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On locally maximal product-free sets

in 2-groups of coclass 1

Chimere S. Anabanti

Abstract. This paper is in two parts: first, we classify the 2-groups of coclass 1 that contain
locally maximal product-free sets of size 4, then give a classification of the filled 2-groups of

coclass 1.

1. Introduction

Let S be a product-free set in a finite group G. Then S is locally mazimal in G if
S is not properly contained in any other product-free set in G, and S is said to fill
Gif G* C SUSS, where G* = G\ {1}. We call G a filled group if every locally
maximal product-free set in G fills G.

Street and Whitehead [6] classified the abelian filled groups as one of Cs, C5 or
an elementary abelian 2-group. Recently, Anabanti and Hart [2] classified the filled
groups of odd order as well as gave a characterisation of the filled nilpotent groups.
In the latter direction, they proved that if G is a filled nilpotent group, then G is
one of C3, C5 or a 2-group. One of the goals of this paper is the classification of
filled 2-groups of coclass 1.

By a 2-group of coclass 1, we mean a group of order 2" and nilpotency class
n — 1 for n > 3, and is one of the following:

(i) Dgn = (z,y|2?" =42 =1,2y = y2~ '), n > 3 (Dihedral);
(ii) Qan =(z,y]| 2= 1, x2n_2:y2, xy = yr~ 1) for n>3 (Generalised quaternion);
(i) QDo = (z,y | 22" " =y2 = 1,2y = y2¥" ~~1), n > 4 (Quasi-dihedral).

In 2006, Giudici and Hart [5] began the classification of groups containing
locally maximal product-free sets (LMPFS for short) of small sizes. They classified
all finite groups containing LMPFS of sizes 1 and 2, and some of size 3. The
classification problem for size 3 was concluded in [1]. Dihedral groups containing
LMPFS of size 4 were classified in [2]. Another goal of this paper is to classify
groups of forms (ii) and (iii) that contain locally maximal product-free sets of size
4, continuing work in [1] and [5].
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2. Preliminaries
Here, we gather together some useful results.

Lemma 2.1. [5, Lemma 3.1] Suppose S is a product-free set in a finite group
G. Then S is locally mazimal if and only if G = T(S) U+'S, where T(S) =
SUSSUSS~tUS~1S and /S ={x € G: 2% e S}.

Proposition 2.2. [2, Proposition 1.3] Each product-free set of size @ in a finite
group G is the non-trivial coset of a subgroup of index 2. Furthermore such sets
are locally mazximal and fill G.

Lemma 2.3. [6, Lemma 1] Let N be a normal subgroup of a finite group G. If G
is filled, then G/N is filled.

Theorem 2.4. [2, Propositions 2.8 and 4.8]
(a) The only filled dihedral 2-groups are Dy and Dg.
(b) No generalised quaternion group is filled.

3. Main results

For a subset S of a 2-group of coclass 1, we write A(S) for SN (z), and B(S) for
SN {(zx)y. Given a € N, we write [0, a] for {0,1,...,a}.

Proposition 3.25. Let S be a LMPFS of size m > 2 in a generalised quaternion
group G. If 2"~ ¢ S, then |G| < 2(|B(S)| + 4|A(S)||B(S)|).

Proof. Let A= A(S) and B = B(S). By Lemma 2.1, |G| = 2|B(T(5)Uv/S)[; so to
bound |G|, we count only the possible elements of B(SUSSUS~1SUSS~tUVS),
and double the result. As 22"~ ¢ 5, we have B(v/S) = . But B(SS) = ABUBA,
B(SS™')=BA 'UAB™! and B(S71S) = B"!AU A~ B. By the relations in a
generalised quaternion group, AB = BA™! and BA = A~'B.

