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Some results on multigroups

Johnson Aderemi Awolola and Adeku Musa Ibrahim

Abstract. The theory of multisets is an extension of the set theory. In this paper, we have
studied some new results on multigroups following [11].

1. Introduction

A mathematical structure known as multiset (mset, for short) is obtained if the
restriction of distinctness on the nature of the objects forming a set is relaxed.
Unlike classical set theory which assumes that mathematical objects occur with-
out repetition. However, the situation in science and in ordinary life is not like
that. It is observed that there is enormous repetition in the physical world. For
example, consideration of repeated roots of polynomial equation, repeated obser-
vations in statistical sample, repeated hydrogen atoms in a water molecule H5O,
etc., do play a significant role. The challenging task of formulating sufficiently rich
mathematics of multiset started receiving serious attention from beginning of the
1970s. An updated exposition on both historical and mathematical perspective of
the development of theory of multisets can be found in [3, 4, 5, 8, 9, 10, 13, 14, 15].

The theory of groups is an important algebraic structure in modern mathemat-
ics. Several authors have studied the algebraic structure of set theories dealing
with uncertainties such as the concept of group in fuzzy sets [12], soft sets [1],
smooth sets [6], rough sets [2] etc.

2. Preliminaries

In this section, we present fundamental definitions of multisets that will be used
in the subsequent sections of this paper.

Definition 2.1. Let X be a set. A multiset (mset) A drawn from X is represented
by a count function C4 defined as C4 : X — D = {0,1,2,...}. For each z € X,
Ca(z) denotes the number of occurrences of the element x in the mset A. The

representation of the mset A drawn from X = {z1,22,...,2,} will be as A =
(1,22, s Znlp, my....m, Such that x; appears m; times, i = 1,2,...,n in the
mset A.
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Definition 2.2. A domain X is defined as a set of elements from which msets are
constructed. For any positive integer n, the mset space [X]" is the set of all msets
whose elements are in X such that no element in the mset occurs more than n
times. The set [X]° is the set of all msets over a domain X such that there is no
limit on the number of times an element in an mset occurs.

Definition 2.3. Let A, Ay, A; € [X]", i€ 1. Then
(i) A1 C Ay & Cy,(z) < COy,(x), Ve X.
(il) A1 = Ay & Ca,(z) = Cy,(z), ¥V € X.
(iii) M;er Ai = Nics Ca, (), ¥V x € X (where A is the minimum operation).
(iv) Ujer 4i = Vier Ca,(x), V o € X (where \/ is the maximum operation).
(v) A5 =n—Cy,(z),Vz e X, neEZ™.

Definition 2.4. Let X and Y be two nonempty sets and f : X — Y be a map-
ping. Then the image f(A) of an mset A € [X]" is defined as

{ Vs(@)=y Cal), ) #0,
0, fHy) =0.

Definition 2.5. Let X and Y be two nonempty sets and f : X — Y be a
mapping. Then the inverse image f~'(B) of an mset B € [Y]" is defined as

Cf—lB(fU) = Cp (f(2)).

Cra(y) =

3. Multigroup

In this section, we briefly give the definition of multigroup, some remarks and
present some existing results given by [11], and MS(X) is denoted as the set all
msets over X (which is assumed to be an initial universal set unless it is stated
otherwise).

Definition 3.1. Let X be a group. A multiset A over X is called a multigroup
over X if the count function A or Cy4 satisfies the following conditions:

(i) Calzy) = [Calz) ACaly)], ¥V 2,y € X,
(ii) Ca(z™!) = Ca(z),Vz e X.
We denote the set of all multigroups over X by MG(X).
Example 3.2. Let the subset X = {1, —1,4, —i} of complex numbers be a group

and A = [1,-1,4,—i]; 5 5 , be a multiset over X. Then, as it is not difficult to
verify, A is a multigroup over X.
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Definition 3.3. Let A, B € MG(X), we have the following definitions:

(i) Caop(r) = V{Caly) NCp(2) 1y, 2 € X,yz =}
=max [min{Ca(y),Cp(2)} : ¥,z € X,yz = z],

(ZZ) CA—l(,T) = CA(,Z‘_I).
We call A o B the product of A and B, and A~! the inverse of A.

Definition 3.4. (cf. [11]) Let A € MG(X). Then A is called an abelian multi-
group over X if Cy(xy) = Ca(yx), V 2,y € X. The set of all abelian multigroups
is denoted by AMG(X).

Definition 3.5. (cf. [11]) Let A, B € MG(X). Then A is said to be a submulti-
group of B if AC B.

Definition 3.6. (cf. [11]) Let H € MG(X). For any « € X, *H and Hx defined
by Cor(y) = Cr(x~ty) and Cr.(y) = Cr(yx~1), Vy € X are respectively called
the left and right mcosets of H in X.

