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tion of a 
ertain Bian
higroup on PL(Fp)Qaiser Mushtaq and Umer ShuaibAbstra
t. In this paper, we investigate a
tions of a 
ertain Bian
hi group PSL2(O2) on theproje
tive line over the �nite �eld, PL(Fp), by drawing 
oset diagrams. We prove that PSL2(O2)a
ts on PL(Fp) only if p − 2 is a perfe
t square in Fp. We prove that the permutation group
(emerging from this) of the a
tion is a subgroup of Ap+1, and des
ribe how the 
onne
tors 
onne
tdi�erent fragments o

uring in the 
oset diagrams of the a
tion of PSL2(O2) on PL(Fp). Wealso show that the group ea
h orbit after removing the 
onne
tors from these 
oset diagrams isisomorphi
 to A4 and establish formulae to 
ount the number of orbits for ea
h p and prove thatthe a
tion is transitive. 1. Introdu
tionA large portion of work on �nite group theory, in parti
ular 
ombinatorial grouptheory, depends upon subgroups of Mobius group. There are several methodswhi
h generate some important and interesting subgroups of Mobius group. Let
d be a positive square free integer. We suppose Od is a ring of algebrai
 integersover the imaginary quadrati
 numbers Q(

√

(−d)). A Bian
hi group denoted by
PSL2(Od) (or Γd) is de�ned as

PSL2(Od) =

{[

w x
y z

]

: w, x, y, z ∈ Od, wz − xy = 1

}

.It is well known that the Bian
hi groups are 
lassi�ed into two 
lasses onthe basis of the rings Od having the Eu
lidean algorithm. The Bian
hi group
PSL2(O2) is one of the �ve Eu
lidean Bian
hi groups. A good refren
e for theBian
hi groups is [5℄. The �nite presentation of the group PSL2(O2) due to [3℄ isgiven by

PSL2(O2) =< a, t, u : a2 = (at)3 = (u−1aua)2 = [t, u] = 1 >where a : z → (−1)/z, t : z → z + 1, u : z → z +
√

(−2) are the linear fra
tionaltransformations. The matrix representation 
orresponding to ea
h respe
tive lin-2010 Mathemati
s Subje
t Classi�
ation:Keywords: Bian
hi group, Bian
hi group PSL2(O2), 
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246 Q. Mushtaq and U. Shuaibear fra
tional transformation is given as
A =

[

0 −1
1 0

]

, T =

[

1 1
0 1

]

, U =

[

1
√
−2

0 1

]

.By the appli
ation of Tietz transformations namely,
s = at, m = u−1au, v = u−1su,we obtain a new presentation of PSL2(O2) as < a, s,m, v, u : a2 = s3 = m2 =

v3 = (am)2 = (sv−1)2 = 1, m = u−1au, v = u−1su, am = sv−1 >, where a : z →
(−1)/z, s : z → −1

z+1 , m : z → −
√
−2z+1

z+
√
−2

, v : z → −
√
−2z+(1−

√
−2)

z+(1+
√
−2)

, u : z → z +
√
−2are the linear fra
tional transformations.The main idea behind the theory of group amalgams is to de
ompose, if pos-sible, an in�nite group into an amalgam of some of its subgroups. Therefore,amalgam de
omposition is equally important in in�nite group theory as a primefa
torization theorem in number theory, although the amalgam de
omposition ofa group need not be unique. There are two main approa
hes in the theory of agroup amalgams. One of them is 
ombinatorial approa
h whi
h deals with pre-sentation for the groups and its fa
tors. A 
omplete behavior of the 
ombinatorialapproa
h is given in [7℄. Whereas, the se
ond one is a powerful geometri
 methoddue to [2℄. It is well known that PSL2(O2) 
an be de
omposed as a free produ
tof G1 and G2 with amalgamated subgroup H written as Γ2 = G1 ∗H G2, where G1and G2 are HNN groups of Klien-4 group D2 and the alternating group A4 and

H = Z ∗ Z2.One of the graphi
al methods to study groups is the 
oset diagrams. It is usedto study various properties of a group by taking its a
tions on �elds, quadrati
�elds and sets. The Eu
lidean Bian
hi groups are the natural algebrai
 generaliza-tion of the extensively studied modular group. G. Higman initiated the study of
oset diagrams for the modular group and the extended modular group. FurtherQ. Mushtaq [8℄ proved many important results for the modular group using 
osetdiagrams. For more on 
oset diagrams one 
an refer to [1℄, [4℄ and [8℄.2. A
tion of PSL2(O2) on PL(Fp)Every odd prime of the sequen
e in whi
h −2 is a perfe
t square 
an be expressedas p = 4n + 1 if n is even, or p = 4n − 1 if n is odd, n ∈ N . The only even prime
2 is also in the sequen
e. Su
h primes are 
alled the M − S primes.We observe from the following theorem that PSL2(O2) a
ts on PL(Fp) only if
p − 2 is a perfe
t square in Fp.Theorem 2.1. The group PSL2(O2) a
ts on PL(Fp) only if p − 2 is a perfe
tsquare in Fp, where p is an M-S prime.