Hence, |B(T(S) U+/S)| < |B| + 4|A||B|, and the result follows. O

A little modification to the proof of Proposition 3.1 gives the following:

Lemma 3.2. If S is a LMPFS of s2ize m > 2 in a generalised quaternion group G
such that A(S) = A(S)™" and 2*" " ¢ S, then |G| < 2(|B(S)| + 2|A(S)||B(S)|).

The next result is a complement of Proposition 3.1. We omit the proof since
it is a consequence of the definition of the group in question.

Lemma 3.3. Let G be a generalised quaternion group. If S is a LMPFS in G and
contains the unique involution in A(G), then S C A(G) and S is locally mazimal
product-free in A(G).
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In the light of Lemma 3.3, we need to study A(G) more carefully. All cyclic
groups containing LMPFS of sizes 1, 2 and 3 are known by the classification results
in [1] and [5]. However, we cannot lay our hands on any literature that classified
cyclic groups containing LMPFS of a given size m > 1; so we proceed in that
direction. Our result (Corollary 3.5) addresses the question of Babai and Sos [3,
p. 111] as well as Street and Whitehead [6, p. 226] on the minimal sizes of LMPFS
in finite groups for the cyclic group case.

Proposition 3.4. Let S be a LMPFS of size m > 1 in C,. Then:
, (m+1)
(1) 1SS] < =5,

(i6) |SSTH <m? —m+1,

(i33) if n is odd, then |v/S| = m,

(iv) if n is even, then [/S| < 2m.

Proof. Suppose S ={x1,22,...,zm}. For (i), observe that SSC{x121,..., 212}
U{z2z2,. .., Z2Zm} U - U{Zm—1Tm—1, Tm—-1Tm } U{TmZm }. Hence, |SS| < m +
(m—1)+ - 4241 = W Case (ii) follows from SS~'C {1, z1x5 L, ... zyz,t
vz YU et 1, et e Y U U ey Y ey e, 1)
For (iii) and (iv), define a homomorphism 6 : C,, — C,, by 0(x) = 2* Vx € C,,. If
n is odd, then Ker(8)= {1}, and if n is even, then Ker(§)= {1,u}, where u is the
unique involution in C,. By the first isomorphism theorem, the latter case implies
that each element of S has at most two square roots while the former case shows
that every element of S has exactly one square root. O

Corollary 3.5. If S is a LMPFS of size m in a cyclic group G, then |G| <
3m?+3m+2 3m?+5m+2
2 2

or according as |G| being odd or even.

Proof. As G is abelian, S~'S = SS~!; hence by Lemma 2.1, |G| < |S| + |SS| +
|SS~1| 4 |v/S|. The rest follows from Proposition 3.4. O

The bound in Corollary 3.5 is fairly tight. For instance, it says that the size
of a cyclic group that can contain a LMPFS of size 1 is at most 4. Indeed, the
singleton consisting of the unique involution in C} is an example.

Definition 3.6. Two LMPFS S and T in a group G are said to be equivalent if
there is an automorphism ofG that takes one into the other.

For a finite group G, we write M}, for the set consisting of all locally maximal
product-free sets of size k > 1 in G, S for the representatives of each equivalence
class of My under the action of the automorphism groups of G, and Ny for the
respective number of LMPFS in each orbit. Using GAP [4], we present our results
in the Table below.
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G |M4| S N4

Cs |1 {z, 23, 25,27} 1

Cio | 2 {z, 2%, 2%, 2%} 2

Ci1| 5 {z,23, 28 210} 5

Cia | 9 {z, a:4 z8 x”} {x,2*, 27,210}, {22, 23, 28,2}, 4,2,2,1
22,78, 49 10
{ ,5 }

