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The categories of actions of a dcpo-monoid

on directed complete posets

Mojgan Mahmoudi and Halimeh Moghbeli-Damaneh

Abstract. In this paper, some categorical properties of the category Cpo-S of all S-cpo’s;
cpo’s equipped with a compatible right action of a cpo-monoid S, with strict continuous action-
preserving maps between them is considered. We also define and consider similarly, the category
Dcpo-S of all S-decpo’s, and continuous action-preserving maps between them. In particular,
we characterize products and coproducts in these categories. Also, epimorphisms and monomor-
phisms in Depo-S are studied. Further, we show that Cpo-S is not cartesian closed but Dcpo-S
is cartesian closed.

1. Introduction and preliminaries

The category Dcpo of directed complete partial ordered sets plays an important
role in Theoretical Computer Science, and specially in Domain Theory (see [1]).
This category is complete and cocomplete. The completeness of Dcpo has been
proved (in a constructive way) by Achim Jung ([1]) and it is stated there that to
describe colimits is quite difficult. In [5], Fiech characterizes and describes colimits
in Dcpo, but his construction is rather complicated. The cartesian closeness of
Dcpo has also been proved by Achim Jung (see [7]). It is also shown that the
category Cpo of directed complete partially ordered sets with bottom elements and
strict continuous maps between them is monoidal closed, complete and cocomplete
(see [1, 7]).

In this paper, we study some categorical properties of the categories Depo-
S (and Cpo-S) of the actions of a dcpo(cpo)-monoid S on depo’s (cpo’s). In
particular, we show that the category Dcpo-S is complete and cocomplete, and
describe products and coproducts in these categories. Also, epimorphisms and
monomorphisms in these categories are considered. Further, we show that Cpo-S
is not cartesian closed but Dcpo-S is so.

Let us now give some preliminaries needed in the sequel.

Let Pos denote the category of all partially ordered sets (posets) with order
preserving (monotone) maps between them. A nonempty subset D of a partially
ordered set is called directed, denoted by D C¢ P, if for every a,b € D there exists
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¢ € D such that a,b < ¢; and P is called directed complete, or briefly a dcpo, if for
every D C? P, the directed join \/dD exists in P. A dcpo which has a bottom
element | is said to be a cpo.

A dcpo map or a continuous map f: P — @ between dcpo’s is a map with the
property that for every D C¢ P, f(D) is a directed subset of Q and f(\/? D) =
V¢ f(D). A depo map f: P — Q between cpo’s is called strict if f(L) = L.
Thus we have the categories Dcpo (and Cpo) of all depo’s (cpo’s) with (strict)
continuous maps between them.

The following lemmas are frequently used in this paper.

Lemma 1.1. [3, 7] Let {A4;: i € I} be a family of depo’s. Then the directed join

of a directed subset D C* [[,.; A; is calculated as \/d D= (\/d D;)icr where
D;, = {a € A;:dd = (dk)ke[ eD, a= dl}

foralliel.

Lemma 1.2. [7] Let P, Q, and R be dcpo’s, and f: P x @ — R be a function of
two variables. Then f is continuous if and only if f is continuous in each variable;
which means that for alla € P, b€ Q, fo: Q@ — R (b— f(a,b)) and fp: P - R
(a+— f(a,b)) are continuous.

Remark 1.3. The categories Dcpo and Cpo are both complete and cocomplete.
In fact,

(i) The product of a family of dcpo’s (cpo’s) is their cartesian product, with
componentwise order and ordinary projection maps. In particular, the terminal
object of Depo (and Cpo) is the singleton poset {6}.

The equalizer of a pair f,g: P — Q of (strict) continuous maps is given by
E={x € P: f(x) = g(x)} with the order inherited from P.

Moreover, the pullback of (strict) continuous maps f: P — R and g: Q@ — R
is the sub-dcpo P = {(a,b): f(a) = g(b)} of the product P x @ together with the
restriction of projection maps.

(ii) The coproduct of a family of dcpo’s is their disjoint union, with the order
arising from each factor. In particular, the initial object of Dcpo is the empty
poset.