Coset diagrams of the a
tion of a 
ertain Bian
hi group on PL(Fp) 247Proof. PSL2(O2) =< a, s,m, v, u : a2 = s3 = m2 = v3 = (am)2 = (sv−1)2 =
1, m = u−1au, v = u−1su, am = sv−1 >, where a : z → −1

z
, s : z → −1

z+1 ,
m = z → −

√
−2z+1

z+
√
−2

, v : z → −
√
−2z+(1−

√
−2)

z+(1+
√
−2)

.The linear fra
tional transformations a, s,m, v 
onvert into be
ause of the mod-ular 
al
ulations.Sin
e −2 ≡ p − 2(mod p) therefore, implies that √
−2 ≡ √

p − 2(mod p),yielding m and v as m = −
√

p−2z+1
z+

√
p−2

and v : z → −
√

p−2z+(1−
√

p−2)

z+(1+
√

p−2)
.The transformations a and s map elements of PL(Fp) onto the elements of

PL(Fp) without any 
ondition on p, whereas transformations m and v map ele-ments of PL(Fp) onto elements of PL(Fp) only if p − 2 is a perfe
t square in Fpbe
ause of the o

uren
e of √p − 2 in the transformations m(z) and v(z). Hen
e
PSL2(O2)

′ a
ts on PL(Fp) only if p − 2 is a perfe
t square in Fp.Remark 2.2. In the a
tion of PSL2(O2) on PL(Fp),
(i) �xed points of the transformations a and m exist only if −1 is a perfe
tsquare (mod p),
(ii) �xed points of the transformations s and v exist only if −3 is a perfe
tsquare (mod p).Theorem 2.3. There does not exist X su
h that X2 = (AX)2 = (SX)2 =

(MX)2 = (V X)2 = 1.Proof. Let on the 
ontrary, X be su
h that X2 = (AX)2 = (SX)2 = (MX)2 =

(V X)2 = 1. Suppose that X(z) = az+b
cz+d

, that is, X =

[

a b
c d

]. The matrixrepresentations of the linear fra
tional transformations a, s, m and v are as follow
A =

[

0 −1
1 0

]

, S =

[

0 −1
1 1

]

, M =

[

−
√
−2 1

1
√
−2

]

, V =

[

−
√
−2 1 −

√
−2

1 1 +
√
−2

]

,

X2 = 1, and a matrix of GL(2, C) is of order 2 if and only if its tra
e is zero, or
tr(X) = a + d = 0.Also AX =

[

−c −d
a b

] and sin
e it is assumed that (AX)2 = 1, therefore
tr(AX) = 0, that is, b = c.Similarly SX =

[

−c −d
a + c b + d

]

, and supposition, (SX)2 = 1 implies that
tr(SX) = 0, that is, b + d = c.Again MX =

[

−
√
−2a+c −

√
−2+b

a+
√
−2c b+

√
−2d

] and due to the supposition, (MX)2 = 1,we get tr(MX) = 0, that is, √−2a + c + b +
√
−2d = 0.Similarly, V X =

[

−
√
−2a + (1 −

√
−2)c −

√
−2b + (1 −

√
−2)d

a + (1 +
√
−2)c b + (1 +

√
−2)d

] and by sup-position, (V X)2 = 1, we get tr(V X) = 0, that is, −√
−2a + (1−

√
−2)c + b + (1+√

−2)d = 0.



