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Characterizations of ordered k-regular semirings

by closure operations

Satyt Patchakhieo and Bundit Pibaljommee

Abstract. We introduce relations on the set of all closure operations on ordered semirings
and then we characterize regular ordered semirings and ordered k-regular semirings using these

relations.

1. Introduction

In 1936, J. von Neumann [14] called a ring (S, +, -) to be regular if (.5, -) is regular.
S. Bourne [3] has defined a semiring (S, +,-) to be regular if for all @ € S there
exist x,y € S such that a + axa = aya which is different from Neumann regularity
in general but both are equivalent in rings. In 1996, M. R. Adhikari, M. K. Sen
and H. J. Weinert [1] have renamed the Bourne regularity of semirings to be a
k-regularity.

In 1958, M. Henricksen [6] introduced the notion of k-ideals in a semiring. M.
K. Sen and P. Mukhopadhyay [13] showed that k-regular semirings were charac-
terized by k-ideals. A. K. Bhuniya and K. Jana [2] have shown that k-regular
semirings and intra k-regular semirings can be characterized by k-bi-ideals where
these semirings are additive semilattices. Subsequently, K. Jana [7, 8] continued to
consider additive semilattice semirings and investigated some properties of quasi
k-ideals in k-regular semirings and intra k-regular semirings, k-bi-ideals and quasi
k-ideals in k-Clifford semirings. For more information about k-regular semirings
and k-ideals in semirings, the reader may refer e.g., [2, 7, 8, 11].

A.P. Gan and Y. L. Jiang [5] investigated some properties of ordered ideals in
ordered semirings. S. Patchakhieo and B. Pibaljommee [11] introduced the notions
of an ordered k-regular semiring and an ordered k-ideal in an ordered semiring and
characterized ordered k-regular semirings by their ordered k-ideals.

In 1970, B. Pondéli¢ek [12] investigated a relation on the set of all closure
operations on a semigroup and characterized a regular semigroup by this rela-
tion. After that T. Changphas [4] generalized Pondélicek’s relation to an ordered
semigroup.
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In this paper, we investigate a relationship between ordered semirings and
closure operations on the ordered semirings. Moreover, we introduce relations
on the set of all closure operations on ordered semirings and characterize regular
ordered semirings and ordered k-regular semirings using these relations.

2. Preliminaries

In this section, we recall notions of an ordered semiring, an ordered ideal in an
ordered semiring and notions of closure operations.

Let S be a nonempty set and + and - be binary operations on S, named
addition and multiplication, respectively. Then (S, +,-) is called a semiring if the
following conditions are satisfied:

1. (S,+) is a commutative semigroup;
2. (S,-) is a semigroup;

3. both operations are connected by the distributive laws, namely, a - (b+c¢) =
a-b+a-cand (a+b)-c=a-c+b-cforall a,b,ces.

A semiring (S, +,-) is said to have a zero element if there exists an element
0e Ssuchthat 0+x =z =x+0and 0-z =0 = x-0 for all z € S. In particular, a
semiring (S, +,-) is called commutative if (S,-) is a commutative semigroup, and
called a ring if (S,+) is a commutative group.

Definition 2.1. Let (S,+,-) be a semiring and () # A C S. Then A is called a
left (right) ideal if the following conditions are satisfied:

1. x+ye€ Aforall z,y € A;
2. SACA (ASCA).
We call A an ideal if it is both left ideal and right ideal of S.

Definition 2.2. Let (5,<) be a partially ordered set. Then (5, +,-, <) is called
an ordered semiring if the following conditions are satisfied:

1. (S,+,-) is a semiring;
2. ifa<bthena+x<b+zand x+a < z+ b
3. if a < b then az < bx and za < b

for all a,b,x € S.

Instead of writing an ordered semiring (.5, +, -, <), we denote S, for short, as
an ordered semiring. Let A be a nonempty subset of S. We define

(Al ={x€S|z<a,3ac A}
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Definition 2.3. Let S be an ordered semiring and ) # A C S. Then A is called
a left (right) ordered ideal if the following conditions are satisfied:

1. Ais aleft (right) ideal of S;
2. if x < a for some a € A then x € A.

We call A an ordered ideal if it is both left ordered ideal and right ordered ideal
of S.

It is known, a result in [5], that if A is a left (right, two-sided) ideal of an
ordered semiring S then (A] is the smallest left ordered ideal (right ordered ideal,
two-sided ordered ideal) containing A.

