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Prime ordered k-bi-ideals in ordered semirings
Permpoon Senarat and Bundit Pibaljommee

Abstract. Various types of ordered k-bi-ideals of ordered semirings are investigated. Several

characterizations of ordered k-bi-idempotent semirings are presented.

1. Introduction

The notion of a semiring was introduced by Vandiver [8] as a generalization of a
ring. Gan and Jiang [2] investigated an ordered semiring with zero and introduced
several notions, for example, ordered ideals, minimal ideals and maximal ideals of
an ordered semiring. Han, Kim and Neggers [3] investigated properties orders in a
semiring. Henriksen [4] defined more restrict class of ideals in semiring known as
k-ideals. Several characterizations of k-ideals of a semiring were obtained by Sen
and Adhikari in [6, 7]. In [1], Akram and Dudek studied properties of intuinistic
fuzzy left k-ideals of semirings. An ordered k-ideal in an ordered semiring was
characterized by Patchakhieo and Pibaljommee [5].

In this paper, we introduce the notion of an ordered k-bi-ideal, a prime or-
dered k-bi-ideal, a strongly prime ordered k-bi-ideal, an irreducible and a strongly
irreducible ordered k-bi-ideals of an ordered semiring. We introduce the concept
of an ordered k-bi-idempotent semiring and characterize it using prime, strongly
prime, irreducible and strongly irreducible ordered k-bi-ideals.

2. Preliminaries

A semiring is a triplet (S, +, ) consisting of a nonempty set S and two operations
+ (addition) and - (multiplication) such that (S, +) is a commutative semigroup,
(S,-) is a semigroup and a- (b+c¢)=a-b+a-cand (a+b)-c=a-c+b-cfor all
a,b,ce S.

A semiring (5, +, -) is called a commutative if (S, -) is a commutative semigroup.
An element 0 € S is called a zero elementif a+0=0+a=aand a-0=0=0-a.

A nonempty subset A of a semiring (5, +, ) is called a left (right) ideal of S if
x+y e Aforall z,y € Aand SAC A (AS C A). We call A an ideal of S if it
is both a left and a right ideal of S. A subsemiring B of a semiring S is called a
bi-ideal of S if BSB C B.
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Let (S,<) be a partially ordered set. Then (S,+,-,<) is called an ordered
semiring if (S, +,-) is a semiring and the relation < is compatible with the opera-
tions + and -, i.e.,if a < b,thena+x < b+z,x+a < z+0b, axr < br and za < xb
for all a,b,z € S.

Let (S,+,-,<) be an ordered semiring. For nonempty subsets A, B of S and
a € S, we denote

(Al ={z €S|z <aforsomeac A},
AB={zye S|z € Ay € B},

YA= {Z a; € S|a; € Aand I is a finite subset of N},
icl
YAB = {Z a;b; € S| a; € A,b; € B and [ is a finite subset of N} and
iel
Na = {na € S| n e N}.

Instead of writing an ordered semiring (S, +, -, <), we simply denote S as an
ordered semiring.

A left (right) ideal A of an ordered semiring S is called a left (right) ordered
ideal of S if for any = < a for some a € A implies z € A. We call A an ordered
ideal if it is both a left and a right ordered ideal of S.

A left (right) ordered ideal of A of a semiring S is called a left (right) ordered
k-ideal of S if z + a = b for some a,b € A implies x € A. We call A an ordered
k-ideal of S if it is both a left and a right ordered k-ideal of S.

The k-closure of a nonempty subset A of an ordered semiring S is defined by

A={zxeS|Ja, be A z+a<b}
Now, we recall the results concerning to the k-closure given in [5].

Lemma 2.1. Let S be an ordered semiring and A, B be nonempty subsets of S.
(i) (4] < (4].
(ii) If AC B, then A C B.

