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Soft set theoretical approach to residuated lattices

Young Bae Jun and Xiaohong Zhang

Abstract. Molodtsov’s soft set theory is applied to residuated lattices. The notion of (filteristic)
residuated lattices is introduced, and their properties are investigated. Divisible int-soft filters
and strong int-soft filters are defined, and several properties are investigated. Characterizations
of a divisible and strong int-soft filter are discussed. Conditions for an int-soft filter to be
divisible are established. Relations between a divisible int-soft filter and a strong int-soft filter
are considered.

1. Introduction

Various problems in system identification involve characteristics which are essen-
tially non-probabilistic in nature [13]. In response to this situation Zadeh [14]
introduced fuzzy set theory as an alternative to probability theory. Uncertainty is
an attribute of information. In order to suggest a more general framework, the
approach to uncertainty is outlined by Zadeh [15]. To solve complicated problem
in economics, engineering, and environment, we cannot successfully use classical
methods because of various uncertainties typical for those problems. There are
three theories: theory of probability, theory of fuzzy sets, and the interval mathe-
matics which we can consider as mathematical tools for dealing with uncertainties.
But all these theories have their own difficulties. Uncertainties cannot be handled
using traditional mathematical tools but may be dealt with using a wide range of
existing theories such as probability theory, theory of (intuitionistic) fuzzy sets,
theory of vague sets, theory of interval mathematics, and theory of rough sets.
However, all of these theories have their own difficulties which are pointed out
in [9]. Maji et al. [8] and Molodtsov [9] suggested that one reason for these
difficulties may be due to the inadequacy of the parametrization tool of the the-
ory. To overcome these difficulties, Molodtsov [9] introduced the concept of soft
set as a new mathematical tool for dealing with uncertainties that is free from
the difficulties that have troubled the usual theoretical approaches. Molodtsov
pointed out several directions for the applications of soft sets. At present, works
on the soft set theory are progressing rapidly. Maji et al. [8] and Cagman et
al. [2] described the application of soft set theory to a decision making problem.
Maji et al. [7] also studied several operations on the theory of soft sets. Jun and
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Park [5] applied the notion of soft sets to BCK/BCl-algebras. In order to deal
with fuzzy and uncertain informations, non-classical logic has become a formal
and useful tool. As the semantical systems of non-classical logic systems, various
logical algebras have been proposed. Residuated lattices are important algebraic
structures which are basic of MT L-algebras, BL-algebras, MV-algebras, Godel
algebras, Rp-algebras, lattice implication algebras, etc. The filter theory plays an
important role in studying logical systems and the related algebraic structures,
and various filters have been proposed in the literature. Zhang et al. [16] intro-
duced the notions of IMTL-filters (NM-filters, MV-filters) of residuated lattices,
and presented their characterizations. Ma and Hu [6] introduced divisible filters,
strong filters and n-contractive filters in residuated lattices.

In this paper, we apply the notion of soft set theory by Molodtsov to residuated
lattices. We introduce the notion of (filteristic) residuated lattices, and investigate
their properties. We also define divisible int-soft filters and strong int-soft filters,
and investigate related properties. We discuss characterizations of a divisible and
strong int-soft filter, and provide conditions for an int-soft filter to be divisible.
We establish relations between a divisible int-soft filter and a strong int-soft filter.

2. Preliminaries

We display basic notions on residuated lattices and soft sets which are used in this
paper.
Definition 2.1. A residuated lattice is an algebra £ := (L, V, A, ®, —,0,1) of type
(2,2,2,2,0,0) such that

(L1) (L,V,A,0,1) is a bounded lattice,

(L2) (L,®,1) is a commutative monoid,

(L3) ® and — form an adjoint pair, that is,

Va,y,zeL)(z<y—2 & zQy<2).
In a residuated lattice £, the ordering < and negation — are defined as follows:
(Ve,yeLl)(z<y & zAy=2 & azVy=y & z—>y=1)
and -z =x — 0 for all z € L.