The coproduct of a family of cpo’s is their coalesced sum. Recall that the
coalesced sum of the family {A;: i € I'} of cpo’s is defined to be

Ha=1e UieI(Ai \{La})
i€l
In particular, the initial object of Cpo is the singleton poset {0}.

Recall that a po-monoid is a monoid with a partial order < which is compatible
with the monoid operation: for s,t,s’,¢' € S, s < t, s < t' imply ss’ < #t'.



S-dcpo and S-cpo 285

Similarly, a dcpo (cpo)-monoid is a monoid which is also a dcpo (cpo) whose
binary operation is a (strict) continuous map.

Now, we recall the preliminary notions of the action of a (po)monoid on a
set(poset). For more information, see [2, 4, 8].

Let S be a monoid. A (right) S-act or S-set is a set A equipped with an action
A xS — A (a,s) ~ as, such that al = a and a(st) = (as)t, for all a € A and
s,t € S. Let Act-S denote the category of all S-acts with action-preserving maps
(maps f: A — B with f(as) = f(a)s).

Also, recall that an element a of an S-act A is said to be a zero element if
as=a for all s € S.

Let S be a po-monoid. A (right) S-poset is a poset A which is also an S-
act whose action A: A x S — A is order-preserving, where A x S is considered
as a poset with componentwise order. The category of all S-posets with action-
preserving monotone maps between them is denoted by Pos-S.

Remark 1.4. Recall (see [2]) that:

(i) The product in the category of S-posets is the cartesian product with the
componentwise action and order. In particular, the terminal S-poset is the single-
ton S-poset.

Also, recall that the equalizer of a pair f,g: A — B of S-poset maps is given
by E={a€ A: f(a) = g(a)} with action and order inherited from A.

The pullback of S-poset maps f: A — C and g: B — C is the sub-S-poset
P ={(a,b): f(a) =g(b)} of A x B.

(ii) The coproduct is the disjoint union with the usual action and order. In
particular, the initial S-poset is the empty set.

Finally, we introduce the notion which we work on in this paper.

Definition 1.5. Let S be a (cpo) dcpo-monoid. By a (right) S-depo (S-cpo) we
mean a dcpo (cpo) A which is also an S-act whose action A\: A xS — A is (strict)
continuous, where A x S is considered as a dcpo with componentwise order.

By an S-dcpo map (S-cpo map) between S-dcpo’s (S-cpo’s), we mean a map
f: A — B which is both (strict) continuous and action-preserving.

We denote the categories of all S-depo’s (S-cpo’s) and S-depo (S-cpo) maps
between them by Dcpo-S (Cpo-S) .

Remark 1.6. (1) In the definition of an S-cpo, we can omit the property that the
action is strict. Notice that 1L 4xs = (L4, Lg), and the action being strict means
that 1 4 Llg = 1 4. But, assumig that there is a continuous (monotone) action on
a cpo A, the fact that Lg < 1 implies L 41lg < L1 = 1 4. Also, since L 4 is the
bottom element in A, we have 1. 4, < L41lg. Thus, L 41lg = 14 as required.

(2) Note that, by Lemma 1.2, the action A\: A x S — A is continuous if and
only if each \;: S — A, s — as, and \s: A — A, a — as, is continuous.

(3) Notice that the above note is not true for strictness. For example, consider
the pomonoid S = {0 < 1} with the binary operation max. It is clear that max is
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strict continuous, so S is a cpo-monoid and hence an S-cpo. But the continuous
map A : S — S, t — max(t, 1) is not strict, because max(0,1) =1# 0= Lg.

2. Limits and coproduts in Cpo-S and Dcpo-S

In this section, we give the description of products, equalizers, terminal object and
pullback in the categories Depo-S and Cpo-S. We also, find coproducts in these
two categories.

Remark 2.1. In both the categories Depo-S and Cpo-5, the terminal object is
the one element object.

Proposition 2.2. The product of a family of S-decpo’s (S-cpo’s) is their cartesian
product with componentwise action and order.