(iii) (A]B C (AB] and A(B] C (AB]. O

Lemma 2.2. Let A be a nonempty subset of an ordered semiring S. If A is closed
under addition, then (A] and (A] are also closed. O

Lemma 2.3. Let S be an ordered semiring and A, B be nonempty subsets of S
with A+ AC A and B+ B C B. Then

(i) AC (Al CAC AL
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(SB) C SAB and (SA)B C SAB. O

Lemma 2.4. Let S be an ordered semiring and A be a nonempty subset of S with

A+ ACA. Then ((A]] = (A]. O

Theorem 2.5. Let S be an ordered semiring and A be a left ideal (resp. right
ideal, ideal). Then the following conditions are equivalent:

(1) A is a left ordered k-ideal (resp. right ordered k- ideal, ordered k-ideal) of S;
(7i) if x € S,x 4+ a < b for some a,b € A, then x € A;
(ii)) A= A. O
Theorem 2.6. Let S be an ordered semiring and A be a nonempty subset of S.
If A is a left ideal (resp. right ideal, ideal), then (A] is the smallest left ordered
k-ideal (resp. right ordered k-ideal, ordered k-ideal) containing A. [

From Theorem 2.6, we have A is an ordered k-ideal if and only if (4] = A.

Theorem 2.7. Let S be an ordered semiring. If the intersection of a family of left
ordered k-ideals (resp. right ordered k-ideal, ordered k-ideal) is not empty, then it
is a left ordered k-ideal (resp. right ordered k-ideal, ordered k-ideal).

For a nonempty subset A of an ordered semiring S, we denote by Li(A), Ri(A)
and My (A) the smallest left ordered k-ideal, the smallest right ordered k-ideal and
the smallest ordered k-ideal of S containing A, respectively. For any a € S, we
denote Li(a) = Liy({a}), Rr(a) = Rx({a}) and My (a) = My ({a}).

Theorem 2.8. Let S be an ordered semiring and a € S. Then
(i) Lp(A) = (ZA+ XS A];
(i4) Ri(A) = (ZA+XAS);

(7i1) My(a) = (BA+XSA+XTAS + ESAS]. O
Corollary 2.9. Let S be an ordered semiring and a € S. Then

(1) Li(a) = (Na + Sal;

(ii) Ri(a) = (Na + aSJ;

(113) My(a) = (Na+ Sa+ Sa + XSaS]. O
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3. Prime ordered k-bi-ideals

First, we begin with the definition of an ordered k-bi-ideal of an ordered semiring
and give some concepts in ordered semirings that we need in this section.

Definition 3.1. An ordered subsemiring B of an ordered semiring S is said to be
an ordered k-bi-ideal of S if

(i) BSB C B;
(i¢) if x € S, a4+ = b for some a,b € B, then z € B;
(791) if z € S, x < b for some b € B, then = € B.

We note that every right ordered k-ideal or left ordered k-ideal is an ordered
k-bi-ideal of S.

Example 3.2. Let S ={A,B,C,D,E,F}, where A = gg ,B = {Ql)} g} ,
[ ], [0] o[ ] p_ [

o= |5 o= [a) o= [0 5] P = L i) _

We defined operations + and - on S by letting U = {Z; Zi , V= Z; Zﬂ

_ CL1Ub1 CLQUbQ
U+V_ |:a3Ubg a4Ub4] and
U.vV = (alﬁbl)U(agﬂbg,) (G,l ﬂbg)U(angM)
(a3 n bl) @] (CL4 N bg) (0,3 N bg) @] (a4 n b4) ’

The tables of both operations are shown as follows.

and

HEO QW+
MmO QW
DO QWRWw
MEEmQQQQ
blvlviclvlvllw
BRGEGRuRGHG] )
BT B B e o e
s s N N S N N S
QAW QAW
QA AQAWEQ
BECECES RN )
R ECR RS ey
BRLESR RS e

MO QWm -

We defined a partially ordered relation < on L by
U < V if and only if aq Q bl, ag g bg, as Q bg and a4 Q b4.

Then A BKCKESF and A BKD<KEKLF.