Proposition 2.2 ([1, 3, 4, 6, 11, 12]|). In a residuated lattice L, the following
properties are valid.

losaz=x,z—=1=1, 2—>2=1,0—-z=1, z— (y—z)=1, (2.1)
r—=(y—o2)=y) 2z=y— (z— 2), (2.2)
r<y > zoax<z2Y, Yy~ 25T — 2, (2.3)
r<y > rR2< YR z, (2.4)
zoy<(e—=2)>(z—y), 22y (y—z) = (2 =), (2.5)
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=y oy—2)<z—z (2.6)
ry<zR @ -y <zAy<zA(z—oy) <z, (2.7)
z—=yYhz)=(x—-y)A(lx—=2), (@Vy) = z=(x—2)A(y— 2),(2.8)
r=y< (r®2) = (Y@ 2), (2.9)
-—(z = y) < = . (2.10)
=, o < ol =0, -0 =1, (2.11)
r—=(xAy)=z—y. (2.12)

Definition 2.3 ([10]). A nonempty subset F' of a residuated lattice £ is called a
filter of L if it satisfies the conditions:

(Vx,ye L) (z,ye F = zQyeF), (2.13)
(Vz,yeL)(zeF, z<y = yeF). (2.14)

Proposition 2.4 ([10]). A nonempty subset F' of a residuated lattice L is a filter
of L if and only if it satisfies:

leF, (2.15)
VeeF)WVyel)(x—>yeF = yeF). (2.16)

Definition 2.5 ([17]). A soft set (f, L) over U in a residuated lattice L is called
an int-soft filter of £ over U if it satisfies:

(va.ye L) (faoy) 2 f@)n fw), (2.17)
(vaye L) (2 <y = f@) € fw). (218)

Theorem 2.6 ([17]). A soft set (f, L) over U in a residuated lattice L is an
int-soft filter of L over U if and only if the following assertions are valid:
(v e 1) (F(1) 2 f(@)), (2.19)
(ve.y € L) (Fy) 2 flw = )0 (). (2:20)

3. (Filteristic) soft residuated lattices

In what follows let £ and A be a residuated lattice and a nonempty set, respectively.

Definition 3.1. Let (f, A) be a soft set over £. Then (f,A) is called a soft
residuated lattice over L if f(z) is a sub-residuated lattices of £ for all z € A with
f(x) #0. If f(z)is a filter of £ for all z € A with f(z) # 0, then (f, A) is called
a filteristic soft residuated lattice over L.
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Example 3.2. Let L = {0,a,b,1} be a chain with the operations ® and — given
by tables

®[0 a b 1 —]0 a b 1
0/0 0 0 O 0|1 1 1 1
a0 0 a a ala 1 1 1
b0 a b b b0 a 1 1
110 a b 1 10 a b 1

Then L := (L,V,A,®,—,0,1) is a residuated lattice. For A = N, define two
soft sets (f, A) and (g, A) over U = L in L by

L it x € {aeN|a<10},

f:A=P(L), z— { {b,1} otherwise,

and
L if xe{aeN|a<10},

o {b,1} fze{aeN|10<a <30},
§:A=PUL), 20 T ae{aeN |30 <a< 60},
0 otherwise,

respectively. Then (f, A) is a soft residuated lattices over £ and (§, A) is a filteristic
soft residuated lattice over L.

Theorem 3.3. Let (f,A) be a soft residuated lattice (resp., filteristic soft residu-
ated lattice) over L. If B is a subset of A, then (f|p, B) is a soft residuated lattice
(resp., filteristic soft residuated lattice) over L.

Proof. Straightforward. O

The following example shows that there exists a soft set (f, A) over £ such
that

(i) (f,A) is not a soft residuated lattice over L.

(ii) there exists a subset B of A such that (f|g,B) is a soft residuated lattice
over L.

