz2) and tr(p1) = tr(p2). O

Define an equivalence relation on CC(S), as follows:

6 = {(p1,p2) € CC(S) x CC(S) : tr(py) = tr(pa)}.

Take further p € CC(S) and note that H/* = ns/p- Also, the relation
p? ={(a,b) € S x S :apH"bp}

is a semilattice congruence on S. Clearly, p C p? and tr(p) = tr(p”). Moreover, if
0 € CC(S) with tr(p) = tr(p), then tr(o?) = tr(p?), so 0’ = p’ (Theorem 5.14).
We have just proved that p’ is a greatest element in pf. Further, pf has a least
element pg = (N{a € CC(S) : tr(p) C tr(a)}, therefore, we get pf = [pg, p] for all
p € CC(S). Finally, note that if p, o € CC(S) with p C g, then clearly py C gp and
p? C 0 (again by Theorem 5.14).

From the above consideration follows that 6 is a complete congruence on CC(S)
(see Lemma 4.13 [35]). As every 6-class of CC(S) contains exactly one semilattice
congruence on S, CC(S)/0 = SC(S).

We shall summarize the above consideration in the following theorem.

Theorem 5.15. Let S be a semilattice S/n of E-inversive semigroups en (e € Eg).
Put

0 = {(p1, p2) € CC(S) x CC(S) : tr(p1) = tr(p2)}.

Then the following statements hold:
(a) 6 is a complete congruence on CC(S);
(b) for every p € CC(S), pf = [py, p°] is a complete sublattice of CC(S), where

Py = ﬂ{oz € CC(S) : tr(p) C tr(a)}, p’ ={(a,b) € S xS:apH*bp}.

Moreover, p? is a unique semilattice congruence in pf.

(c) CC(S)/0=SC(S). O

Some background material on biordered sets will be useful. For a definition of
a biordered set, its related axioms and concepts see [33, 6]. Let S be a semigroup
with E = Eg # (). Define

W={le,f)EExXE: ef=¢}, w ={(e,f)EExXE: fe=¢e)}
<=Wnw, L=d'nEwh™?, R=w W)
Dp={(e,f)e ExE:ef=eoref=for fe=eor fe= f}.
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Then the partial algebra E with domain Dg is a biordered set (Theorem 1.1 [33]).
Observe that < is a natural partial order on E; and if e, f € E, then (e, f) € L (R)
if and only if (e, f) € £ (R) (in a semigroup S). Further, the relations w! and w"
are quasi-orders on E. For p = w! or p = w" and any e € E, we put

ple) ={g € E:(g.¢) € p}.

Moreover, for any two elements e, f of a biordered set F, we define the M-set
M(e, f) of e and f by (ct.[33])

M(e, f) =w!(e)Nw'(f) ={g € E: g =ge= fg}.

If M(e, f) # 0 for all e, f € F, then we say that F is an M-biordered set.

For an arbitrary semigroup S, the M-set M(e, f) (e, f € Eg) will be at times
denoted by Mg(e, f) if absolutely necessary.

A major result in the theory of biordered sets is that every biordered set is the
biordered set of a semigroup [6]. Also, each M-biordered set is the biordered set
of some E-inversive semigroup [12].

In 1996 Auinger and Hall [2] introduced the concept of a congruence for bi-
ordered sets. Recall that if E is a partial groupoid (that is, the multiplication is
defined for some non-empty subset Dg of the Cartesian product F x E), then
an equivalence relation p on FE is called a congruence if and only if the following
condition is satisfied:

(C1) Ve, f,g,heE

((e, £),(g.h) € p & eg, fh € Dg) = (eg, fh) € p.

In that case, the product (ep)(fp) is defined in S/p if and only if gh € Dg for
some g € ep,h € fp, and then (ep)(fp) = (gh)p (by (C1), this partial binary
operation on E/p is well-defined).

By a congruence on a biordered set E [2] we shall mean an equivalence relation
p on E satisfying, at the same time, the above condition (C1) and the following
three conditions:

(C2) ((Ve,feE)ef=c¢) (Vg€ ep) ((Fhe fr)gh=yg);
(C3) ((Ve,f € E) fe=[) (Vg € ep) (BN € fp) hg = h);

(C4) (V(e, f)ep)(3gecep)ge Me,f).

Result 5.16. [2] For every congruence p on a biordered set E, the quotient partial
groupoid E/p is a biordered set. O

Theorem 5.17. If p is a Clifford congruence on S, then tr(p) is a congruence on
the biordered set Eg.
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Proof. Clearly, tr(p) satisties (C1). By Proposition 5.12, tr(p) fulfills (C4).
(C2), (C3). Let e, f € Eg withef = f and let g € E,,. Then gf pef p f. Take
any a € Wy,((gf)?) and put h = gfagf. Then

h? = gf(a(gf)’a)gf = gfagf = h € Es,

gh=h=gfagfpefaef = fafpf,
that is, h € Ef, and gh = h. By duality, (C3) is also satisfied. O

Remark 5.18. Eg/tr(p) is the biordered set of the Clifford semigroup S/p. Hence
Es/tr(p) is a regular biordered set [33]. Also, the quasi-orders w! and w" coincide
in Eg/tr(p), so Eg/tr(p) is a semilattice biordered set, cf. Remark 1.3 in [33].

Corollary 5.19. The following statements concerning a Clifford congruence p on
S are valid:

(a) for all e, f € Es such that ef = f and every g € ep there exists h € fp
such that gh = h;

(b) for all e, f € Es such that fe = [ and every g € ep there exists h € fp
such that hg = h;

(c) foralle,f e Eg such that ep f there is g € M,(e, f). O

Recall that H, < H, if and only if aS* C bS' and S'a C S'b.