248 Q. Mushtaq and U. ShuaibFrom b = c and b + d + c = 0, we get d = 0. But a + d = 0 implies that a = 0.This together with the 
ase of MX shows that X is a zero matrix.Thus, there does not exist any non-zero transformation like X(z).The 
oset diagrams of the a
tion of PSL2(O2) on PL(Fp), where p is an M−Sprime, are made of four generators a, s, m and v, where a, s, m and v areimages of a, s.m and v under the a
tion. We denote these generators graphi
allyas follows. The three 
y
les of the permutations s are represented by triangleshaving solid lines whereas v is represented by triangles having edges 
onsisiting ofbold solid lines. The involution a is denoted by broken edges and m is denotedby dotted edges. Fixed points are represented by heavy dots if they exist. Ea
hdiagram represents �nite, non-abelian and simple subgroups of Ap+1, for p > 11.We denote the permutation subgroup emerging from the a
tion of PSL2(O2) on
PL(Fp) by Γ2.For example the following 
oset diagram depi
ts a
tion of PSL2(O2) on PL(F11)

6 2

9

1 5

010

8 7

3 4

Theorem 2.4. The a
tion of PSL2(O2) on PL(Fp) gives a permutation groupgenerated by a, s,m and v with relations (a)2 = (s)3 = (m)2 = (v)3 = (am)2 =
(sv−1)2 = 1, as a subgroup of Ap+1, where p is an M-S prime.Proof. Note that Γ2 is generated by the permutations a, s, m and v 
orrespondingto the linear fra
tional transformations a, s, m and v in PSL2(O2), where s and
v are produ
ts of 
y
les ea
h of length three. So every 
y
le 
an be de
omposedinto even number of transpositions. Thus s and v are even permutations. Sin
e aand m are involutions, therefore, the number of transpositions of a and m is p+1

2whi
h is an even number if a and m have no �xed points in Fp. If a and m have�xed points whi
h exist only if −1 is a perfe
t square (mod p), then the number oftranspositions inf a and m is p−1
2 whi
h is also an even number. This implies that

Γ2 is generated by even permutations and hen
e Γ2 is a subgroup of Ap+1.3. Conne
tors for the 
oset diagrams of the a
tionof PSL2(O2) on PL(Fp)There are two 
onne
tors, namely, C1 and C2 of the 
oset diagrams of the a
tionof PSL2(O2) on PL(Fp). The 
onne
tors C1 and C2 graphi
ally represent the
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tional transformations a and m respe
tively in thesediagrams. Sin
e the mappings a : z → (−1)/z, and m : z → −
√
−2z+1

z+
√
−2

arebije
tive, therefore, the 
orresponding 
onne
tors C1 and C2 join ea
h vertex ofa fragment to the other vertex in a unique way. Initially, the 
oset diagrams
ontain di�erent orbits. Ea
h orbit represent the alternating group A4. When westart joining these orbits through the 
onne
tors C1 and C2, the diagrams startbe
oming 
onne
ted. On
e all these orbits are 
ompletely joined by C1 and C2,we obtain 
onne
ted 
oset diagrams depi
ting subgroups of Ap+1. The 
onne
teddiagrams also show that the a
tion of PSL2(O2) on PL(Fp) is transitive. The
onne
tor C1 is represented by broken edges and the 
onne
tor C2 is representedby doted edges in the 
oset diagrams of the a
tion of PSL2(O2) on PL(Fp). Thealgebrai
 e�e
ts of these 
onne
tors on the diagrams are same. This means thatif we drop one of these 
onne
tors from the diagrams, the algebrai
 properties ofthe groups depi
ting from these diagrams do not 
hange. However, if we removeboth the 
onne
tors from the diagrams, we obtain di�erent orbits of the 
omplete
oset diagram. Let G denote the group represented by ea
h su
h orbit then
G =< s, v : s3 = v3 = (sv−1)2 = 1 > .In the following result, we note the above stated fa
t.Theorem 3.1. The group G=<s, v : s3 = v3 = (sv−1)2 =1> is isomorphi
 to A4.Proof. Sin
e G =< s, v : s3 = v3 = (sv−1)2 = 1 >, we put s = ab, v = b andobtain G=<a, b, s, v : s3 = v3 = (sv−1)2 =1, s = ab, v = b>=<a, b : (ab)3 = b3 =

(abb−1)2 =1>=<a, b : a2 = b3 = (ab)3 =1>, whi
h is isomorphi
 to A4.There are three types of fragments of G whi
h o

urr in the 
oset diagramsfor the a
tion of PSL2(O2) on PL(Fp). Some details of these fragments are givenbelow.The fragment Γ1 :

This fragment exists in ea
h 
oset diagram for the a
tion of PSL2(O2) on
PL(Fp) for all p ex
ept p = 3.The fragment Γ2 :
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urs along with fragment Γ1 in those 
oset diagrams in whi
h
−3 is a perfe
t square modulo p.The fragment Γ3 :

This fragment o

urs along with fragment Γ1 in those 
oset diagrams when −1is a perfe
t square modulo p.Consider the following fragment of the a
tion of PSL2(O2) on PL(F11) afterremoving all 
onne
tors.
6 2