Example 3.4. Consider a residuated lattice L := {0, a,b, ¢, d, 1} with the follow-
ing Hasse diagram and Cayley tables.
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® |0 a b ¢ d 1 — 10 a b ¢ d 1
0|0 0 0 0O O 01 1 1 1 1 1
a |0 a b d d a a |0 1 b ¢ ¢ 1
blec b b 0 0 b blec a 1l ¢ ¢ 1
c|b d 0 d d c c|lb a b 1 a 1
d|b d 0 d d d d|b a b a 1 1
110 a b ¢ d 1 110 a b ¢ d 1
Let (f, A) be a soft set over £, where A = N and
L ifx € {aeN|a<10},

{a,1} ifzxe{aeN|10<a <20},
(b1} ifzefaeN|20<a<30},
{c,1} ifze{aeN|30<a<40},
{d,1} ifze{aeN|40<a <50},
{¢,d,1} otherwise.

f:A=P(L), z+—

Then (f, A) is not a soft residuated lattice over £. But if we take
B:={aeN|a<50},
then (f|p, B) is a soft residuated lattice over L.

Theorem 3.5. Let (f, A) and (§, B) be two soft residuated lattices (resp., filteristic
soft residuated lattices) over L. If AN B # 0, then the intersection (f, A)N(g, B)
is a soft residuated lattice (resp., filteristic soft residuated lattice) over L.

Proof. Note that (f, A)7(g,B) = (h,C), where C = AN B and h(z) = f(z) or
g(z) for all z € C. Note that h : C — P(L) is a mapping, and therefore (h,C) is a
soft set over L. Since (f, A) and (g, B) are soft residuated lattices (resp., filteristic
soft residuated lattices) over £, it follows that h(z) = f(z) is a sub-residuated
lattice (resp., filter) of L, or h(z) = g(x) is a sub-residuated lattice (resp., filter)
of L for all z € C. Hence (h,C) = (f, A)N(g, B) is a soft residuated lattice (resp.,
filteristic soft residuated lattice) over L. O

Corollary 3.6. Let (f, A) and (g, A) be two soft residuated lattices (resp., filter-
istic soft residuated lattices) over L. Then their intersection (f, A)N(g, A) is a soft
residuated lattice (resp., filteristic soft residuated lattice) over L.

Proof. Straightforward. O

Theorem 3.7. Let (f,A) and (§, A) be two soft residuated lattices (resp., fil-
teristic soft residuated lattices) over L. If A and B are disjoint, then the union
(f,A)J(g, A) is a soft residuated lattice (resp., filteristic soft residuated lattice)
over L.
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Proof. Note that (f, A)J(g, B) = (h,C), where C = AU B and for every e € C,

3 f(e) ifeec A\ B,
h(e) =14 3(e) ifee B\ A,
fleyugle) ifee ANB.

Since AN B = (), either z € A\Borxz € B\Aforallz € C.If z € A\ B,
then h(z) = f(z) is a sub-residuated lattice (resp., filter) of £ since (f, A) is a soft
residuated lattice (resp., filteristic soft residuated lattice) over L. If x € B\ A,
then h(z) = g(z) is a sub-residuated lattice (resp., filter) of £ since (g, B) is
a soft residuated lattice (resp., filteristic soft residuated lattice) over L. Hence
(h,C) = (f, A)U(g, A) is a soft residuated lattice (resp., filteristic soft residuated
lattice) over L. O

Theorem 3.8. If (f, A) and (g, B) are soft residuated lattices (resp., filteristic soft
residuated lattices) over L, then (f, A)A(g, B) is a soft residuated lattice (resp.,
filteristic soft residuated lattice) over L.

Proof. Note that (f, A)A(g, B) = (h, A x B), where h(z,y) = f(z) N §(y) for all
(z,y) € Ax B. Since f(x) and §(y) are sub-residuated lattices (resp., filters) of £,
the intersection f(x)Ng(y) is also a sub-residuated lattice (resp., filter) of £. Hence
h(z,y) is a sub-residuated lattice (resp., filter) of £ for all (z,y) € A x B, and
therefore (f, A)A(§, B) = (h, A x B) is a soft residuated lattice (resp., filteristic
soft residuated lattice) over L. O

4. Divisible and strong int-soft filters
Definition 4.1 ([6]). A filter F of £ is said to be divisible if it satisfies:
(Vz,yeL)((zANy) = [z®(x—y)]eF). (4.21)