Proof. Let {A;: i € I} be a family of S-dcpo’s (S-cpo’s). Let A = [[,.; As
First we see that A with componentwise action and order is a S-dcpo (S-cpo).
By Remark 1.4, A is an S-poset. Also, the action on A is continuous. Applying
Lemma 1.2, it is enough to check the continuity of the action in each component.
Let D C? A and s € 5. We show that (\/? D)s = Vaep ®s. By Lemma 1.1,
\/dD = (\/d D;)icr, where D; = {a € A;: I(di)ker € D, d; = a} is a directed
subset of A;, for all i € I. Then we have (\/* D)s = (\V/* D;)icrs = (V* D;i)s)ies =
(\/d D;s);ec1, where the latter equality is because the action on each A; is continu-
ous. Now, we see that (\/* D;s)ic; = \/ieD s. First, notice that (\/? D;s);cs is an
upper bound of the set {zs: x € D}, since for = (d;);er € D, we have d; € D;,
for all 4 € I, and so s = (d;8)ier < ((\/d D;)s)icr = (\/d D;s)icr. Secondly, if
¢ = (¢;)ier is any upper bound of the set {xs: x € D}, then for i € I and a € D;,
taking x = (d;)ie; with d; = a, we have as = d;s < ¢;. Thus (\/d D;s)ier < ¢,
as required. Similarly, the action on A is continuous in the second component;
that is for 7 C? S and a = (a;)icr € A, a(\V'T) = Viepat. Consequently,
A = [;c; Ai with the componentwise order and action is an S-dcpo (S-cpo).
Also, the projection maps p; : A — A; are S-dcpo (S-cpo) maps, since by Remark
1.3 they are (strict) continuous, also they are action-preserving (see [8]). To see
the universal property of products, notice that for every S-dcpo (S-cpo) B with
S-depo (S-cpo) maps f;: B — A;, i € I, the unique S-poset map f : B — A given
by f(b) = (fi(b))ier, b € B which exists by the universal property of products
in Pos-S (see Remark 1.4); and satisfies p; o f = f;, for all ¢ € I, is a (strict)
continuous map. This is because, f(Lp) = (fi(LB))ier = (La,)ier = La. Also,
it is straightforward to see that for D C? B, f(\/* D) = \/* f(D). O

Remark 2.3. (i) It is clear that the initial object in the category Dcpo-S is the
empty set.

(ii) The category Cpo-S has initial object if the identity of the cpo-monoid S
is its bottom element. In fact S is the initial object. Since, for every S-cpo A the
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map A;: S — A, defined by A\ (s) = L4s is the unique S-cpo map from S to A.
To show the uniqueness, let a: S — A be an S-cpo map, then a(s) = a(ls) =
a(l)s = Las= A1 (s), for all s € S. Thus, o = A.

Now, we consider coproducts.
Theorem 2.4. The coproduct of a family of S-dcpo’s is their disjoint union.

Proof. Let {A;: 4 € I} be a family of S-dcpo’s. Let A = J,.; 4i be the disjoint
union of A;, i € I. By Remark 1.4, A with the order and the action inherited from
A;, 1 € I; that is

z <yin A if and only if x <y in A;, for some i € |

and a.s = asfora € A;, s € 9, is an S-poset. Applying Lemma 1.2, we see that this
the action is also continuous. Therefore, A is an S-dcpo. Moreover, the injection
maps u;: A; — A, defined by u; = idala,,i € I are S-poset maps, by Remark 1.4,
and they are continuous, by Remark 1.3. Finally, since A satisfies the universal
property of coproducts in Pos-5, for every S-dcpo B and S-dcpo maps f;: A; — B,
i € I, the mapping f: A — B given by f(a) = fi(a) for a € A;, is the unique S-
poset map with fowu; = f;, for all ¢ € I. This map is also continuous, because if D
is a directed subset of A then by the definition of the order on A, D C?% A; for some

i€ I,and V9 D=V, D. Thus f(V'D) = fi(V' D) = V* f(D) = V' /(D). O

To describe the coproduct in Cpo-S, using the coalesced sum of cpo’s, we need
the following lemma.