Now we recall the notion of a C-closure operation and some of its properties
proved in [12].

Let S be a nonempty set and Sub(S) be the set of all subsets of S. A mapping
U : Sub(S) — Sub(S) is called a C-closure operation on S if

L. U =0,

2. ACB=U(A4) CU(B);
3. A C U(A);

4. U(U(A)) = U(4)

for all A, B € Sub(S).
Let z € S. We define U(z) = U({z}). We denote by

F(U)={AC5|UM) = 4)

the set of all closed sets with respect to the operation U and by C(5) the set of
all C-closure operations on S. Define a relation < on C(5) by

UKV < U(4) CV(A) forall Ae Sub(S).
We define a C-closure operation I on S by

(S, ifA£D,
I<A)—{@, if A =0,

and for any U,V € C(S) we denote by UAV and UV V the infimum and the
supremum, respectively, of U and V in C(S). It is known that for any U,V € C(S5),

1. ULI,
2. UKV <= F(V)CFU),
3. UVV, UAYV exist and

(a) F(UVV)=FU)NF(V),
(b) FUAV)={ANnB|Ac F(U),Be F(V)}.
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3. Regular ordered semirings

In this section, we define a relation on the set of all closure operations on an
ordered semiring and characterizes a regular ordered semiring by the relation.
Let S be an ordered semiring and ) # A C S. We denote by X;, A the set
of all finite sums of elements of A. We define a relation p on C(S) by letting
U,V e C(9),
UpV <<= ANB = (X4, AB]

for all nonempty set A € F(U) and for all nonempty set B € F(V).
The following lemma is easy to prove using the definition of p.

Lemma 3.1. Let S be an ordered semiring and U, U’V , V' € C(S) such that
UpV. If U LU and V < V' then U'pV'.

Let S be an ordered semiring. Then we define mappings L and R on Sub(S)
by letting A C S,

f BpinA+SpnSAl, if A0,
L(A)_{ 0, if A =0,

and

[ (SpinA+ S AS], i A £,
R(A>—{ 0, it A =0.

It is easy to show that L and R are closure operations on Sub(S).

Now, we show that F(L) is the set of all left ordered ideals of S (including
the empty set). Let A is a left ordered ideal of S. Then we obtain A C L(A) =
(XfinA + X5 SA] C (A] = A. Hence, A € F(L). Conversely, let § # A € F(L).
Then A = L(A) = (XfinA + X4inSA]. Hence, A is a left ordered ideal of S.
Similarly, we have F(R) is the set of all right ordered ideals of S (including the
empty set).

The following lemma can be proved straightforward.

Lemma 3.2. Let S be an ordered semiring and A be a monempty subset of
Xfin(XfrinSA].

Theorem 3.3. Let S be an ordered semiring and U,V € C(S). Then UpV if and
only if R< U, LV and z € (X4, U(2)V(z)] for all z € S.

Proof. (=). Assume that UpV. First, we show that R < U. Let A € F(U). It is
clear that S € F(V). By assumption, we have A = ANS = (X4, AS]. By Lemma
3.2, we have A C R(A) = (EflnA + EfmAS] = (Efln(EonAS] + EflnAS] =
((ZfinAS] + E4inAS] C ((BfinAS]] = (£4inAS] = A. Hence, R(A) = A. Thus,
A € F(R). It follows that R < U. Similarly, L < V.Let z € S. Since U,V € C(S5),
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we obtain x € U(z) N'V(z). Since U(z) € F(U) and V(z) € F(V), we obtain
U(z) N V(z) = (27, U(z)V(z)]. Thus, z € (X4,U(z)V(x)].

(«<). Assume that R < U,L <V and z € (X4, U(z)V(2)] for all z € S. We
show that UpV. Let A € F(U)\{0} and B € F(V)\{0}. By assumption, we have
A € F(R) and B € F(L). Hence, (X7 AB] C (X, AS] C (Zind] C (Al = A
and (X4, AB] C (24inSB] C (24, B] C (B] = B. Thus, (34;,,AB] C AN B. Let
x € AN B. Then U(z) C U(A) = A and V(z) C V(B) = B. By assumption,
we have v € (4, U(2)V(z)] C (E4inAB]. Hence, AN B C (X, AB]. Thus,
AN B = (X4, AB]. Therefore, UpV. O

As the notion of a regular ordered semigroup [9, 10], we define a notion of a
regular ordered semiring as follows. An ordered semiring S is called left (right)
regular if a € (Sa?](a € (a®S)) for all a € S and called regular if a € (aSa] for all
a € S. Similar to a result in ordered semigroups, we obtain the following theorem.