Definition 4.2. An int-soft filter ( 7, L) of £ over U is said to be divisible if it
satisfies:

(va,y € L) (F((w ny) = lr@ (@ = y)]) = F1)). (4.22)
Example 4.3. Consider the residuated lattice £ := (L,V, A, ®,—,0,1) which is
given in Example 3.2. Define a soft set (f, L) over U = Z in L by f(l) = 27

and f(z) = 2N for all z(# 1) € L. Tt is routine to verify that ( 7l L) is a divisible
int-soft filter of £ over U = Z.

Example 4.4. Consider a residuated lattice L = [0, 1] in which two operations
“®” and “—” are defined as follows:

[0 ifz+y<3,
:c®y{ Ay otherwise.
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1 if ¢ <
x%y{ 1 LSy,

(5 — x) Vy otherwise.

The soft, set (f, L) over U = N in £ given by f(l) = 3N and f(x) = 6N for all
x(# 1) € L is an int-soft filter of £. But it is not divisible since

f((0.3A0.2) = (0.3® (0.3 = 0.2)) = f(0.3) # f(1).

Proposition 4.5. FEvery divisible int-soft filter (f,L) of L over U satisfies the
following identity.

fl@oy) A(zoz) = (@0 yA2) = f1) (4.23)
for all x,y,z € L.

f(oy)n(ze2) = (z0y) @ (z0y) = (2©2)) = f(1). (4.24)
Using (2.2) and (2.7), we have

(zey)e(zey) = (rR2)=rRye (y = (v — (z©® 2)))
<z YA (= (z®2),

which implies from (2.3)

(z@yA(r@2) =2 (Y@ (z0y) = (¢ 2))

(r®
S(EeyA(rsz) = (e YA (@ —(z©2)).
It follows from (4.24) and (2.18) that

=f(z@y Az©2) = (oY) & (t0y) = (r©2)))
Clxoy)A(z@2) = (@@ YA — (@2)

f()

and so that

flzoy AMz®z) = (@0 YA = (@©2)) = f(1). (4.25)

On the other hand, if we take z := x — (x ® 2) in (4.22) then

FO=Fyr(e—(z22) = (= (2©2)0 (== (@®2) =)
CHEe WA= (z02) =
(@ ((z=(ze2)e (= (2e2) =y)
=f(z@ YAl (@©2) =
(@@= (r@:2)0 (== (r©2) =y)
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by using (2.9)

, (
FO) =f@® YA = (@©:2) =
(@@= (r0:2)0 (== (r©2) =y)

2.18) and the commutativity and associativity of ®. Hence
(4.26)

Using (2.6), we obtain

(zeyA(zez) = (e YAz = (2©2)))
(WA= (202) 2 @@= (2e2)0(z = (202)) =1y))
Sy n(rz) = (t0 (@@= (202) 0 (r = (2 2) 2 y)).

It follows from (2.18), (2.17), (4.25) and (4.26) that

(@ yAr = (z©2)) =
(@@= (r0:2)0 (== (r©:2) =y)

F(@oy)A(z@2) = (@0 = (202) 0 (¢ = (z©2) = y)) = f(1). (4.27)
Since

r@ (= (r02)0((r—>(202)2y) <2202y <z (YA2),
we get

(YA (z®2) 22— (202)0(z— (z®2) > 1y)))
<((z@yY) Az ®2) = (2@ (yA2)).

It follows that

f(@ey) A (z©z2) = (@ (Y A2)
2 (o AE®2) = (0@ = (202)e (= (02) =)
= f(1)
and that f((z@y) A (z®2)) = (2@ (yA2)) = f(1). O

We consider characterizations of a divisible int-soft filter.
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Theorem 4.6. An int-soft filter (f, L) of L over U is divisible if and only if the
following assertion is valid:
Fle = A2l =z 2y @ (@ry) = 2)]) = f1) (4.28)
for all x,y,z € L.
Proof. Assume that ( 1, L) is a divisible int-soft filter of £ over U. If we take
x:=x —yand y: =2 — zin (4.22) and use (2.8) and (2.2), then
f1) = f(
= f(
Using (2.5) and (2.9), we have
@Ay =z @—=y))<[(ze(@—=y) =22 (@Ay) = 2]
<=y o(@e(@—y) =2 ==y e(@Ay) = 2)

=y A—=2)] =z =y (x—=y) = (z—2)
z= A2 = =y e(ze@—y)—a2).