Lemma 2.5. The coalesced sum of a family of S-cpo’s in which the bottom element
is a zero element is an S-cpo.

Proof. Let {A;: i € I} be a family of S-cpo’s. By Remark 1.3, the coalesced sum
A = l§;c; Ai is a cpo. Define the action on A as:

a-s—4 if as# Ly,
T La i as= Ly,

foraec A;,iel,seS,and L4-s= 1 4. In particular, L 4-1 = 1 4. We see that
also for a # 1 4, a-1 = a, because, for some i € I, a € A;, and so a-1 = al = a.
Also, a- (st) = (a-s)-t,fora € A, s,t € S. This is because, L 4 (st) = (La-s)-t,
by the definition, and for @ # L 4, a € A; for some i € A. If a(st) # La4,, then
as # L 4,, (otherwise since L 4, is a zero element, a(st) = (as)t = La,t = Ly,);
also (as)t = a(st) #L4,. So (as) -t = (as) -t = (as)t = a(st) = a - (st). Secondly,
if a(st) = La,, then a- (st) = L4. Now, if as = 1,4, then a-s = 1,4 and
so (a-s)-t = La-t = _Ls Also, if as # Ly, then a-s = as, and since
(as)t =a(st) = La,, (a-s)-t=_Ly. Thus (a-s)-t=(a-s) -t = La, as required.

Now, we show that the action is continuous. Notice that D C A is directed if
and only if D C? A;, for some i € I, or D = D' U {1l 4}, where D' = or D' is a
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directed subset of A;, for some i € I. This is because, if D C% A and 14 ¢ D, and
on the contrary, if there exist di,ds € D such that di € A; and dy € Aj, © # 7,
then there exists d3 € D such that dy < d3 and dy < d3. Also, by the definition of
the order on A, d3 € A; N A; = 0, which is a contradiction. So D C? A;, for some
i € I. Now,let L 4 € D. We show that D’ = D —{L 4} is a directed subset of A;,
for some i € I. On the contrary, let there exist di’,dy’ € D’ such that d,’ € A;
and dy’ € Aj, i # j. Since D is directed, there exists d3 € D such that d;’ < ds
and do" < ds. By the definition of the order on A, d3 € 4; N A; = 0, which is
a contradiction. So D’ C% A;, for some i € I. Now, applying Lemma 1.2, we
show that the action is continuous. Let D C¢ Lﬂiel A; and s € S. By the above
discussion, two cases may occur:

CAsE (i): D C? A;, for some i € I.

SuBcask (i1): If (V*D)s # La,, then we have (/D) -s = (V‘D)s =
\/iE p s, where the last equality is because A; is an S-cpo. Now we claim that

d d
\/ xs = \/ x-s (%)
xeD xeD
Let K ={x € D: s # L4,}. Then K satisfies:

(1) K # 0, because otherwise (\/? D)s = \/ieD xs = L4, which is a contra-
diction.

(2) For all x € K, x - s = xs, by the definition of the action on A.

(3) For all x € K and ¢’ € D\ K, there exists "/ € K with < 2" and 2’ < 2",
since D is directed. But, then zs < z”’s, and hence 2"’ € K, since x € K.

Now to prove (x), first we see that \/ieD xs is an upper bound of the set
{r-s:x € D}. Alsoforall z € K, x-s = zs < \/iers. For x € D\ K,
r-s=14< \/ieD xs, as required. Secondly, if ¢ is an upper bound of the set
{zr-s:ze€D}. Forallz € K, wehave x-s=xs<c. Forz € D\ K and 2’ € K
(which exists, since K # 0), by (3) there exists z” € K such that z < 2 and
' < x”. This gives vs < 2”’s = 2" - s < ¢. Then for all x € D, we have xs < ¢,
and so VieD rs < ¢, as required.