9

51

010

3 4

78The following result is about the number of orbits as 
opies of A4 o

urringin the 
oset diagrams of the a
tion of PSL2(O2) on PL(Fp) after removing the
onne
tors.Theorem 3.2. In the a
tion of PSL2(O2) on PL(Fp),

(i) if −1 is a perfe
t square (mod p), then number of 
opies of A4 are (p−5
12 )+1,

(ii) if −3 is a perfe
t square (mod p), then number of 
opies of A4 are (p+5
12 )+1,ex
ept for p = 3,

(iii) if neither −1 nor −3 are perfe
t squares (mod p), then number of 
opies of
A4 are (p+1

12 ),
(iv) if both −1 and −3 are perfe
t squares (mod p), then number of 
opies of A4are (p−1

12 ) + 2.Proof. Case (i): The subsequen
e of the sequen
e of M-S prime in whi
h −1 is aperfe
t square (mod p) is given by x1 = {17, 41, 89, . . .}.The number of 
opies of A4 for p = 17 is 2 that is ( 17−5
12 ) + 1. The followingdiagram indi
ates the above fa
t
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Number of 
opies of A4 for p = 41 is 4 that is ( 41−5
12 )+1. The following diagramindi
ates the above fa
t.

Continuation of the above pro
ess leads us to note that there exist (p−5
12 ) + 1
opies of A4 in this 
ase.Case (ii): The subsequen
e of the sequen
e of M-S primes in whi
h −3 is aperfe
t square (mod p) is given by π2 = {3, 19, 43, 67, . . .}.One 
an easily observe that only one 
opy of A4 exists for p = 3. The followingdiagram indi
ates the above argument.

Number of 
opies of A4 for p = 19 is 3, that is, ( 19+5
12 ) + 1. The followingdiagram depi
ts the above fa
t.



252 Q. Mushtaq and U. ShuaibNumber of 
opies of A4 for p = 43 is 5, that is, ( 43+5
12 ) + 1. The followingdiagram depi
ts the above fa
t.

Continuation of the above pro
ess leads us to the 
on
lusion that in this 
asethere exist (p+5
12 ) + 1 
opies of A4.Case (iii): The subsequen
e of the sequen
e of M-S primes in whi
h neither

−1 nor −3 are perfe
t squares (mod p) is given by π3 = {11, 59, 83, . . .}.Number of 
opies of A4 exist for p = 11 is one that is, ( 11+1
12 ). The followingdiagram indi
ates the above fa
t.

The number of 
opies of A4 for p = 59 is 5, that is ( 59+1
12 ). The followingdiagram depi
ts the above fa
t.

Continuation of the above pro
ess leads us to the 
on
lusion that in this 
asethere exist (p+1
12 ) 
opies of A4.Case (iv): The subsequen
e of the sequen
e of M-S primes in whi
h both −1and −3 are perfe
t squares (mod p) is given by {73, 97, . . .} 
opies of A4 exist for

p = 73 is 8 that is ( 73−1
12 ) + 2. The following diagram illustrates the above fa
t.
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The 
ontinuation of this pro
ess shows that in this 
ase there exist (p−1
12 ) + 2
opies of A4.4. Transitivity of the a
tion of PSL2(O2) on PL(Fp)In this se
tion we study transitivity of the a
tion of PSL2(O2) on PL(Fp).Theorem 4.1. The fun
tion f : Fp×{p} → Fp\{0}, de�ned by f(n, p) = p−1
(p−1)+n

,is inje
tive, for a prime p.Proof. Let m,n ∈ Fp and f(m) = f(n). Then p−1
(p−1)+m

= p−1
(p−1)+n

implies that
m = n, that is f is inje
tive.Theorem 4.2. The a
tion of PSL2(O2) on PL(Fp) is transitive.Proof. We begin from vertex 1. Sin
e the transformation sa maps 1 to p−1

p
, sothere is a path from 1 to p−1

p
= p−1

(p−1)+1 . Again appli
ation of the transformation
sa on p−1

p
yields p−1

p+1 = p−1
(p−1)+2 . Therefore, we �nd a path from 1 to p−1

p+1 =
p−1

(p−1)+2 . The 
ontinuation of the above pro
ess provides us a path from the vertex
1 to p−1

(p−1)+n
, where n = 0, 1, 2, . . . , p−1. By Theorem 4.1, all the verti
es p−1

(p−1)+n
,where n = 0, 1, 2, . . . , p−1 are distin
t and none of these is equal to 0. By applyingthe transformation a on p−1

(p−1)+1 , we rea
h at the vertex 0. Hen
e the a
tion istransitive.
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