Theorem 3.4. An ordered semiring S is ordered reqular if and only if ANDB =
(AB] for all right ordered ideal A and for all left ordered ideal B of S.

Theorem 3.5. An ordered semiring S is regular if and only if RpL.

Proof. (=). Assume that S is regular. Let a € S. By assumption, we have
a € (aSa] € (R(a)SL(a)] € (R(a)L(a)] € (£finR(a)L(a)]. By Theorem 3.3,
we obtain RpL.

(«<). Assume that RpL. Let a € S. By Theorem 3.3, a € (X;,R(a)L(a)].
Since (X R(a)L(a)] C (aS] and (X, R(a)L(a)] C (Sa], we get a € (aS] N (Sal.
Since (aS] € F(R), (Sa] € F(L) and RpL, we obtain a € (X, (aS](Sa]]. Then
there exist 1, x2,...,2, € (aS] and y1, Y2, ..., yn € (Sa] for some n € N such that
x < x1y1 + TaYe + - + TpYy. Since z; € (aS] and y; € (Sa] for all i =1,2,...,n,

there exist s;,r; € S such that z; < as; and y; < ra forall i =1,2,...,n. Hence,
ziy; < as;ria for all 4 = 1,2,... n. It follows that a < asiria 4+ asgrsa + -+ - +
aSprna = a(siry + sar2 + -+ + sprp)a € aSa. Thus, a € (aSa]. Therefore, S is
regular. O

As a consequence of Theorem 3.4 and Theorem 3.5, we obtain the following
result.

Corollary 3.6. Let S be an ordered semiring. Then RpL if and only if AN B =
(AB] for all nonempty set A € F(R) and for all nonempty set B € F(L).

Theorem 3.7. Let S be a commutative ordered semiring, A be a nonempty subset
of S and RpL. Then A is an ordered ideal of S if and only if there exist H € F(R)
and K € F(L) such that A = (HK].

Let S be an ordered semiring. We denote the C-closure operation RV L on S
by M. Note that (M) is the set of all ordered ideals of S (including empty set).

Theorem 3.8. Let S be an ordered semiring. Then the following statements are
equivalent:
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(i) LpL;

(1) LpM;

(#it) S is left regular and R < L.
Proof. (i) = (ii). Since LpL and by Lemma 3.1, we obtain LpM.

(74) = (4i4). Assume that LpM. By Theorem 3.3, we have R < L. It follows
that L = M. For any = € S, we get
z € (BrinL(z)M(2)] = (XginL(2)L(2)]

(Nz? + meSa:Q + iz St + X pin Sz S|
(N2? + 2, S2% + £ i R(2)2 + 244, SR(2) 7]
(
(

)
)

Nz2 + Efmez + X L(z)x + Z4inSL(z) 2]
Nz? + X 4, 527

= (N2? 4 Sz?].
Then there exist k1 € N, s € S such that

NN NN

r < kix? + sz (1)

Similarly, there exist k; € N, € S such that 22 < koz* + rz*. Hence, k12? <
kikox*+kirat. From (1), we have z < kykox*+kira*+sz?. This implies 2 € (Sx?].
Therefore, S is left regular.

(#9i) = (7). Assume that S is left regular and R < L. Then for any = € S, we
get x € (Sz?) C (SzL(z)] C (L(z)L(z)] € (EfimL(z)L(x)]. By Theorem 3.3, it
turns out LpL. O

Theorem 3.9. Let S be an ordered semiring. Then the following statements are
equivalent:

(i) RpR;
(7i) MpR;
(#it) S is right regular and L < R.
Proof. The proof of this theorem is similar to Theorem 3.8. O

An ordered semiring S is called left simple (right simple, simple) if S has no
proper left (right, two-sided) ordered ideal.

Now we give characterizations of left simple, right simple and simple as the
following theorem which is easy to verify.

Theorem 3.10. Let S be an ordered semiring. Then
(i) S is left simple if and only if L =1;
(i¢) S is right simple if and only if R =1;

(#i1) S is simple if and only if M = 1.
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4. Ordered k-regular semirings

In this section, we define a relation on the set of all closure operations on an ordered
semiring S and characterizes an ordered k-regular semiring by the relation.
The k-closure of a nonempty subset A of an ordered semiring S is defined by

A={zeS|Ja,be A, z+a<b}.