SuBcask (i2): If (\V*D)s = L,,, then we again have (\/*D)s = VieD xs.
This is because, the action on A; is continuous on the second component. Also,
(V¥ D)s = L, gives zs = Ly,, for all z € D. This is because, L4, = (\/* D)s =
\/ieD xs. Hence by the definition of the action on A4, (\/* D)-s = \/ieD x-s=Lyg.

CaSE (ii): D = D' U L4, where D’ C¢ A;, for some i € I.

By case (i), we have (\/'D’)-s = \/i,eD, 2’ - s. Also, we have (\/'D)-s =
(VD) s= \/i,eD, s = \/ieD x - 8, as required.

Now to prove that the action is continuous in the second component, let 7 C?¢ S
and a € A. We show that a - \/*T = \/feT a - t. Consider the following two cases:

(a): If a = L 4, then by the definition of the action on A4, a-\/* T = erT a-t=
La.
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(b): If @ # L4, then for some i € I, a € A;. We have the following two
situations:

(b1): If a(\/*T) # L4, then we have a- (\/*T) = a(\V/'T) = \/feT at, where
the last equality is true because A; is an S-cpo. Now, we claim that

d d
\/a~t: \/at ().

teT teT

Let L={t €T :at# La,}. Then one can prove (in a similar way to the set K in
the above discussion) that L satisfies:

(1) L #0.

(2) Forallt € L, a-t=at.

(3) For all t € L and t' € T'\ L, there exists t” € L with ¢t <t” and ¢’ < t".

Now to prove (xx), we see that first \/?eT at is an upper bound of the set
{a-t:teT} Alsoforallt € L, a-t = at < \/feTat. Fort € T\ L,
a-t= 1y < \/?eT at, as required. Secondly, if ¢ is an upper bound of the set
{a-t:t €T}, then for all ¢t € L, we have at = a -t < ¢. Now, by (3) and in the
same way of Subcase (il), for t € T\ L there exists t”” € L such that at < at” < c.
Then for all t € T, we have at < ¢, and so V?ET at < c. Therefore, (xx) has been
proved.

(b2): If a(\/*T) = L, we show that a - (V' T) = \/feTa -t. Since A; is an
S-cpo, we have \/fGT at = a(\/d T)= L1y, Soforallte T, at = L,,. Then by
the definition of the action on A, a - (\/*T) = \/feT a-t=_1yx.

Therefore, the action on A is continuous, and so A = #),.; A; is an S-cpo. [

Theorem 2.6. Let {A; : i € I} be a family of S-cpo’s whose bottom elements are
zero elements. Then their coproduct exists in Cpo-S.

Proof. Let A = |4,; Ai. By Proposition 2.5, A is an S-cpo and by Remark 1.3,
the injections u;: A; — A, i € I, defined by

X if « 75 J—Ai
ul(x) - { LA if = J—Ai
are cpo maps. Also we show that w;: A; — A, ¢ € I are action-preserving.
First notice that u;(La,s) = uwi(La,) = La = La-s = u;(Ly,) s Now, let
Lla, #Fx € A, and s € S. If xs = 1 4,, then by the definition of the action on A,
x-s= Ly, and so uj(xs) = La =x-s=wu;(z) s If xs# Lu,, then z-s = xs,
and so u;(zs) = xs = - s = u;(z) - s. Moreover for every S-cpo B with S-cpo
maps f;: A; = B, i € I, the unique cpo map f: A — B given by

- f,(a) if ae€A;
f(“){LB it x= 1,
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which exists by the universal property of coproducts in Cpo, and satisfies fou; =
fi for all i € I, is action-preserving. First notice that since each f; is action-
preserving and 1 4, is a zero element, f;(La,) = Lp is a zero element. Now,
f(Lla-s)=f(La)=L1p=_1ps= f(La)s, forall s € S. Also, for a # L4, we
have a € A;, for some i € I. Therefore, if as = 1 4, we get a-s = L4, and so
fla-s)=f(La)=Lp = fi(La,) = filas) = fi(a)s = f(a)s. If as # L 4, then we
have a-s = as, and so f(a-s) = f(as) = fi(as) = fi(a)s = f(a)s. O

Corollary 2.7. Let S be a cpo-monoid in which the identity element is the top
element. Then Cpo-S has all coproducts.