[
[

for all z,y,z € L. Since ( 1, L) is a divisible int-soft filter of £ over U, it follows
from (4.22) and (2.18) that

F) = fl@ny) = e (@ = y))
Cfl@=ye(@e@—y) =2 ===y e(@ry) = 2)
and so from (2.19) that
fl@ =y e(@e@—y) =2 = @—y) e @y - 2) = Ff1)
for all x,y,z € L. Using (2.6), we get
(b= @ral>l@ >y e(@e@—y) - 2))e
(le=pe@e@—y) =2 =@y e (@ry =)
<lr= WA= @ —=y) @ (@ny) = =),
and so
(:17% y A z)] x%y)@((z/\y)%z)])
2 ((le = A =@ =y @ (@e @ —y) =)
(lz=y) @ (@e @ —y) > 2] = (@ =y (@ Ay) = 2)])

2 f(lz = (A2l =@ = y) @ (@® (@ —y) = )N
=y e(@e@—=y) =)= (@ =y)e(@Ay) = 2))



240 Y. B. Jun and X. H. Zhang

Therefore
Fle = wr) =@ =y e (@ry - 2)) = F1)

for all z,y,z € L.
Conversely, let (f, L) be an int-soft filter that satisfies the condition (4.28). If
we take z := 1 in (4.28) and use (2.1), then we obtain (4.22). O

Theorem 4.7. An int-soft filter (f, L) of L over U is divisible if and only if it
satisfies:

Flye =)= ze@—=y)) = Ff1) (4.29)
forall x,y € L.

Proof. Suppose that ( 1, L) is a divisible int-soft filter of £ over U. Note that

(zAy) =z @2y <yoly =)=z @—=y)

for all z,y € L. Tt follows from (4.22) and (2.18) that

FO=F(@ry) »ze@->y)) S flyely—a)] =z @@ —y)
and that f([y® (y = )] = [z ® (z = y)]) = F(1).
Conversely, let ( 1, L) be an int-soft filter of £ over U that satisfies the condition

(4.29). Since y - z =y — (y A x) for all z,y € L, the condition (4.29) implies
that

Flyely— (@Ay))=lee@— (@A) = F1) (4.30)

If we take y := z A z in (4.30), then

FO=F(@rz@(@nz) = (@A(zAz)] = o @ = (@A @A)
=f((zh2) =z (@ —2)).
Therefore ( 1, L) is a divisible int-soft filter of £ over U. O

We discuss conditions for an int-soft filter to be divisible.

Theorem 4.8. If an int-soft filter (f, L) of L over U satisfies the following
assertion: ~
(Ay) = (zoy) = f1) (4.31)

f
for all x,y € L, then (f, L) is divisible.
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Proof. Note that x @ y < ¢ ® (x — y) for all 2,y € L. It follows from (2.3) that
(zAy) = (oY) < (zAy) = (2@ (z—y)).

Hence, by (4.31) and (2.18), we have

F) =fl@Ay) = (z0y) C fwAy) = (z@ (x = y),

and so f((x Ay) = (@ (x — y))) = f(1) for all z,y € L. Therefore (f, L) is a
divisible int-soft filter of £ over U. O

Theorem 4.9. If an int-soft filter (f, L) of L over U satisfies the following

assertion:
(@A (z—y) = y) = f(1) (4.32)

f
for all x,y € L then (f, L) is divisible.
Proof. If we take y := 2z ® y in (4.32), then
F) = (@@= @) > @oy) € flary) —» (@oy))

and so f((z Ay) = (x®y)) = f(1) for all z,y € L. It follows from Theorem 4.8
that (f, L) is a divisible int-soft filter of £ over U. O

Theorem 4.10. If an int-soft filter (f, L) of L over U satisfies the following

assertion:
fle—=2)2 f((z@y) = 2)n fz—y) (4.33)

for all x,y,z € L, then (f, L) is divisible.