The following results have been given by [11] as related to this paper except
for Remark 3.25 and 3.25.

Proposition 3.7. Let A€ MG(X). Then
(i) Ca(z") =2 Ca(z), Vr € X,
(it) Ca(z™1) = Ca(z),Vz € X,
(7it) Cal(e) = Ca(z), Yz e X.
Proposition 3.8. Let A, B,C, A; € MG(X), then the following hold:

(4) CAoB(ac):\/yGX [CA(y)/\CB(y_l )] :vyEX [CA (:Uy_l)/\CB(y)], Vre X,

(iv) ACB=A"'CB™!,

(0) (Uier4) " =User (A7),

() (Mier4)™ =Nier (A7),
(vii) (AoB) ' =B loA™ 1,
(viii) (AoB)oC =Ao(BoC).

Proposition 3.9. Let A,B € AMG(X). Then Ao B = BoA.
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Proposition 3.10. If A, B € MG(X), then Caop(z™!) = Caop(x).

Proposition 3.11. Let A € [X]". Then A € MG(X) if and only if Ao A< A
and A~! = A.

Proposition 3.12. Let A € [X]". Then A € MG(X) if and only if Ca (zy~') >
[Ca(z) NCaly)] , ¥V x,y € X,

Proposition 3.13. Let A,B € MG(X). Then ANB € MG(X).

Remark 3.14. If {A;},_; is a family of multigroups over X, then their intersection
N;cs Ai is a multigroup over X.

Remark 3.15. If {A;}, ., is a family of multigroups over X, then their union
U,er Ai need not be a multigroup over X.

Proposition 3.16. Let A € MG(X). Then the non-empty sets of the form
A, ={x e X :Ca(z) 2n, neN}
are subgroups of X.

Proposition 3.17. Let A € MG(X). Then the non-empty sets defined as
A*={r € X : Cy(x) >0} and A, = {z € X : Ca(z) = Cale)}
are subgroups of X.

Proposition 3.18. Let A € MS(X). Then the following assertions are equiva-
lent:

(a) Cal(zy) =Calyx), ¥V z,y € X,

(0) Ca(zyz™") =Caly), ¥V =,y € X,
(¢) Ca(zyz™') > Ca(y),Va,yeX,
(d) Ca(zyz™') <Caly),V z,y € X.

Proposition 3.19. Let A € AMG(X). Then A., A* and A,, n € N are normal
subgroups of X.

Proposition 3.20. Let H € MG(X), then xH = yH if and only if 'y € H..
Remark 3.21. If H € AMG(X), then H = Hx,V z € X.

Proposition 3.22. Let X and Y be two groups and f : X — Y be a homomor-
phism. If A€ MG(X), then f(A) € MG(Y).

Remark 3.23. Let X and Y be two groups and f : X — Y be a homomorphism.
If A, € MG(X), i € I, then f (N;erA;) € MG(Y).

Proposition 3.24. Let X and Y be two groups and f : X — Y be a homomor-
phism. If B€ MG(Y), then f~1(B) € MG(X).
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Remark 3.25. Let X and Y be two groups and f : X — Y be a homomorphism.
If B, € MG(Y),i €I, then f~! (ﬂiel B;) € MG(X).

We now present some results to broaden the theoretical aspect of multigroup
theory.

Proposition 3.26. Let A € MG(X). Then
(i) Ca(zy)™" = Ca(x) ACaly), ¥V z,y € X,
(i) Ca(zy)" = Ca(wy), ¥V 2,y € X.
Proof. The proofs are straightforward. O

Proposition 3.27. Let A€ MG(X). If Ca(xz) < Ca(y) for some x,y € X, then
Ca(zy) = Ca(x) = Calyz).

Proof. Given that Cs(x) < Ca(y) for some z,y € X. Since A € MG(X), then
Calzy) = Ca(x) A Ca(y) = Calz). Now, Ca(x) = Ca (zyy™") > Calzy) A
Ca(y) = Ca(zy), since Ca(z) < Ca(y), Ca(zy) < Ca(y). Therefore, Cy(zy) =

Ca(z). Similarly, Cx(yx) = Ca(z). O
Proposition 3.28. Let A € MG(X). Then Cx(xy=t) = Ca(e) implies Ca(x) =
Cal(y).

Proof. Given A € MG(X) and Cx(xy~!) = Ca(e) ¥V x,y € X. Then
Ca(@)=Ca(z(y™'y))=Cal(zy™")y) = Caley " )ACa(y)=Ca(e) ACa(y) =Caly),
ie., Ca(z) = Ca(y).