Proof. By Theorem 2.6, it is enough to show that the bottom element of every
S-cpo A is a zero element. For all s € S, we have s < 1,and so L 4s < 141 = 14.
But, L 4 is the bottom element of A and so L 4s = 1 4. O

Theorem 2.8. Pullbacks and equalizers exist in the categories Cpo-S and Dcpo-
S.

Proof. Let f,g: A — B be S-cpo (S-dcpo) maps. Then

E={zecA: f(zr)=g(x)}

is a sub S-cpo (S-dcpo) of A, and the inclusion map satisfies f oi = goi. Also, if
e: K — L is an S-cpo (S-dcpo) map with foe = goe then the mapy: K — F
given by v(z) = e(x) is the unique S-cpo (S-decpo) map such that ioy =e.

Also, it is easily seen that the pullback of S-cpo (S-decpo) maps f: A — C and
g: B — C is the sub-S-cpo (S-dcpo) P = {(a,b): f(a) = g(b)} of A x B, together
with the restricted projection maps. O

As a consequence of Theorems 2.2 and 2.8, we get the following result.

Proposition 2.9. The categories Cpo-S and Dcpo-S are complete.

3. Cocompleteness and cartesian closedness

In this section, we consider some other categorical properties of Cpo-S and Dcpo-
S. We show that monomorphism in Depo-S are exactly one-one S-dcpo maps,
while epimorphisms are not necessarily onto S-dcpo maps. Also, we prove that
Dcpo-S is a cocomplete category. Further, it is proved that Dcpo-S is cartesian
closed while Cpo-S is not so, and hence it is neither a topos nor a quasitopos (see

[90)-

Lemma 3.1. A morphism in Dcpo-S is a monomorphism if and only if it is
one-one.
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Proof. Let h: A — B be amonomorphism in Dcpo-S, and h(a) = h(a’). Consider
the S-depo maps f,g: S — A given by f(s) = as and g(s) = a’s, for s € S. Then,
hof=hogandso f=g. Thus, a =d'. O

In the following we show that the category Dcpo-S is cocomplete.

Recall that an object C' of a category C is called a coseparator if the func-
tor hom(—,C) : C°? — Set is faithful; in other words, for each distinct arrows
f,9: A — B there exists an arrow h: B — C such that ho f #hog.

Also, recall from [6], Theorem 23.14 that a complete well-powered category
which has a coseparator, is cocomplete. Therefore, we show that Dcpo-S has a
coseparator and is well-powered.

Proposition 3.2. The forgetful functor Uy : Dcpo-S — Dcpo has a right adjoint.

Proof. We define the cofree functor K;: Dcpo — Dcpo-S as Ki(P) = P9,
where P(%) is the set of all dcpo maps from S to P. We give it the pointwise order
and the action by (fs)(t) = f(st), for s,t € S and f € P®). Then, P is an
S-dcpo. We know that P(%) is a dcpo (see [7]). Now, we show that the action
defined above is a continuous map. Applying Lemma 1.2, let F C¢ P(5), Then

d d d d d
(/) =\ F)st) = \/ f(st) =\ (Fs)(t) = (\/ £9)(®)
feF feF fEF

so we have (\/? F)s = \/*(Fs). Now, assume that T C? S and f € P(5), then

(FVID)(s) = f<d<vd T)s) = fgvfeTm )
= \/teT f(ts) = VteT(ft)(S) = (VtET Jt)(s)

and so f(V'T) = \/feT ft, as required. Consequently P is an S-dcpo.
Now, consider the cofree map (the counit of the adjunction) o : PS) — P,
given by o(f) = f(1). We show that it is continuous. Let F' C? P(9), Then

d d d d
a\/ N=CV Ho=\ r0=\ o).
fer fer feF feFr

To see the universal property, let a: A — P be a continuous map from an S-dcpo
A. Then the unique S-poset map @: A — P given by @(a)(s) = a(as) and
satisfying o o @ = a (see [2]) is continuous. To show this, let D C? A and s € S.
Then

