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Relations between n-ary and binary comodules

Biljana Zekovich

Abstract. We construct a binary algebra R = C®("~1 /I for an n-ary algebra C and prove
that M is an n-ary left C-module if and only if M is a binary left R-module. In the dual case,
for an n-ary coalgebra C, we construct a binary coalgebra:

n—2
che=h = Y Ker [A 18" 1@ @ A @157 ] c B
j=1

and prove that M is an n-ary right C-comodule if and only if M is a binary right ¢H(n—1).

comodule. In the end, we prove that for m-ary finite generated coalgebra C over a field k,
CB(n=1) ig the binary coalgebra, on the other hand, C* is an n-ary algebra, for which, we
construct the binary algebra R = (C*)®(=1) /I If C is a finite-dimensional n-ary coalgebra
over a field k, then C* is a n-ary algebra and (CP("~Dy* =~ (C*)®(n=1/[ Dually, if C is an
n-ary finite generated algebra over a field k, then R = C‘X’("*D/I is a binary algebra and C* is
an n-ary coalgebra. Moreover, (C*)B(»—1) =~ (c®(=1)/1)"

1. Introduction
Let k£ be a ground commutative associative ring with a unit, C' and M modules
over k. In what follows, ® is a tensor product over k. All homomorphisms are
k-linear maps. In [3], the concept of n-ary algebra (C,m) is defined, where
m:C®---C—=C

is n-ary multiplication, which is associative. It means that the following diagram
is commutative:

®(n—1)
o®@n-1) ___"3lc c®n
lgi@)m@l?(n_i_l)l lm
cen m C

ie.,
mo(m@15" ) =mo (12 @m @181,
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The concept of n-ary coalgebra (C,A) is defined in [4], where
AC—-C®---C

is n-ary comultiplication, which is coassociative, that is the following diagram is
commutative:

A _en
i R(n—i—1)
Al i@ YN A
AR1&Y

c®n C®(n—1)
i.e.,

AR18" NMNoA =180 A®120 oA,
C C C

Similary, the concept of n-ary bialgebra (C,m,A) is introduced, where m is an
associative m-ary multiplication and A is a coassociative n-ary comultiplication
and A is a homomorphism of n-ary algebras. An example of n-ary algebra is given
in [6]. We do not suppose the existence of an unit and a counit.

In the paper [3], the notion of homomorphism of n-ary algebras

(C, mc) — (Cl, mc/)

is defined as a morphism f:C — C’, such that the following diagram is commuta-
tive

Xn f®n N\Rn
c®n —— (C7)

c c’

i.e.,

fome =mer o fE0.
Let C be an n-ary coalgebra and a finitely generated projective k-module. Denote
by C* the k-module Hom(C, k). Then C* is an n-ary algebra with multiplication
ly %+ %l,, where for c € C

(%) () = > hileq)) - In(cm) (1)
(e)
if
Ale) = ZC(l) Q- Qcm) € con,
(o)
Conversely, let C be an n-ary algebra and a finitely generated projective k-module.
Define an n-ary comultiplication in C* = Hom(C, k) by the rule:

(A1 ® - @ xn) = U(z1 - Tn) (2)
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where x1,...,x, € C. Hence we use the isomorphism of k-modules:
(C@...@C)*:C*@)...@C*

(cf. [2]), because C is a finitely generated projective k-module. Then, C* is an
n-ary coalgebra. If C' is an n-ary (co)algebra, then (C*)* = C (cf. [3] and [4]).

In [5] are defined the concepts of a right (left) n-ary (co)modules in the fol-
lowing way: k-module M is called a right n-ary C-comodule, where C' is an n-ary
coalgebra, if there is a map p : M — M ®C®™=1 such that the following diagram
is commutative:

M ? M @ C®(n=1)
Pl llM@%"@A@?("”)
M® C®(n71) M® C®2(n71)
p®lg(7171)

i.e.,
Ay 120 A12" " Nop=(p215" V) op.

k-module M is called a left n-ary C-module, where C' is an n-ary algebra, if there
is a map v : C®(®=Y @ M — M, such that the following diagram is commutative:

Y

cer—1) g M M
Tlgml)@’Y TV
C®2(n—1) QM C®(n—1) QM

1%i®m®lg("ﬂ.72)®lwf

i.e.,
7o (12" VN ®q) =70 (12 @m @ 18" 2 @ 1y).

Now, we define the concept of an n-ary ideal: a submodule I of the module C' is
called an n-ary ideal, if

C®i 2I® C®(n7i71) C I,

where 0 < i <n—1, C is an n-ary algebra.