Lemma 4.1. [11] Let S be an ordered semiring and A be a nonempty subset of

S. If A+ AC A then A C (A] = (A].

Let A be a nonempty subset of S. We note that if A is closed under addition

then (A] is also closed.

Definition 4.2. [11] A left (right, two-sided) ordered ideal A of an ordered semir-
ing S is called a left ordered k-ideal (right ordered k-ideal, ordered k-ideal) if A = A.

In [11], it is known that if A is a left (right, two-sided) ideal of S then (A] is
the smallest left ordered k-ideal (right ordered k-ideal, ordered k-ideal) containing
A.

Definition 4.3. [11] An ordered semiring S is called left (right) ordered k-regular
if a € (Sa?](a € (a295]) for all a € S and called ordered k-regular if a € (aSa] for
all a € S.

Theorem 4.4. [11] An ordered semiring S is ordered k-regular if and only if

AN B = (AB] for all right ordered k-ideal A and for all left ordered k-ideal B of
S.

Let S be an ordered semiring. We define a relation 8 on C(S) by letting
U,V eC(9),
UBV <= ANB = (X4,AB]
for all nonempty set A € F(U) and for all nonempty set B € F(V).

By the definition of 5, we have the following lemma.

Lemma 4.5. Let S be an ordered semiring and U, U,V , V' € C(S) such that
UBV. If U LU and V < V' then U' V',

Lemma 4.6. [11] Let S be an ordered semiring and A be a nonempty subset of
S. Then

(1) (ZpinA+ XpinSA] is the smallest left ordered k-ideal of S containing A;

(it) (ZfinA+ XinAS] is the smallest right ordered k-ideal of S containing A.
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Let (S,4+,-, <) be an ordered semiring. Then we define mappings L; and Ry,
on Sub(S) by letting A C S,

; , "
Lk(A):{ ézfznAJrzfmSA], ;fiig’

)

and

- (AT 4y

It is easy to show that Lj and Ry are closure operations on Sub(S) and if A # ()
then Ly(A) and Ry (A) are left ordered k-ideal and right ordered k-ideal of S,
respectively.

Now, we show that F(Ly) is the set of all left ordered k-ideals of S (including
the empty set). Let A be a left ordered k-ideal of S. Then we obtain A C Ly (A) =
(EfinA + XpinSA] C (A] = A. Hence, A € F(Ly). Conversely, let A € F(L;)\{0}.
By Lemma 4.6, we get A = Ly (A) = (X0 A + X1 SA] is a left ordered k-ideal of
S. Similarly, we have F(Ry) is the set of all right ordered k-ideals of S (including
the empty set).

Lemma 4.7. Let S be an ordered semiring and A be a nonempty subset of

S. Then Efln(AS] g (EflnAS] = Zfzn(ZﬁnAS] and Zfln(SA] g (EflnSA] =

Erin(ZrinSA].

Proof. Since X5, AS is closed under addition, then (3, AS] is also closed. Since

(AS] C (X4inAS] and (X4, AS] is closed under addition, we have X;,(AS] C

(EfinAS] and Efm(meAS] g (ZfinAS}. Hence, (EfmAS] = Efi”(zfmAS]. Sim-
ilarly, we have X4, (SA] C (EfinSA] = Ein (X finSA]. O

For any element a of an ordered semiring S, Na means {na | n € N}.
As a consequence of definitions of Ly and Ry, we have the following lemma.

Lemma 4.8. Let S be an ordered semiring and a € S. Then Ly (a) = (Na + Sa]
and Ry (a) = (Na + aS].

Theorem 4.9. Let S be an ordered semiring and U,V € C(S). Then UBV if
and only if R, < U, Ly <V and z € (X4;,U(z)V(z)] for all z € S.