a(\V'D)(s) = a<d<vd D)s) = a<yieD ws) )
Vicpales) = Vi a(@)(s) = (Viepa(x))(s)

as required. O
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Notice that the forgetful functor U: Cpo-S — Cpo does not necessarily have
a right adjoint. This is because, U does not preserve initial object in general. For
example, let S be the 2-element chain {1,a} with 1 < a, and aa = a, la = a = al.
Then S is an S-cpo, and it is the initial object of Cpo-S (see Remark 2.3), whereas
the initial object in the category Cpo is the singleton cpo.

Corollary 3.3. The category Dcpo-S has a coseparator.

Proof. We show that for each dcpo P with |P| > 2 and non discrete order, the
cofree object P) described in Proposition 3.2 is a coseparator.

Let f,g: A — B be S-dcpo maps with f # g. We should define an S-dcpo
map h : B — P with ho f # hog. To this end, we define a dcpo map k: B — P
such that ko f £ kog.

Since f # g, there exists a € A with f(a) # g(a). We consider three cases

(1) f(a) <g(a) (2) g(a) < f(a) 3) fla) |l g(a)
Let f(a) < g(a). Take B'={be B| b < f(a)}. Define k: B — P by

z ifbe B
k(b) = { y otherwise

where 2,y € P and = < y (such z,y exist since |P| > 2 and the order on P is
not discrete). First we show that k is order-preserving, and hence it take directed
subsets to directed ones. Let bj,by € B with by < by. If by € B’, then for
the case where by € B', = k(b1) = k(bz); and for the case where by ¢ B/,
Tr = k(b1) <y = k(bz) AISO, if bl ¢ B’ then bQ ¢ B,, and so k(bl) = k(bz) =Y.
To prove the continuity of k, let D C? B. Notice that \/d D € B’ if and only if
D C B'. Now, if V'D € B', then D C B’ and so k(\V' D) = = = V¢, k(2).
Also, if \/* D ¢ B’ then k(\/* D) =y, and D ¢ B'. Thus D\ B’ # 0, and

d d
V k() = k(z)=yVa=y
z€D z€(D\B’)U(B'ND)

as required. Finally, since P(%) is the cofree S-dcpo on P, there exists a unique
S-depo map h : B — P such that coh = k, where o is the cofree map defined in
the above proposition. This gives that ho f # ho g, and so P is a coseparator.

The cases (2) and (3) are proved similarly. O

Lemma 3.4. The category Dcpo-S is well-powered.

Proof. We should prove that the class of isomorphic subobjects of any S-dcpo
is a set. Let B be an S-dcpo and A be a suboject of B; that is there exists a
monomorphism f: A — B. By Lemma 3.1, f is one-one and so A is isomorphic
to a subset of B. Hence the class of isomorphic subobjects of B is a subset of the
powerset of B, and therefore is a set. O
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Theorem 3.5. The category Dcpo-S is cocomplete.

Proof. By Theorem 23.14 of [6], Corollary 3.3, Lemma 3.4, and Proposition 2.9,
Dcpo-S is cocomplete. 0

The following example shows that epimorphisms in the categories Depo-S and
Cpo-S are not necessarily surjective.

Example 3.6. Let S be an arbitrary dcpo(cpo)-monoid. Take A to be the
depo(cpo) L @ N in which the order on N is discrete and B = L @ N® T in
which the order on N is the usual order. Then both of A and B with the trivial
action are S-dcpo’s (cpo’s). Let h: A — B be the inclusion map. Then h clearly
preserves the action. Also, h is (strict) continuous. To see this, let D C¢ 1 @& N.
Then D = {1}, or there exists n € N such that D = {1, n}, or there exists n € N
such that D = {n}. If D = {L,n} for some n € N, then

d d d d
h(\/ D) = h(n) = n = \/{Ln} = \/{h(L),h(n)} = \/ L(D).