2. Relations between n-ary and binary modules

Let C be an n-ary algebra over commutative ring k. There is not necessarily a
unit in C, but the multiplication is associative, i.e.,

(Cl e cn)cn+1 e Cop—1 =C1" " Cj(cj+1 N Cj+n)cj+n+1 cerCon—1 (3)
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forall j =0,...,n—1and ¢1,...,con—1 € C. Consider the submodule I in the
tensor-degree C®("~1) (see [4]), which is generated by all differences:

(1 n)@Cny1®- - ®cop2—C1® R (Cjp1 " Cjgn) OCjyns1 @ DCop_2

for ¢1,...,con—2 € Cand j =0,...,n— 2. Then, I is an n-ary ideal in the n-ary
algebra C®("~1. Denote by R the factor-module C®"~1 /1.

Theorem 2.1. R is an associative binary k-algebra with respect to multiplication
(1@ @cp1+I1)(cpn® - @cana+I)=(c1-Cr)RCni1® - Dcan_2+1 (4)

Proof. Let us check that the multiplication (4) is correctly defined. It is sufficient
to show that:
[(c1--cn)®@cn1® - @cana+1[con1® - @can3+1]
=c1® - ®¢; @ (cjg1Cjan) @ Cjpnt1 @+ ® Cap—2 + 1]
fean—1® - @ cgp_s + 1]
for all ¢1,...,c3,_3 € C.

Similar equality holds after multiplication by ¢o,,—1 ® -+ ® ¢33 + I, on the
left. By (4), we have:

(1 cn)®Cni1®@ - ®can—2+I][con-1 @ @ c3n-3 + I]
=[(c1- cn)eng1 Con-1] ®C2n @+ @33+ 1
On the other hand:
[1® - R¢;® (Cjt1 Cjgn) ® Cjgnt1! @+ @ con—o + I [can—1® -+ ® c3p—3 + ]
=1 ¢(Cj41 Cjtn)Citnt1 -+ Con—2Can—1] @ Con @ -+ @ c3p—3 + 1.
By the associativity(3), the previous products are equal. The condition:
[con—1® - @czn3+I][(c1 - Cn) ®Cri1® @ o2+ 1]
=[con-1® - @ cgn3+I|[c1® - ®¢; @ (Cjg1 " Cjgn) ® Cjpnt1Q -+  Cap—2+1]

is checked in a similar way. Consequently, the multiplication in R is well defined.
Let us show that it is associative. We have:

(1@ ®@cne1+1)(cn @ @ con—a + 1)) (Con-1 Q-+ @ c3p—3 + 1)
=[(c1n) @41 @ - QcCon—a+ 1] (€21 ® - @ cgn_3+1)
=[(c1- - n)ent1- - Con—1] @ Con @ -+ ® C3n—3 + 1.

On the other hand,

(1® - @cpn1+1)[(cn® - ®@can—2+1)(Con-1® - @ c3p_3+1)]
=1 ® - @cp_1+1)[(cn.. con—1) @Con- ®c3p—3 + 1]
=lci-Cno1(en..Con1)]|®con @ Qcgp_3+ 1

By (3), we obtain that the multiplication in R is associative. O
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Theorem 2.2. M is an n-ary left C-module if and only if M is a binary left
R-module.

Proof. Suppose that M is an n-ary left C-module. If ¢1,...,¢,-1 € Cand m € M,
then we put:
(1®Qchp1+I)m=(c1 ® - Qcp_1)m.

The definition of the ideal I and the n-ary C-module implies that I -m = 0. So,
M is a left R-module.
Conversely, if M is a left R-module, then for ¢y,...,¢,—1 € C and m € M, we
put
(c1®-®cp1)m=(1® - ®cy_1+ I)m.

We see that M is an n-ary left C-module. O

What is proved here is an equivalence of categories between the category of
n-ary left modules over C' and the category of left modules over R.

3. Dual situation

Let C be an n-ary coalgebra over a field k. Denote by CP(=1 the set:

n—2
m KGY[A [ 1%(71_2) — 1%j RAR 1?("‘2—3)] C C®(n71).
j=1

In the other words, CP(™=1) contains all elements
f= ch ® - ®cp_qg € CON)

such that

ZAC1 Q2@ ®cp-1 :ch®"'®cj®ACj+l ®Cjt2® - ®cCn_1

forall j=0,...,n—2.