We can see that (S, +, -, <) is an ordered semiring and T' = {A} is its ordered
k-ideal, Y = {A, B,C} is a left ordered k-ideal but not a right ordered k-ideal,
Z = {A,B, D} is a right ordered k-ideal but not a left ordered k-ideal and X =
{A, B} is an ordered k-bi-ideal but not a left or a right ordered k-ideal.
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Theorem 3.3. Let B be a bi-ideal of an ordered semiring S. Then the following
statements are equivalent.

(i) B is an ordered k-bi-ideal of S.
(i7) If a+x < b for some a,b € B, then z € B.
(iii) B = B.
Proof. (i) = (ii): Let B be an ordered k-bi-ideal of S. If x + a < b for some
a,b € B and x € S. Then x + a € B. It follows that there exists p € B such that
r + a = p. By assumption, z € B.
(i) = (iii): Let » € B. Then there exist a,b € B such that x + a < b. By
assumption, we have € B. Thus, B = B.
(4ii) = (i): Assume that B = B. Let z € S such that z + a = b for some

a,b € B. Then z € B. By assumption, we have x € B. By Lemma 2.3(i),
(B] C B = B. Altogether, B is an ordered k-bi-ideal of S. O

Theorem 3.4. Let B be a bi-ideal of an ordered semiring S. Then (B] is the
smallest ordered k-bi-ideal of S containing B.

Proof. 1t is clear that B C (B]. By Lemma 2.2, (B] is closed under addition. By

Lemma 2.1(i47) and Lemma 2.4, we have (B] (B] C ((B]B].C ((BB]] C ((B]] =

(B]. By Lemma 2.1(iii), (B]S(B] C (XBSB] C (B]. Thus, (B] is a bi-ideal of S.

By Lemma 2.3(ii), we have (B] = (B]. By Theorem 3.3, (B] is an ordered k-bi-
ideal of S. Let K be an ordered k-bi-ideal of S containing B. Then (B] C (K] = K

and (B] C K = K. Then (B] is the smallest ordered k-bi-ideal of S containing
B. O

Corollary 3.5. A bi-ideal B of an ordered semiring S is an ordered k-bi-ideal if

and only if (B] = B. O

Theorem 3.6. If intersection of a family of ordered k-bi-ideals of an ordered
semiring S is not empty, then it is an ordered k-bi-ideal of S. O

Definition 3.7. An ordered k-bi-ideal B of S is called a semiprime ordered k-bi-
ideal if (¥ A2] C B implies A C B for any ordered k-bi-ideal A of S.

Definition 3.8. An ordered k-bi-ideal B of S is called a prime ordered k-bi-ideal
if (XAC] C B implies A C B or C C B for any ordered k-bi-ideal A, C' of S.

Definition 3.9. An ordered k-bi-ideal B of S is called a strongly prime ordered k-
bi-ideal if (XACIN(EZCA] C B implies A C B or C C B for any ordered k-bi-ideal
A, Cof S.

Obviously, every strongly prime ordered k-bi-ideal of S is a prime ordered k-
bi-ideal and every prime ordered k-bi-ideal of S is a semiprime ordered k-bi-ideal.

The following example shows that every prime ordered k-bi-ideal need not to
be a strongly prime ordered k-bi-ideal.
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Example 3.10. Let S = {a,b,c}. We define operations + and - on S as the
following tables.

and

We defined a partially ordered relation < on S by <:= {(a,a), (b,b), (¢, ), (a,b)}.
We can show that (.5, 4+, -, <) is an ordered semiring and {a}, {a, b}, {a,c} and S
are all ordered k-bi-ideals of S. Now, we have {a} is prime but not strongly prime,

since (X{a,b}{a,c}| N (Z{a,c}{a,b}] = {a} but {a,b} € {a} and {a,c} € {a}.

Example 3.11. Let S = {a,b,¢,d,e, f}. We define operations + and - on S as
the following tables.