Cy3 | 21 {z, 23, 2% 22}, {x, 23, 210 212}, {x, 25 28, 212} | 12,6,3

Cia | 27 {z, 23,28, 20} {x, 23,2 ,.7313}, {z,z*, 25,2}, | 6,6,6,6,3

OT\IOO

3

4
Cis | 16 {x,x?’ 25,27} {x, 23,27, 212} 8,8
Cie | 37 {x,x3 xlo 212} {w 2t 20 2%}, {x, 2%, 25, 21}, | 8,4,8,4,4,
{fﬂ }

H

c,a

Ci7 | 48 {z,23, 28 :1713} {z,23, 28 21} {z, 23, 2t 213} 16,16, 16

Cis | 54 {z, 23, 2% 22}, {z, 23, 2 ,xl4},{x,m o9, 2y, 6,6,6,0,6,
{z, 23,212 2} {2, 2% 2° 210} {2, 2%, 20,217}, | 6,6,6,6
(2,25, 28,22}, {z,2°, 2%, 2'7Y, {z, 2, 2, 216}

Cig | 36 {z, 23, 2% 23}, {x, 2%, 25, 2°} 18,18

Cyo | 36 {z, 23,210 216} {x, x?’ o4 216} {z, 2t 2 218) )| 8,8,4,8,4,4

x, 20 1.1 18} {LC .T 1'8 1.11} {(L’ (E5 xlu 16}

Cor | 34 | {z,23, x5 1715} {x,2* zl 217} {z, 24, 2, 210}, | 12,12,4,6
(z, 28,212, 218}

Coz | 10 | {z, 2% 210 217} 10

Coy | 4 {z, 25,217 221} 4

Table: LMPFS of size 4 in cyclic group G for 8 < |G| < 34

In the light of Corollary 3.5 therefore, if a cyclic group G contains a LMPFS S
of size 4, then both G and S are contained in Table. Proposition 2.2 clearly tells
us that the LMPFS of size 4 in Qg are the non-trivial cosets of the subgroups of
index 2. So we shall eliminate this from our investigation.

Proposition 3.7. Let G = Qan. If |G| > 8 and G contains a LMPFS of size
4, then G = Q16. Moreover, up to automorphisms of Q16, the only such set is

{Jj7 x67y7 x4y}'
Proof. Let S be a LMPES of size 4 in G. We conclude from Lemma 3.3 and

deductions from Corollary 3.5 that no such S exist if 22" e &. So, suppose
22" ¢ S. In Proposition 3.1, if |[B(S)| = 0 or 4, then |G| < 16, contrary
to our assumption that |G| > 8. If |B(S)| = 1 or 3, we get |G| < 32; so
|G| = 16, and by direct computation, no such S exists. Finally, if |B(S)| = 2,
then |G| < 64. It can easily be seen using dynamics of Lemma 2.1 that S cannot

be contained in ()32, and hence the only possibility is that S C Q6. Also elements



On locally maximal product-free sets 155

of A(S) cannot have same order, and that if B(S) = {2y, 27y}, then i and j must
have same parity. Thus, the only possibilities for S are S; := {x,25 y, 2%y},
Sy = {x,2% 2y, 2%y}, Sz = {x, 25, 23y, 2Ty}, Sy = {x,25 2%y, 2%y}, S5 =
{2227, y, %y}, Sg :={a2, 27, xy, 2%y}, Sy :={2% 27, 23y, 27y}, Sg :={a?, 27, 2%y,
2y}, So = {2223, y,xty}, Sio = {228, y,2ty}, S11 = {22 23, 2y, 2Py},
S = {$2,$37I3y,1‘7y}, S13 1= {I2,1'3,$2y,$6y}, S14 = {1‘5,.73‘6,233/,3351/},

S5 = {a%, 25, 23y, 27Ty} and Sy := {2°, 25, 2%y, 2%}. The result follows from
the fact that the automorphism ¢; takes S; into S; for 1 < i < 16, where
LT T, Yy, G2 T T, Y TY, P31 T = T, Y — Y, da T = 2,y — T2,
G5 i x = x Yy Yy T XYy = ay, o7 X Ly = 2y, g T
2y = 2y, ot x = 2Py =y, b1t x = 2Py =y, O a2ty = ay,
b1t x = 2y = 2Py, diz x> 2ty = 2Py, o o= 2y & oay,
15 x = 22,y — 3y and @iz — 2,y — 23y, O

Pr0p925ition 3.8. Let S be a LMPFS of size m > 4 in a quasi-dihedral group G.
Ifz*" " ¢S, then |G| < 2(|B(S)| + 6] A(S)||B(S5))).