Theorem 3.1. The n-ary comultiplication in C induces a comultiplication:
ARy Bl g ¢Hn=h)

i.e., CO=1) s 4 binary coalgebra.

Proof. Define the map
A= o o@D g o@D

by the following rule:

A(e1® - ®cn_1) = A1 @ ®- - ®cp_1 €€ CE"@CPM~D = ¢¥-Dgoem-1),
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It is necessary show that
AI(CD(n—l)) C CI:l(n—l) ® CD(”_D.
Let f € CP=1_ Then, for j=1,...,n —2:
{ [A ® 1%(”—2) _ 1?]' QAR 1%(”—2—j)} ®Q lg(n—l) } A'(f)

=1A®1E"Y 1% eAs 1?}("‘2‘”} ® 1®("‘”} (A1 2y
={lae1g" M 1@ eae1d" ) 212" Y] (ae1Z" )} r =0

by the coassociativity. Analogously, for j =1,...,n —2:
{18 Ve lae1g"? 1F e a0 12" LA =0,
see [2]. O

Theorem 3.2. k-module M is an n-ary right C-comodule if and only if M is a
binary right CO™=1 _comodule.

Proof. If M is a binary right CH(~1_comodule, then M is an n-ary right C-
comodule, because CH—1) c c®(n—1)
Conversely, let M be an n-ary right C-comodule and p:M — M ® C®("=1_ Tt
is necessary show that
p(M) C Moo,

i.e.,
Ae1g" ™ A% eAe120 )y =o.

This follows from the definition of an n-ary C-comodule. O

What is proved here is an equivalence of categories between the category of
n-ary right comodules over C' and the category of right comodules over CH(»~1),

4. Isomorphisms of binary (co)algebras
In this part, as in previous, we shall suppose that k is a field.

Theorem 4.1. Let C' be an n-ary finite dimensional coalgebra over the field k.
Then CH=1 s g binary coalgebra. Moreover, C* is an n-ary algebra, for which
we construct the binary algebra R = (C’*)®(”*1)/I. Then there exists an isomor-
phism of binary algebras:

(CDn 1) g(c* ®(n 1)/[
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Proof. By definition:

n—2
¢Bn-1) _ m Ker[A ® I?W—?) _ lgj QA® lg(n_Q_])].
j=1
In other words, we obtain the exact sequence of the vector spaces:
n

0— CH=Y) _, 0O £, TgE eian=2),
=1

J

where
o(x) = (A ® 12@;(71—2) —1lc®A® 12(”_3)> (z)+---
n—2 n—2
+(a@15" P -1 P g A) ().

Moving to the dual finite dimensional spaces, we obtain the exact sequence:

0« (CD(nfl))* « (C®(n71))* <‘P_* 7Lé2(c®(2n72))* (5)
=1

J

Since C has finite dimension:
(C®(n—1))* _ (C*)@)(n—l)
(CPEn=2))x — (C*)B(2n=2),
Moreover, for Iy,...,la,_o from j-th summand (C*)®(?"=2) we have:

(@ Qlap—2) =1 % %lp) Qlpt1 Q-+ R lap_2
—h® QL@ g1 % *ljyn) @ljgny1 ® - Rlop_o (6)

In that way, by the exactness of the sequence (5), we obtain that:
(CD(nfl))* ) (C*)®(n_1)/l,

where I is the subspace generated by all elements of the form (6). We need to
show that the constructed isomorphism

(C*)®(n71)/1 RN (CD(TL_l))*
is an isomorphism of binary algebras. Let
li,...,lon_2 € C* and f[= ch ® - ®cpqg € CEOD,

Then,

(L@ @l + D @ Rlap—a + 1) (f)
(L ) @l ® - R lap—o + I] (f)

=ph ® - Qlop2)(A® 1?(7172))(]0)
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But, for u,v € (CP"~V)* and f e CP— 1),
(uxv)(f) = plu @V)A'(f) == plu@v)(A ® 1®(n—2)>f

Let
u:ll®"'®ln71+la ’U:ln®...®l2n72+l.
Then,
p(u@v) (AR 182 = 4l @ -+ @ lan_2)(A @ 12(72))

i.e., the map
R — (CHmy”

is a homomorphism of binary algebras. O
Analogically, we prove:

Theorem 4.2. Let C be an n-ary finite dimensional algebra over a field. Then,
R= C®("_1)/I is a binary algebra, and C* is an n-ary coalgebra. Moreover,

(C«*)I:I(n—l) >~ R*.
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