+la b ¢ d e f a b ¢ d e f
ala b ¢ d e f ala a a a a a
b|lb b ¢ d e f bla a a b b c
clec ¢ ¢ e e f and cla b ¢ b ¢ c
dld d e d e f dla a a d d f
ele e e e e f ela b ¢ d e f
fir r r 5 frf fla d f d [ f
We defined a partially ordered relation < on S by

<:={(a,a),(b,b), (c, ), (d,d), (e,e), (f, f), (a,b), (a, ), (a,d), (a,e),
(b,¢), (b,d), (b,e), (c,e),(d,e)}.

The sets T = {a}, X ={a,b},Y = {a,b,c},Z = {a,b,d} and S are all ordered
k-bi-ideals of S. We find that Y, Z and S are strongly prime ordered k-bi-ideals, X
is a semiprime ordered k-bi-ideal but not prime and 7" is not a semiprime ordered
k-bi-ideal.

Definition 3.12. An ordered k-bi-ideal B of S is called an irreducible ordered
k-bi-ideal if for any ordered k-bi-ideal A and C of S, ANC = B implies A = B or
C =B.

Definition 3.13. An ordered k-bi-ideal B of S is called a strongly irreducible
ordered k-bi-ideal if for any ordered k-bi-ideal A and C of S, AN C C B implies
ACBor CCB.

It is clear that every strongly irreducible ordered k-bi-ideal of S is an irreducible
ordered k-bi-ideal of S.

Theorem 3.14. If intersection of any family of prime ordered k-bi-ideals (or

semiprime ordered k-bi-ideals) of S is not empty, then it is a semiprime ordered
k-bi-ideal.
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Proof. Let {K; | i € I} be a family of prime ordered k-bi-ideals of S. Assume that
N K; # 0. For any ordered k-bi-ideal B of S, (¥B?] C () K, implies (X¥B?] C K,

iel il

for all ¢ € I. Since K; are prime ordered k-bi-ideals, B C K; for all i € I. Hence,

B C ) K;. Thus, () K; is semiprime. O
iel icl

Theorem 3.15. If B is a strongly irreducible and semiprime ordered k-bi-ideal of
an ordered semiring S, then B is a strongly prime ordered k-bi-ideal of S.

Proof. Let B be a strongly irreducible and semiprime ordered k-bi-ideal of S. Let
(XACIN(ECA] C B for any ordered k-bi-ideals A and C of S. Since (X(A N C)?] C
(XAC) and (B(ANC)?] C (BCA]. We have (X(ANC)?) C (BACIN(ECA]. Since
ANC is an ordered k-bi-ideal and B is a semiprime ordered k-bi-ideal, ANC C B.
Since B is a strongly irreducible ordered k-bi-ideal, A C B or C C B. Thus, B is
a strongly prime ordered k-bi-ideal of S. O

Theorem 3.16. If B is an ordered k-bi-ideal of an ordered semiring S and a € S
such that a € B, then there exists an irreducible ordered k-bi-ideal I of S such that
BCIlanda¢l.

Proof. Let K be the set of all ordered k-bi-ideals of S containing B but not con-
taining a. Then K is a nonempty set, since B € K. Clearly, I is a partially ordered
set under the inclusion of sets. Let 7 be a chain subset of K. Then UH € K. By
Zorn’s Lemma, there exists a maximal element in . Let I be a maximal element
in L. Let A and C' be any two ordered k-bi-ideals of S such that AN C = I.
Suppose that I € A and I C C. Since I is a maximal element in X, we have a € A
and a € C. Then a € AN C = I which is a contradiction. Thus, C =1 or A =1.
Therefore, I is an irreducible ordered k-bi-ideal. O

Theorem 3.17. A prime ordered k-bi-ideal B of an ordered semiring S is a prime
one sided ordered k-ideal of S.

Proof. Let B be a prime ordered k-bi-ideal of S. Suppose B is not a one sided
ordered k-ideal of S. It follows (BS| € B and (BS] € B. Then (¥BS] € B and

(X5B] ¢ B. Since B is a prime ordered k-bi-ideal, (X(XBS] (XSB|] ¢ B. By
Lemma 2.3(v),

(2(XBS] (£SB]] C ¥E(BS)(XSB)]] C EX(XBSSB)]]
C %(XBSSB)]] € £(XB)]] C (£B] = B.