Proof. (=). Assume that UBV. We first show that R, < U. Let A € F(U)\{0}.
It is clear that S € F(V). By assumption, A = ANS = (¥, AS]. By Lemma
4.7, we have A C R}C(A) = (EflnA—‘ermAS] = (Efin(meAS] +ZfinAS] =
((EfznAS] + EfinAS] - ((EfmAS]] = (EfmAS} = A. Hence, Rk(A) = A. Thus,
A € F(Ry). It follows that Ry < U. Similarly, Ly < V. Since U,V € C(S5), we
obtain z € U(z) NV (z) for all x € S. Since U(z) € F(U) and V(x) € F(V), we
obtain U(z) N V(z) = (X4, U(x)V(2)]. Thus, z € (X4, U(z)V(x)] for all z € S.
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(<). Assume that Ry, < U,L; < V and z € (24, U(z)V(z)] for all z € S.
We show that UBV. Let A € F(U)\ {0} and B € F(V) \ {0}. By assumption,
A € F(Ry) and B € F(Lg). We obtain (X5, AB] C (X4, AS] C (X4inA] C (4] =
A and (X4, AB] C (X4inSB] € (X B] € (B] = B. Hence, (X;;,,AB] C AN B.
Let + € AN B. Then U(z) C A and V(z) C B. By assumption, we have z €
(2fnU(2)V(2)] € (XfinAB]. Hence, ANB C (£, AB]. Thus, ANB = (£4;, AB].
Therefore, UBV. O

The following theorem gives a characterization of an ordered k-regular semiring
by closure operations.

Theorem 4.10. An ordered semiring S is ordered k-regular if and only if Ry GLy.

Proof. (=). Assume that S is ordered k-regular. Let a € S. Then we have a €
(aSa) C (Rg(a)SLg(a)] € (Ri(a)Li(a)] C (EjinRi(a)Li(a)]. By Theorem 4.9,
we obtain Ry (L.

(«<). Assume that RyfSLy. Let a € S. Then a € (X4, Ri(a)Ly(a)] by The-
orem 4.9. Since (X;;nRi(a)Li(a)] C (aS] and (ZfimRi(a)Li(a)] C (Sa], we

get a € (aS] N (Sa]. Since (aS] € F(Ry),(Sa] € F(L) and RyfSLy, we ob-

tain a € (X, (aS] (Sa]]. There exist x,2’ € (Xfi,(aS] (Sa]] such that a + = <

z’. But z,2" € (Xin(aS] (Sda], so there exist x1,z9,...,2p,21,..., 2, € (aS5],

Y1,Y25 -+ Yns Y15 -+ Yy € (Sa such that z < ¥ 2,y and 2" < XYL, 2%y;. For
each 1 < i < n, we get

u;, (2)
(%

i (3)

L < ash,v; < tia,v) < tha for some s;, s, ¢, 1, € S. From (2),
we have z;y; + wy; < ujy;. From (3), we have w;y; + w;v; < uv) and uly; +
uwiv; < uwivi. Hence, z;y; + wiy; + wiv; + ujv; < uly; + wv; + ujv;. Then we get
wiy + wv; + uiy < wvl + vy < asitia + asitia = a(sit] + siti)a € aSa and
wiy; +uiv; Fulv; < uv; +uv) < asitia+asitia = a(sit; + sit;)a € aSa. It follows
that z;y; € (aSal. Hence, X 2;y; € (aSa]. Similarly, we obtain X7, 2%y’ €

where u; < as;,u

(aSa). Since x < X 2;y; and o' < XL 2%y}, we have x,2" € ((aSa]] = (aSal.
Then there exist ¢,c’'d,d’ € (aSa] such that © + ¢ < d and 2’ + ¢ < d'. Tt follows
that a+x+c+c <2’ 4+c+cd <c+d €(aSal and x + ¢+ <d+ € (aSa).
Thus, a € (aSa]. Therefore, S is ordered k-regular. O

By Theorem 4.4 and Theorem 4.10, we have the following result.

Corollary 4.11. Let S be an ordered semiring. Then Ry 5Ly, if and only if ANB =
(AB] for all nonempty set A € F(Ry) and for all nonempty set B € F(Ly).

Example 4.12. Let S = {a,b,c} with a partially ordered set < be defined
a < b < c. Define binary operations + and - on S by the following tables.
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+la b ¢ a b c
ala a a q alb b b
bla b c| ™ blb b b
cla ¢ c b b b

Then we have (S,+,-, <) is an ordered semiring. Moreover, (X, R(z)L(z)] = S

for every x € S. Tt follows that z € (X4, R(z)L(x)] for every « € S. By Theorem
4.9 and Theorem 4.10, we obtain that S is an ordered k-regular semiring.

Theorem 4.13. Let S be a commutative ordered semiring, A be a nonempty
subset of S and RyPLg. Then A is an ordered k-ideal of S if and only if there
exist H € F(Ry) and K € F(Ly) such that A = (HK].