We know that any idempotent congruence class of a Clifford congruence on .S
contains an idempotent. Also, the following analogous of the famous Lallement’s
Lemma is valid.

Proposition 5.20. Let p be a Clifford congruence on S, a € S. If ap € Eg/,,
then there is e € E,, such that H, < H,.

Proof. Take any z € Wap(aQ) and put e = axa. Then evidently epa and H, < H,.
Also, €2 = (aza)(axa) = a(ra’r)a = axa = e, as required. O

The following three results follows directly from Theorem 5.17 and from [2],
see Lemmas 3.3, 3.4 and 4.1(7) in [2].

Result 5.21. Let p be a Clifford congruence on S, e, f € Eg. If (ep)(fp) = fp
((fp)(ep) = fp), then for every g € E., there exists h € Ey, such that gh = h
(hg = h). O

Result 5.22. Let p be a Clifford congruence on S. If gp € Mgy ,(ep, fp), where
e, f,g9 € Eg, then for all h € E,,, i € Ey, there exists j € Eg, N\ Mg(h,1). O

Result 5.28. Let p be a Clifford congruence on S, e, f € Eg. If (ep, fp) € L (R),
thene > gLh = fh (e > gRh=hf) for some g € E,, and h € Ey,,. O

Corollary 5.24. Let p be a Clifford congruence on S, e, f € Eg. If fp < ep, then
for every g € E., there exists h € Ey, such that h < g.
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Proof. Let fp < ep, g € Ec,. Then fp = (ep)(fp) = (fp)(ep). By Result 5.21,
there exist hi, ho € Ey, such that ghy = hy and heg = he. Fix h € My,(ho, h1)
(Corollary 5.19(c)) and observe that

gh = g(h1h) = (gh1)h = hith = h, hg = (hha)g = h(hag) = hhy = h.
Thus h € Ef, and h < g. O

Let A be a semigroup and b € A. The set V4(b) = {a € A: a = aba & b = bab}
is called the set of all inverses of b in the semigroup A.

Theorem 5.25. If p is a Clifford congruence on S, xp € Vg,,(yp), then there exist
a € xp,b € yp such that a = xbx, b =ycy (c € S) and a € Vg(b). Also, if x € Eg,
then the element a can be chosen to be an idempotent, and if x,y,xy € Fg, then
both elements a and b can be chosen to be idempotents.

Proof. Let xp € Vg/,(yp). Then the class (xy)p is an idempotent of S/p. Take any
z € W(xy)p((xy)z) and put a = z(yzzy)zr and b = yzxy. Then

aba = (zyzayx)yzey(zyzaeyx) = (vy) (z(xy)Q(z(xy)Qz))xyx = zyzryr = a,

bab = (yzzy)zyzayz(yzry) = y((2(zy)’2)(zy)?z)zy = yzay = b,
so a € Vg(b). Furthermore,

bp = (y(zay))p = (yzry)p = yp, ap = (xbx)p = (zyx)p = Tp.
Suppose now that z € Eg. Then
a® = wyzay(rr)yzeyr = xy(z(zvy)?2)ryr = ryzeyr = a.
Finally, if z,y,zy € Eg, then z € W(Iy)p((xy)Q) = Wi(zy)p(zy). Hence
b? = yza(yy)zry = y(zzyz)ry = yzay = b,
as required. O

Remark 5.26. Notice that in the above theorem H, < H, and H, < H,,.

Theorem 5.27. If p is a Clifford congruence on S and xp € Wg,,(yp), then there
is z € xp such that z € Ws(y) and H, < H,.

Proof. Let xp € Wg,,(yp) and a € W(ym)p((ya:)?’). Put z = zyxayz. Then
2yz = (zyzayx)y(ryrayz) = ryz(a(yz)ia)yr = zyzays = 2,

zp = (x(yzayz))p = (zyz)p = xp,
that is, z € zp N Wg(y). Clearly, H, < H,. O
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Denote the complete lattice of all equivalence relations on the set X by £(X).
In the light of Proposition 5.12, using Corollary 5.19(c) and Theorem 5.27 instead
of (respectively) Proposition 2.4(c) [20] and Theorem 2.11 [20], we can prove in a
similar way, as in Section 4 of [20], the following theorem.

Theorem 5.28. If S is a semilattice S/n of E-inversive semigroups en (e € Es),
then the map 6 : CC(S) — E(Es), where pf = tr(p) for every p € CC(S), is a
complete lattice homomorphism (between the complete lattices CC(S) and E(Eg))
which induces the complete congruence 0 (cf. Theorem 5.15). O

Finally, we have the following remark.

Remark 5.29. In [22] the author introduced the concept of a fruitful semigroup
(a semigroup A is defined to be fruitful if each idempotent congruence class of A
is an E-inversive subsemigroup of A). Note that the class of fruitful semigroups is
very large. For example, all structurally eventually reqular semigroups [30], compact
semigroups are fruitful. The papers [22, 23] contain a great number of interesting
results. In particular, in [23] it has been shown that in any fruitful semigroup A,
the map 6 : C(A) — E(E4), where

pf = tr(p)

for every p € C(A), is a complete lattice homomorphism (between the complete
lattices C(A) and E(F 4)) which induces the complete congruence 6. This result has
been proved for certain classes of regular semigroups and for group-bound semi-
groups by Pastijn and Petrich in [34]. Moreover, Pastijn and Petrich asked whether
the above result is valid for regular semigroups in general. In 1986 Trotter [39]
solved a famous problem of Pastijn and Petrich. Finally, in 1996 Auinger and Hall
proved the above result for a special class of eventually regular semigroups, and
they asked whether the result is true for all eventually regular semigroups, see [1].
As all eventually regular semigroups are structurally eventually regular (by the
definition), their problem has been solved in [23].
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