Also, Ca(y) = Ca(y™t) = Caley™) = Ca((zta)y™) = Ca(x=)AC4(zy™1)
= Ca(x) NCyle) = Cy(x), ie., Ca(y) = Ca(x). Hence, Ca(x) = Cal(y). O

Proposition 3.29. Let A,B,C,D € MG(X). If AC B and C C D, then
AoC C BoD.

Proof. Since A C B and C' C D, it follows that C4(z) > Cp(z), V 2 € X and
Co(z) < Cp(z), ¥V x € X. So,

Craccy(@) = \/ {Caly) A Col(2) 1y, 2 € X, yz =z}
\/{C’B NCp(z):y,z € X,yz = 2} = C(pop)(x).
Hence, Ao C C Bo D. O

Proposition 3.30. Let A, B € MG(X) and AC B or BC A. Then
AUB e MG(X).

Proof. The proof is straightforward. O
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Remark 3.31. Let A € MG(X), then A° need not be a multigroup over X.
Indeed, if X = (V4,+) = {0,a,b,c} is the Klein’s 4-group, then for A = [O,a]l1
we have A° = [0,a], ; # MG(X) because 3 Ca(a) > C4(0).

Proposition 3.32. If A € MG(X), then A° € MG(X) if and only if Ca(z) =
Cale),VzeX.

Proposition 3.33. Let A € MG(X) and x € X. Then Cys(zy) =Ca(y) Vye X
if and only if Ca(x) = Cale).

Proof. Let Ca(zy) = Ca(y), Yy € X. Then Cs(z) = Ca(xe) = Ca(e).
Conversely, let Ca(z) = Ca(e). Since Cyu(e) > Ca(y) Yy € X, we have
Ca(z) = Ca(y). Thus, Ca(zy) = Ca(x) ANCa(y) = Cale) ANCa(y) = Caly), ie.,
Ca(zy) = Caly), Yy € X.
But Ca(y) = Ca(ztoy) = Ca(x) A Ca(zy) and Ca(z) > Ca(zy), Vy € X,
imply Ca(z) ACa(zy) = Ca(zy) < Caly), Yy € X. So, Caly) = Ca(zy), Vy € X.
Hence, Ca(zy) = Ca(y) Vy € X. O

Proposition 3.34. If A€ MG(X) and H < X, then Alg € MG(H).
Proof. Let w,y € H. Then 2y~! € H. Since A € MG(X), then Cy(zy~?) >

Ca(x)NCa(y) Yo,y € X. Moreover,Cy), (zy~") = Cajg (@) NCaju(y) Yo,y € X.
Hence, A|g € MG(H). O

4. Multigroup homomorphism

Proposition 4.1. Let f : X — Y be an epimorphism and B € MS(Y). If
f~YB) € MG(X), then B € MG(Y).

Proof. Let z,y € Y then 3 a,b € X such that f(a) = z and f(b) = y. It follows
that

Cp(ry) = Cp(f(a)f (b)) = Cp(f(ab)) = Cy-1(p)(ab) = Cy-1(p)(a) A Cr-1(p)(b)
= Cp(f(a)) ACB(f(b)) = Cp(x) A Cp(Yy).

Again,

= Cp(f(a)) = Cp(2).
Therefore, B € MG(Y). O

Proposition 4.2. Let X be a group and f : X — X is an automorphism. If
A€ MG(X), then f(A) = A if and only if f~1(A) = A.



Some results on multigroups 175

Proof. Let x € X. Then f(x) = z. Now, C(y-1ay(x) = Ca(f(x)) = Ca(x)
implies f~1(A) = A.
Conversely, let f~1(A) = A. Since f is an automorphism, then

Cyay(x \/{CA )2 e X, f(2) = f(z) =z}
= Ca(f(@)) = C(j-1(a)(z) = Calz).

Hence, the proof. O

Proposition 4.3. Let f : X — Y be a homomorphism of groups, A € MG(X)
and B € MG(Y). If A is a constant on Kerf, then f~1(f(A)) = A.

Proof. Let f(x) =y. Then
Cr1(p(an(@) = Cpay f(x) = Cpay(y) = \/{Cal(e) 1w € X, f(z) =y}

Since f(z712) = f(a V) f(2) = (f(x))"1f(2) = y~ly = ¢, V2 € X such that
f(2) = y, which implies 712 € Kerf. Also, since A is constant on Kerf, then
Ca(z712) = Ca(e). Therefore, Ca(x) = Ca(z) V z € X such that f(z) =y by
Proposition 3.28 . Hence, the proof. O

Proposition 4.4. Let H € AMG(X). Then the map f: X — X/H defined by
f(z) = xH is a homomorphism Kerf = {x € X : Cy(x) = Cu(e)}, where e is the
identity of X.