This is a contradiction. Therefore, (XBS] C B or (8SB] C B. Thus, B is a prime
one sided ordered k-ideal of S. O

Theorem 3.18. Let B be an ordered k-bi-ideal of an ordered semiring S. Then
B is prime if and only if for a right ordered k-ideal R and a left ordered k-ideal L
of S, (XRL] C B implies RC B or L C B.
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Proof. Assume that B is a prime ordered k-bi-ideal of S. Let R be a right ordered
k-ideal and L be a left ordered k-ideal of S such that (XRL] C B. Since R
and L are ordered k-bi-ideals of S, R C B or L C B. Conversely, let A and
C be any two ordered k-bi-ideals of S such that (XAC] C B. Suppose that
C ¢ B. Leta € Aand ¢ € C\B. Then (Na+aS] C A and (Ne+ Sc] C C. We
have (X(Na + aS] (Ne+ S]] C (XAC] C B. By assumption, (Na + aS] C B or
(Ne+ Se] € B. But (Ne+ Sc] € B implies that (Na + aS] € B. Then a € B.
Thus, A C B and B is a prime ordered k-bi-ideal of S. O

4. Fully ordered k-bi-idempotent semirings

In this section, we assume that S is an ordered semiring with zero.

Definition 4.1. An ordered semiring S is said to be fully ordered k-bi-idempotent
it (XB?] = B for any ordered k-bi-ideal B of S.

Example 4.2. The ordered semiring S defined in Example 3.2 is fully ordered
k-bi-idempotent. The ordered semiring S defined in Example 3.11 is not fully
ordered k-bi-idempotent, since (XX2] =T # X.

Theorem 4.3. Let S be an ordered semiring. Then the following statements are
equivalent.

(1) S is fully ordered k-bi-idempotent.

(1) ANC = (BAC| N (ECA] for any ordered k-bi-ideal A and C of S.

(#it) Each ordered k-bi-ideal of S is semiprime.

Proof. (i) = (i1): Assume that (¥B?] = B for any ordered k-bi-ideal B of S. Let
A and C be any two ordered k-bi-ideals of S. By Theorem 3.6, ANC'is an ordered
k-bi-ideal of S. By assumption, ANC = (Z(ANC)?] = (Z(ANC)ANC)] C
(XAC). Similarly, we get AN C C (XCA]. Therefore, ANC C (XAC] N (ZCA].
Since Y AC is closed under addition, by Lemma 2.2, (X AC] is also closed under

addition. By Lemma 2.3(vi),
(BAC)(XAC) C ZACAC C XASAC C ZAC.

Then X AC is an ordered subsemiring of S. By Lemma 2.3(vi),
(ZAC)S(ZAC) C (ZACS)(ZAC) CXACSAC CXASSAC C XASAC C X AC.

Thus, ¥ AC is a bi-ideal of S. By Theorem 3.4, (X AC] is an ordered k-bi-ideal of
S. Similarly, (8CA] is an ordered k-bi-ideal. By Theorem 3.6, (SAC] N (2CA] is
an ordered k-bi-ideal of S. By assumption, Lemma 2.3(v), (vi) and Lemma 2.4,
we have
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(ZAC] N (BCA] = (2((ZAC] N (BCA])((RAC] N (CA))]
C (R(SAC] (BCA]| C (S(ZACCA]] C (S(SASA]| C A.

Similarly, we can show that (ZAC|N(2CA] C C. Thus, (XACIN(ECA
Hence, (XACIN (ZCA]=ANC.

(#4) = (791): Let B be an ordered k-bi-ideal of S. Suppose that (3A42] C B for
any ordered k-bi-ideal A of S. By assumption, we have A = AN A = (ZAA]N
(XAA] = (XAA] C B. Hence, B is semiprime.