This is clearly true for other kinds of D. Now we claim that h is an S-dcpo(cpo)
map which is an epimorphism but is not surjective. The latter is because T is
not in the image of h. To show that A is an epimorphism, let f1,fo: B — P
be S-dcpo(cpo) maps with f; o h = fy 0o h, and P be an S-dcpo(cpo). Then
SilL) = fi(h(L)) = f2(h(L)) = fo(L) and fi(n) = fi(h(n)) = fa(h(n)) = fa(n),
for all n € N. Also

d

d d d
A =HNN =\ fm) =\ fn)=r\/N) = £(T)

neN neN
Therefore, fi = f2, and so h is an epimorphism.

Finally, we consider cartesian closedness. Recall that a category C which has
finite products, is called cartesian closed if, for every pair of objects A and B of C,
an object B4 and a morphism ev: A x B4 — B exist with the universal property
that for every morphism f: A x C — B in C, there exists a unique morphism
f: C — B such that ev o (ida % f) = f. In this definition, the objects B4 are
called power objects or exponentials, and ev is said to be the evaluation map, and

f is called the exponential map associated to f.
Theorem 3.7. The category Cpo-S is not necessarily cartesian closed.

Proof. Let S = {1}, then the category Cpo-S is isomorphic to the category Cpo
which is not cartesian closed (See [4]).

For an example in which S is not trivial, let S be the 2-element chain {1,a}
with identity 1, 1 < @ and aa = a. Then S is an S-cpo, and by Remark 2.3,
it is the initial object of Cpo-S. Then for a non trivial S-cpo A, the functor
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Ax —: Cpo-S — Cpo-S does not have preserve the initial object (since |A| x 2 #
2), and so does not have a right adjoint. Therefore, the category Cpo-S is not
cartesian closed. O

In the following, we show that Dcpo-S is cartesian closed.
Theorem 3.8. The category Dcpo-S is cartesian closed.

Proof. By Proposition 2.9, Depo-S has finite products. Given S-dcpo’s A, B, we
define the exponential object B4 to be Hom(S x A, B), the set of all S-dcpo maps
from the product object S x A to B. This set is an S-dcpo with pointwise order,
and action given by (fs)(t,a) = f(st,a). The evaluation arrow ev: A x B4 — B
is defined by ev(a, f) = f(1,a), is an S-dcpo map. It is an S-poset map (see [2]),
to prove continuity, let D C? A and f € B4, then

d d d d
ev(\/ D, /)= f(1,\/ D)= \/ f(l,x) = \/ ev(w, [)
xeD xeD

since f is continuous. Also, for F C% B4 and a € A, we have

d d d d
ev(a, \/F)=(\/ F)(L,a) = \/ f(L,a) = \/ ev(a,f)
fer fer

To prove the universal property, take an S-dcpo C and an S-decpomap f: AxC —
B. Define the map f: C — B4 by f(x)(s,a) = f(a,xs), for x € C, a € A, and
s € S. As in the case of S-sets (see [4]), it can be shown that f and f(x), for

each z € C, preserve the action. Also, we show that each f(z) is continuous. Let
T C%S and a € A. Then

d d d d d
f@(\/T,0) = fla,a(\/ T)) = f(a, \) 2t) = \] fla,2t) = \/ f(2)(t,a)
teT teT teT

Now, let D C% A and s € S. Then

d d d d
f@)(s,\/ D)= f(\/ D,ws) = \/ f(d,zs) = \/ f(2)(s,d)
deD deD

as required. Further, fis continuous, because for every D C% C and (s,a) € Sx A,

we have o . ;
FVED)s,a) = fla, (V2 D)s) = f(a,Vyep 29)
= Vien f(a,28) = Viep f(2)(s5,a)

as required. O
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Remark 3.9. The above proof for the case where S is a one-element dcpo-monoid
shows that the exponential object B4 in Dcpo is the set of all continuous maps
from A into B, with pointwise order (for another proof of this fact, see [7]).

Open Problems:

1. Is the category Cpo-S cocomplete? If yes, what is the description of co-
equalizers and pushouts?
2. For which class of semigroups S, the category cpo-S is cartesian closed?
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