Proof. Let z,y € X. Then f(xy) = (zy)H = aHyH = f(x)f(y). Hence, f is a
homomorphism. Further,

Kerf={zeX:f(z)=eH}={re X :xH =eH}
={z€X:Cula~"y) =Culy) Yy € X}
={2€X:Cu(a")=Cule)} ={r € X :Cu(z) =Cule)} = H,,

which completes the proof. O
Remark 4.5. By Propositions 4.4 and 3.19, Ker f is a normal subgroup of X.

Proposition 4.6. (First Isomorphism Theorem) Let f : X — Y be an epimor-
phism of groups and H € AMG(X), then X/H, =Y, where H, = Kerf.

Proof. Define © : X/H, — Y by 0(zH,) = f(x) Vz € X. Let zH = yH such that
Cr(z~ty) = Cy(e). Since 27y € H,, then f(x7ly) = f(e) = f(z) = f(y).
Hence, O is well-defined. Obviously it is an epimorphism. Moreover, f(x) = f(y)
implies f(z)~'f(y) = f(e). So, f(z™)f(y) = fa™'y) = f(e), ie, 27y € H,
and consequantly, Cg(z~'y) = Cg(e). Thus, xH = yH, which shows O is an
isomorphism. O
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Proposition 4.7. (Second Isomorphism Theorem) If H, N € AMG(X) such that
Cy(e) =Cn(e), then H.N,/N 2 H,/HNN.

Proof. Clearly, for any © € H,N,, © = hn where h € H, and n € N,. Define
p:H.N./N— H,/HNN by o(xN) = h(HNN).
If tN = yN, where y = hiny, hy € H, and ny € N,, then

Cn(z7'y) = Cn((hn)"thiny) = Cxy(n 'h™ hyng) = Cx (R hin ™ ny) = Cn(e).
Hence, Cn(h™thy) = Cx(n~'ny) = Cn(e). Thus,
Crnn(h™'hy) = Cu (b~ ha) ACNn(h™"hy) = Cr(e) A Cn(e) = Cunn(e),

ie,, h(HNN)=hi(HNN). Hence, ¢ is well-defined.

If «N,yN € H.N, N, then zy = hnhin;. Since H € AMG(X), then
Ch(nhiny) = Cy(hy) gives nhin; € H,. Hence,

p(@xNyN) = p(zyN) = h(nhanl)(H N N) = h(H N N)nhiny(H N N) and

CHQN(hfl(nhlnl)) > CH(hflnhlnl) A CN(hflnhlnl)
= CH(hfl(nhlnl)) A CN(n(hflhlnl))
= Cy(e) NCn(e)
= Cunn(e).

Hence, nhini(H N N) = hy(H N N), ie., p(eNyN) = h(HN N)h(HNN) =
p(zN)p(yN), which shows that ¢ is a homomorphism.

 is also an epimorphism, since for h(H N N) € H,/HN N and n € N,, we
have x = hn € H,N, and p(zN) = h(H N N).

Moreover, if z,y € H,N,, where x = hn and y = hini, h,hy € H, and
n,ny € N, and h(HN N) = hy(H N N), then Cyrn(h™th1) = Crnn(e), ie.,
CH(hilhl)/\CN(hflhl) = CH(G)/\CN(G). But OH(B) = C’N(e) and OH(hflhl) =
Cu(e), so Cx(h™1hy) = Cn(e). Therefore,

Cn(z7'y) = Cn((hn) "t hing)
(n"*h " hiny) = On(h ™ hin~'ny)
(b~ h1) A Cn(n"tny) = Cn(e) A Cn(e) = Cy(e).

Cn
Cn

WV

Thus, Cy(z71y) = Cn(e), and consequently, N = yN.
Hence, H.N./N 2 H,/HNN. O

Proposition 4.8. (Third Isomorphism Theorem) Let H, N € AMG(X) with
H C N and Cyx(e) =Cn(e). Then X/N = (X/H)/(N./H).

Proof. Define f : X/H — X/N by f(xH) = N Vz € X such that Cy(z~1y) =
Cu(e) = Oy(e) VzH = yH. Because H C N, we have Cn(z71y) > Cy(z~ty) =
Cn(e) and so Cny(z~'y) = Cn(e), i.e.,, tN = yN, which means that f is well-
defined. Obviously f is an epimorphism.
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Moreover,
Kerf={xzH € X/H : f(xH) =eN}
={zH € X/Hz: N =eN}
={zH € X/H : Cn(z) = Cn(e)}
—{¢H e X/H:z € N,} = N,/H.
Thus, Kerf = N,/H and X/N = (X/H)/(N./H). O
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