(#9i) = (i): Let B be an ordered k-bi-ideal of S. Since (X£B?] is an ordered
k-bi-ideal, by assumption, (XB?] is semiprime. Since (X¥B?] C (¥B?], B C (¥B?2].
Clearly, (XB2] C B. This shows that S is ordered k-bi-idempotent. O

CANC.

Theorem 4.4. Let S be a fully ordered k-bi-idempotent semiring and B be an
ordered k-bi-ideal of S. Then B is strongly irreducible if and only if B is strongly
prime.

Proof. Assume that B is strongly irreducible. Let A and C be any two ordered k-
bi-ideals of S such that (XAC|N (ECA] C B. By Theorem 4.3, (XAC|N (ECA] =
ANC. Hence, ANC C B. By assumption, we have A C B or C C B. Thus, B
is a strongly prime ordered k-bi-ideal of S. Conversely, assume that B is strongly
prime. Let A and C' be any two ordered k-bi-ideals of S such that ANC C B. By
Theorem 4.3, (SAC| N (XCA] = AnC C B. By assumption, we have A C B or
C C B. Thus, B is a strongly irreducible ordered k-bi-ideal of S. O

Theorem 4.5. Every ordered k-bi-ideal of an ordered semiring S is a strongly
prime ordered k-bi-ideal if and only if S is a fully ordered k-bi-idempotent semiring
and the set of all ordered k-bi-ideals of S is totally ordered.

Proof. Assume that every ordered k-bi-ideal of S is strongly prime. Then every
ordered k-bi-ideal of S is semiprime. By Theorem 4.3, S is a fully ordered k-
bi-idempotent semiring. Let A and C' be any two ordered k-bi-ideals of S. By
Theorem 3.6, A N C is an ordered k-bi-ideal of S. By assumption, AN C is a
strongly prime ordered k-bi-ideal of S. By Theorem 4.3, (X AC]N(XCA] = ANC.
Then A C ANC or C C ANC. Therefore, A= ANC or C = ANC. Thus,
A C Cor C C A. Conversely, assume that S is a fully ordered k-bi-idempotent
semiring and the set of all ordered k-bi-ideals of S is a totally ordered set. Let B
be any ordered k-bi-ideal of S. Let A and C be any two ordered k-bi-ideals of S
such that (XAC] N (XCA] C B. By Theorem 4.3, ANC = (XAC] N (XCA] C B.
By assumption, A C C or C C A. Hence, ANC =Aor ANC =C. Thus, AC B
or C' C B. Therefore, B is a strongly prime ordered k-bi-ideal of S. O

Since every strongly prime ordered k-bi-ideal is a prime ordered k-bi-ideal and
by Theorem 4.3 and 4.5, we have the following corollary.
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Corollary 4.6. Let the set of all ordered k-bi-ideals of S be a totally ordered set
under inclusion of sets. Then every ordered k-bi-ideal of S is strongly prime if and
only if every ordered k-bi-ideal of S is prime. O

Theorem 4.7. If the set of all ordered k-bi-ideals of an ordered semiring S is a
totally ordered set under inclusion of sets, then S is a fully ordered k-bi-idempotent
if and only if each ordered k-bi-ideal of S is prime.

Proof. Assume that S is a fully ordered k-bi-idempotent semiring. Let B be
any ordered k-bi-ideal of S and A, C be any two ordered k-bi-ideals of S such
that (XAC] C B. By assumption, we have A C C or C C A. Without loss of
generality, suppose that A C C. Then A = (XAA] C (XAC] C B. Hence, Bis a
prime ordered k-bi-ideal of S. Conversely, assume that every ordered k-bi-ideal of
S is prime. Then every ordered k-bi-ideal of S is semiprime. By Theorem 4.3, .S
is a fully ordered k-bi-idempotent semiring. O

Theorem 4.8. If S is a fully ordered k-bi-idempotent semiring and B is a strongly
irreducible ordered k-bi-ideal of S, then B is a prime ordered k-bi-ideal.