Proof. If we take x :=xz A (x — y), y := x and z :=y in (4.33), then

f((2 A (&= y) = y)

D f((@A(@—=y)ez) =y N @A (e —y) -2

= f (D).
Thus f((z A (z = y)) = y) = f(1) for all z,y € L, and so (f, L) is a divisible
int-soft, filter of £ over U by Theorem 4.9. O

Theorem 4.11. If an int-soft filter f of L over U satisfies the following assertion:
fla = (z@2) = f(1) (4.34)

for all x € L, then (f, L) is divisible.
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Proof. Let ( 1, L) be an int-soft filter of £ over U that satisfies the condition
(4.34). Using (2.9) and the commutativity of ®, we have
r—oy<(z@z) = (zy),
and so
(= @)=y <(@—= @) (zor)—(zey)

for all z,y € L by (2.4) and the commutativity of ®. It follows from (2.6), (2.4)
and the commutativity of ® that

((z
S(@z—=@on)e(zeor) = (zey) @ (zey) = 2)
<= (zoy)o(z0y) = 2)

<z—2z

—s(zR2)®@—y)(z0y) — 2)
(z

and so from (2.17), (2.18), (2.19) and (4.34) that

fla = 2)

I

(z = @er)o(@—=y)e(r0y) = 2)
(&= @en)@—=y)nf(zey) —2)
(= @@ea)nflz—=y)nfzey) —2)
Wnfle=y)nflzey) - 2)

( fla—y)

for all z,y,z € L. Therefore (f, L) is a divisible int-soft fillter of £ over U by
Theorem 4.10. O

I

U
iy “ﬁz iy

(r®y) —=2)N

Definition 4.12 ([6]). A filter F' of £ is said to be strong if it satisfies:
(- =) e F (4.35)

for all z € L.
Definition 4.13. An int-soft filter ( 7, L) of £ over U is said to be strong if it

satisfies:

F(e(mme = ) = f(1) (4.36)
for all x € L.

Example 4.14. Consider the residuated lattice £ := (L, V, A, ®,—,0, 1) which is
given in Example 3.4. Define a soft set <f, L) over U =Zin L by f(l) = 37 and

f(x) = 6N for all (1) € L. Tt is routine to check that (f, L) is a strong int-soft
filter of L over U = Z.
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We provide characterizations of a strong int-soft filter.

Theorem 4.15. Given a soft set (f, L) over U in L, the following assertions are

equivalent.
(i) ( 7, L) is a strong int-soft filter of £ over U.
(ii) ( 7, L) is an int-soft filter of £ over U that satisfies
(vayel) (fly—a) >y —a)=f)). (@30
(ii) ( 7, L) is an int-soft filter of £ over U that satisfies
(vayel) (f((ha—y) = —(y—2)=J1). (439

Proof. Assume that (f, L) is a strong int-soft filter of £ over U. Then (f, L) is
an int-soft filter of £ over U. Note that
_\_\(_\_\x — J,‘) < ﬂ_\((y — ﬂ_\.’L‘) — (y — fL‘))
< ((y = —z) = oy = 7))

(y = ——a) = =y = 2)
and

N

(- = y) @ ) — x)
—((mz = y) = (-y = )

//\

~((z = y) = oy = 2)
=(z—=y) = -(y—2)
for all z,y € L. If follows from (4.36) and (2.18) that
F(1) = f(==(-mz = 2)) € f((y = —2) = ~=(y = 2)) (4.39)

and

f(1) = f(==(mma = ) C f((-z = y) = —=(-y = 2)). (4.40)
Combining (2.19), (4.39) and (4.40), we have flly = ——a) = ~=(y = x) = f(1)
and f((—x — y) = ——(-y — z)) = f(1) for all z,y € L. Therefore (ii) and (iii)
are valid. Let ( 1, L) be an int-soft filter of £ over U that satisfies the condition
(4.37). If we take y := ——z in (4.37) and use (2.1), then we can induce the
condition (4.36) and so (f, L) is a strong int-soft filter of £ over U. Let (f, L)
be an int-soft filter of £ over U that satisfies the condition (4.38). Taking y := -~
in (4.38) and using (2.1) induces the condition (4.36). Hence (f, L) is a strong
int-soft filter of £ over U.
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We investigate relationship between a divisible int-soft filter and a strong int-
soft filter.