Proof. (=). Assume that A is an ordered k-ideal of S. Let H = Ry (A) and K =
L;(A). Then we have H € F(Ry) and K € F(L). Since S is a commutative
ordered semiring, H = A = K. Let a € A. Since R;fLy,a € (Ry(a)Lg(a)] €
(Rix(A)Ly(A)] = (HK]. Hence, A C (HK]. Since A* C A, (HK| = (A2] C (4] =
A. Therefore, A = HK.

(«<=). Assume that there exist H € F(Ry,) and K € F(Ly) such that A = (HK].

Since RyfLy, we have H N K = (HK]. Since A = (HK| = HNK and S is

commutative, A is an ordered ideal. Since A = (HK] = (HK] = A, A is an
ordered k-ideal. O

Let S be an ordered semiring. We denote the C-closure operation Ry V Ly
on S by My. Note that F(Mjy) is the set of all ordered k-ideals of S (including
empty set).

Theorem 4.14. Let S be an ordered semiring. Then the following statements are
equivalent:

(1) LySLy;
(12) LipSM;
(7i1) S is left ordered k-regular and Ry < L.

Proof. (i) = (ii). Since Ly SLj, and by Lemma 4.5, we obtain Ly M.

(#i) = (4i1). Assume that LiSMj. By Theorem 4.9, we have Ry < Lg. It
follows that Ly = My. For any = € S, we get

€ (BfinLi(x)Mg(2)] = (X pinLi(z) Ly ()]

(NxQ + EfinSlQ + mexS:v + meS:L‘SSC}
(NfEQ + EfinSﬂC2 + Emek(x)x -+ EﬂnSRk(I)(E]
(Na2 + X5, S22 + Zgin L () + Xfin SLg(2) 2]
(
= (

NN 1NN

Nz2 + ¥, S22]
Nz2 4 Sz?].
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Then there exist y,z € (Nz? + Sz?] such that z +y < 2. It follows that there
exist k1,ks € N,s,t € S such that y < kia? + sz2, 2 < kox? + tz2. Similarly,
there exist u,v € (Nz? + Sz?] such that 2% + u < v. It follows that there exist
ks, ks € N,q,r € S such that v < kza* +g2*, v < kgx* +r2t. Since 22 +u < v, we
obtain k122 +kiu < kv and kox?+kou < kov. Hence, y+kiu < kix? +s22+ku <
kv 4 sa? < kikaz® + kyrat + sz? and 2 + kou < kox? + ta? + kou < kov + ta2 <
koksx* + kora* +ta?. It turns out v+ kiu+ kou < k1kaz* + kira* + sz + koksz? +
kogz* € Sz? and z + kiu + kou < kokax? + korz* + tx? + kiksa® + kigzt € S22,
Since z +y < z, we get © +y + kju + kou < 2 + kyu + kpu. This implies that
x € (Sz?]. Therefore, S is left ordered k-regular.

(#91) = (¢). Assume that S is left ordered k-regular and Ry < Lj. Then
z € (S2?] C (SzLi(z)] € (Lp(z)Li(z)] € (XfimLi(z)Lg(x)] for all z € S. By
Theorem 4.9, it turns out Ly SLy. O

Theorem 4.15. Let S be an ordered semiring. Then the following statements are
equivalent:

(1) RifRy;
(i) MySR;
(#it) S is right ordered k-regular and Ly, < Ry.

Proof. The proof of this theorem is similar to Theorem 4.14. O

An ordered semiring S is called left k-simple (right k-simple, k-simple) if S has
no proper left (right, two-sided) ordered k-ideal.

Theorem 4.16. Let S be an ordered semiring. Then
(1) S is left k-simple if and only if Ly = 1;
(i¢) S is right k-simple if and only if Ry =1;

(iii) S is k-simple if and only if M = L.

Proof. (i). Assume that S is left k-simple. It is clear that Ly (@) = @ = I((). Let
A be a nonempty subset of S. Then we have Li(A) = (Xfin A+ XsinSA] =S =
I(A). Hence, L, = I. Conversely, if A is a left ordered k-ideal, then we obtain
S=I(A) =Lg(4) = (ZfinA+25nSA] C (Al = A C S. Hence, A = S. Thus, S
is left k-simple.

The proof of (i7) and (ii7) are similar to (7). O
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