Proof. Let B be a strongly irreducible ordered k-bi-ideal of a fully ordered k-bi-
idempotent semiring S. Let A and C be any two ordered k-bi-ideals of S such
that (XAC] C B. Since AN C is also an ordered k-bi-ideal of S. By assumption,
(B(ANC)?] = AnC. Consider ANC = (Z(ANC)?] = (Z(ANC)ANC)] C
(3(AC] C B. Since B is a strongly irreducible ordered k-bi-ideal of S, A C B or
C' C B. Hence, B is a prime ordered k-bi-ideal of S. O

5. Right ordered k-weakly regular semirings

First, we recall the definition of a right ordered k-weakly regular semiring and
some of its properties given by Patchakhieo and Pibaljommee [5] which we need
to use in this section. Then we give characterizations of right ordered k-weakly
regular semirings using ordered k-bi-ideals.

An ordered semiring S is said to be a right ordered k-weakly regular semiring

ifae (X(aS)?] forallaecs.

Theorem 5.1. Let S be an ordered semiring. Then the following statements are
equivalent.

(i) S is a right ordered k-weakly regular.

(i1) (XA2) = A for every right ordered k-ideal A of S.

(iit) ANI = (XAI] for every right ordered k-ideal A of S and every ordered
k-ideal I of S. 0

Theorem 5.2. An ordered semiring S is right ordered k-weakly regular if and
only if BN I C (XBI] for any ordered k-bi-ideal B and ordered k-ideal I of S.
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Proof. Let S be a right ordered k-weakly regular semiring, B be an ordered k-bi-
ideal and I be an ordered k-ideal of S. Let a € BNI. By Lemma 2.1(74¢), Lemma
2.3(v) and Lemma 2.4, we have

a € (2(a9)7] = (5(a9)(a9)] < (S(aS)((a9)(a9)]s] < (Z((aS)(=(aS)(as))S]]
C (Z(Z(a5a)(SaSS)]| < (Z(BSB)(SIS)]| < ((ZBI]] = (SBI).

Therefore, BN I C (XBI].

Conversely, assume that BNI C (XBI] for any ordered k-bi-ideal B and ordered
k-ideal I of S. Let R be a right ordered k-ideal of S. Then R is an ordered k-
bi-ideal of S. By assumption, Lemma 2.8, Lemma 2.1(4i7), Lemma 2.3(vi) and
Lemma 2.4, we have

R = RN M(R)
C (XRMy(R)] = (SR(ER + “RS + SR + ©SRS]]

C (X(ZR? + ©R2S + “RSR + SRSRS]|
C SR+ SR + SR? + SR
= (ZR2.

Then R = (XR?]. Thus, by Theorem 5.1, S is a right ordered k-weakly regular
semiring. O

Theorem 5.3. An ordered semiring S is right ordered k-weakly regular if and
only if BNINR C (XBIR] for any ordered k-bi-ideal B, ordered k-ideal I and
right ordered k-ideal R of S.

Proof. Let S be a right ordered k-weakly regular semiring, B be an ordered k-
bi-ideal, I be an ordered k-ideal and R be a right ordered k-ideal of S. Let
a € BNINR. By assumption, Lemma 2.1(¢i¢), Lemma 2.3(vi) and Lemma 2.4,
we have

a € (2(a9)7] = (5(aS)(a9)] < (S(aS)((aS)(aS)]S]

C (X(Xa(SaS)(aS)]] € (EBIR]] = (XBIR].
Therefore, BNINR C (XBIR].

Conversely, assume that BN I N R C (XBIR)] for any ordered k-bi-ideal B,
ordered k-ideal I and right ordered k-ideal R of S. Since R is an ordered k-bi-
ideal of S and S is also an ordered k-ideal of S. By assumption, R= RNSNR C
(XRSR] C (XR?. Therefore, R = (XR?]. By Theorem 5.1, S is right ordered
k-weakly regular. O
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