Theorem 4.16. Every divisible int-soft filter is a strong int-soft filter.

Proof. Let ( 1, L) be a divisible int-soft filter of £ over U. If we put z := ——x
and y := x in (4.22), then we have

fl(mz A ) = (-me @ (--x — @) = f(1). (4.41)
Using (2.5) and (2.4), we get

(zAz) = (2@ (- —2) < (2 (- = x)) =5 (-x Ax)
< (0 @~ ® (= > 2)) = (=2 & (e A7)
< (2 & =(mw A2) S~ @ (= @ (= 2)))

for all x € L. It follows from (4.41) and (2.18) that

F) = f((maenz) = (=@ (- = @)

~ (4.42)
C f(n(~mz ® (= A ) = (=2 ® ~(+mw © (+=z — 7)),

Combining (4.42) with (2.19), we have
fE(e@a(mma Ar)) = ~(cme @ ~(-me @ (-mw = 2)) = f(1) (443)
for all x € L. Using (2.2), (2.10), (2.12) and (2.11), we get

(@ (- Az)) = — (- A )
> —=(x — (0—z A )
=-=(x = (z A —x))

and so ~(——z ® ~(—-—z Az)) =1 for all z € L. It follows from (4.43) and (2.20)
that

=7 ® (- @ (mz = 1))

‘U /-\l

=(
f(o(mz @ (== Az)) = = (2 @ ~(——z ® (~—z — 2))))N
Ff(o (= @ ~(~z A )))

Il
ey

(1)

and so that

FQ) = f(=(-mz @ ~(—me © (e = 2))))

/ (4.44)
= f(ﬁ(ﬁﬁa? ® (ﬁﬁx — ﬁ(ﬁﬁ-’lj — .T))))
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Taking x := —-—z and y := =(——z — z) in (4.22) induces

F) = f(mmae A(mmw = 7)) = (me @ (-mx = ~(-—e — 1))

C F(~(mz ® (~—a = (=2 — 2))) = (-2 A =~(~z — @)))

by using (2.3) and (2.18). Thus

fE(E2® (7 — ~(-x — z))) = (- Az — x))) = f(l) (4.45)

Since =(——x — z) < =~z for all x € L, it follows from (2.19), (2.20), (4.44) and
(4.45) that

F) = frema A= = 2)) = flom(ma = @)

for all x € L. Therefore ( 1, L) is a strong int-soft filter of £ over U. O

Corollary 4.17. If an int-soft filter (f, L) of L over U satisfies one of conditions

(4.28), (4.29), (4.31), (4.32), (4.33) and (4.34), then f is a strong int-soft filter of
L over U.

The following example shows that the converse of Theorem 4.16 may not be
true in general.

Example 4.18. The strong int-soft filter f of £ over U which is given in Example
4.14 is not a divisible int-soft filter of £ over U since

fllane) = (@®(a— o)) = fla) # f(1).

5 Conclusions

We have considered the soft set theoretical approach to residuated lattices. We
have discussed (filteristic) soft residuated lattices We have defined divisible int-
soft filters and strong int-soft filters, and have investigated related properties. We
have discussed characterizations of a divisible and strong int-soft filter, and have
provided conditions for an int-soft filter to be divisible. We have establish relations
between a divisible int-soft filter and a strong int-soft filter. In a forthcoming pa-
per, we will study the int-soft version of n-contractive filters in residuated lattices,
and apply the results to the another type filters in residuated lattices.
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