Proof. Similar to the proof of Proposition 3.1. O

Lemma 3.9. No LMPFS of size 4 in a quasi-dihedral group G contains the unique
involution in A(G).

Proof. Let S be a LMPFS of size 4 in a quasi-dihedral group G such that 22" es.
First observe that S must contain elements from both A(G) and B(G); so we have
the following three cases: (I) |A(S)| = 1 and |B(S)| = 3; (II) |A(S)| = 2 and
|B(S)| = 2; (IIT) |A(S)| = 3 and |B(S)| = 1. As S is product-free in G, it cannot
contain elements of the form {z2*1y, | > 0}; otherwise (z2+1y)2 = 22"~ € S. For
Casel,let S := {a®" ", 2%y, a¥y, 2%y} for 0 < i, j,k < 2"~2—1. Then A(T(S)) =
ASUSSUSTISUSST) = A(SUSS). But A(SUSS) cannot yield an element
of the form x?'*!; so we can only rely on A(v/S) for such element. Observe that
Valiy = /a2y = \/22ky = (), and from Proposition 3.4(iv), |A(Vx2"?)| < 2.
In particular, A(V22" ) = {22, 232" ")}, Hence, there is no element of the
form x2+1 in A(T(S)UVS); a fallacy! as the number of such element in A(QDan)
is 272, Thus, no such S exist. For Case II, let § := {22" ", a", 2%y, a2*y}. If
r is even, then the number of elements of the form z2*! in A(v/S), A(SS) and
A(SS™1) are at most 2, 0 and 0 respectively; so no such S exist. If r is odd, then
the number of elements of the form %! in A(v/S), A(SS) and A(SS™!) are at
most 0, 1 and 1 respectively; again, no such S exist. Case III is similar. O

The proof of the next result is similar to that of Proposition 3.7 using Propo-
sition 3.8 and Lemma 3.9.

Proposition 3.10. Up to automorphisms of QD1g, the LMPFES of size 4 in QD1
are {x, 25 y, 2y} and {x, 25, 23y, 27y}, Furthermore, there is no LMPFS of size
4 in QDan for n > 4.
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We are now in the position to address the second aim of this paper: classifica-
tion of filled 2-groups of coclass 1.

Theorem 3.11. The only filled 2-group of coclass 1 is Dg.

Proof. By Theorem 2.4, we only show that no quasi-dihedral group is filled. Let
G = QDyn, n > 4. Then N := (28) is a normal subgroup of G whose quotient is
of size 16. Suppose |G| > 16. Given a; € [0,7], z* N = zt8%2 N for 1 < ag <
|N|—1. Similarly, given by € [0,7], 2"y N = xb1+8%2y N for 1 < by < |N|—1. Thus,
G/N = XUY, where X = {z'N|0<i <7} and Y = {2'yN| 0 < i < 7}. Clearly,
X 2 Cs = A(D16). On the other hand, each element of Y has order 2 since for 4
even, (z'yN)(z'yN) = NN = N, and for i odd, (z'yN)(z'yN) = 2> NN = N.
Hence, G/N = Djg. By Theorem 2.4(a) and Lemma 2.3 therefore, G is not a
filled group. Now let |G| = 16. By Proposition 3.10, S = {z, 2%, y, z*y} is locally
maximal in @QDys. However, S does not fill QD¢ since |A(QDjg)| =7 > 6 =
|A(S U SS)|; so @D is not filled. O

We conclude this discussion with the following question:

Question 3.12. Are there infinitely many non-abelian filled groups?
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