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On some generalized ideals in ternary semigroups

Mohammad Yahya Abbasi and Sabahat Ali Khan

Abstract. We characterize the relationship between minimal m-right, minimal (p, ¢)-lateral,
minimal n-left ideal and m-right simple, (p, ¢)-lateral simple, n-left simple ternary semigroups.
Further, some existing results of regular ternary semigroups are studied.

1. Preliminaries

The idea of invesigation of n-ary algebras i.e., the sets with one n-ary operation
was given by Kasner [5]. Investigation of ideals in ternary semigroup was initiated
by Sioson [8]. He also defined regular ternary semigroups.

A non-empty set S with a ternary operation S x S x S — S, written as
(x1,x2,23) — [x1, T2, 23], is called a ternary semigroup if it satisfies the following
identity, for any x1, zs2, x3, 4,25 € S,

[[T122x3)Ts5] = |21 [X22324]25] = [[T122[232475]].

For any positive integers m and n with m < n and any elements z, zo, ..., Ton41
of a ternary semigroup, we can write

[1‘1552 cee x2n+1] = [xl'IQ cee ~Hzmxm—&-l$77L+2]xm+3x7n+4] e x2n+1]-

Example 1.1. [1] The set

G D000 )6}

is a ternary semigroup under matrix multiplication.

Definition 1.2. A non-empty subset I of a ternary semigroup S is called:
a left ideal of S if SSI C 1,

a lateral ideal of S if SIS C I,

a right ideal of S if 1SS C I,

a two-sided ideal if it is left and right ideal of S,

an ideal of S if I is a left, right and lateral ideal of S.

An ideal I of a ternary semigroup S is called proper if I # S and idempotent
if 111 =1.
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Proposition 1.3. Let S be a ternary semigroup and a € S. Then the principal
(1) left ideal generated by 'a’ is given by L(a) = SSa U {a}

2)
(3) lateral ideal generated 'a’ is given by M(a) = SaS U SSaSS U {a}

(4) ideal generated by 'a’ is given by I(a) = aSSU SaSUSSaSSUSSaU{a}.

Definition 1.4. An element a in a ternary semigroup S is called regular if there
exists an element = € S such that aza = a.

right ideal generated by 'a’ is given by R(a) = aSS U {a}

2. Main results

Definition 2.1. Let S be a ternary semigroup. Then a ternary subsemigroup
e R is called an m-right ideal of S if RS*™ C R.

e M is called a (p, q)-lateral ideal of S if (SPM ST U SPHLMSIHL) C M.

e L is called an n-left ideal of S if S?"L C L.

where m,n, p, q are positive integers and p + ¢ is an even positive integer.

S is called an m-right (resp. (p, ¢)-lateral, n-left) simpleif S is a unique m-right
(resp. (p, ¢)-lateral, n-left) ideal of S.

Example 2.2. Let S be a set of all strictly lower triangular matrices of order 6
over Zg , the set of all non-positive integers, i.e.,

S = {(aij)(;Xﬁ | Qij = 0 Zf 1< g and aij; € Za Zf 7> j}

Then S is a ternary semigroup under the usual multiplication of matrices over
Zy while S is not a semigroup under the same operation. It is easy to see that

Mgen ={(ai;) € S:as3 =a € Zy and a;; =0 otherwise}.
is a ternary subsemigroup of S and Mg, is a (3, 1)-lateral ideal of S. Now
SMyenS = {(aij) | as1, as2, a61, a62 € Zy and a;; = 0 otherwise} ¢ Myep,.
Therefore M., is not a lateral ideal of S.

Example 2.3. Let S be a set of all strictly upper triangular matrices of order 7
over Zg , i.e.,

S = {(aij)7><7 | Qij = 0 Zf =] and ai; € Za Zf 1< j}

Then S is a ternary semigroup under the usual multiplication of matrices over Z;
while S is not a semigroup under the same operation. Then it is easy to see that

M = {(a;;) € S|ass € Zy and a;; =0 otherwise}
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is a ternary subsemigroup of S and M is a (3, 3)-lateral ideal of S. Now

SMS = {(ai;j) € S|ae, a17, az, asz, ase, asr € Zy and a;; = 0 otherwise} ¢ M,
S2MS? U S MS? = {(aij) € S|arr,asr € Zy and a;j = 0 otherwise} ¢ M,
S3MS U S*MS? = {(ai;) € S|as,a17 € Zy and a;; = 0 otherwise} ¢ M.

Therefore M is not an (1, 1)-lateral, (2, 2)-lateral and (3, 1)-lateral ideal of S.

Remark 2.4. We know that for a right ideal R, a lateral ideal M and a left ideal
L of a ternary semigroup S, RML C RN M N L. But this result is not true
for an m-right ideal R, an (p, ¢)-lateral ideal M and an n-left ideal L of a ternary
semigroup S.

Lemma 2.5. Let S be a ternary semigroup.

(1) Let {R; =i € I} be a family of m-right ideals of S. Then (\,c; R; is also an
m-right ideal of S if (\;c; Ri # 0.

(2) Let {M; : i € I} be a family of (p,q)-lateral ideals of S. Then
a (p, q)-lateral ideal of S if (;c; M; # 0.

(3) Let {L; : i € I} be a family of n-left ideals of S. Then
ideal of S if (V;ey Li # 0.

Theorem 2.6. Let S be a ternary semigroup. Then

(1) Every m-right ideal is an (m+my)-right ideal of S, where m;y is a non-negative
integer.

ier M is also

i1 Li is also an n-left

(2) Every (p, q)-lateral ideal is a (p + p1,q + q1)-lateral ideal of S, where p1 and
q1 are non-negative integers and p1 + qq s even.

(3) Every n-left ideal is an (n + ny)-left ideal of S, where ny is a non-negative
integer.
Proof. (2). We have

SptpifQatar |y §p+pitlprgatai+l — gp+pi—2 )5 Ga+ai—2 | gp+pi—1}5gatqi—1
C...C SPHIMSIHLUSPMST C M,

if p1, ¢, are odd, and
Sptpi pfQeeatar y gpteitlprgatat+l - o~ gPAfSe |y SPHLIpfS9tY M,

if p1, ¢ are even.
Hence in all the two cases, M is a (p + p1,q + ¢1)-lateral ideal of S.
Proofs of (1) and (3) are similar. O

Corollary 2.7. Let S be a ternary semigroup and A be its ternary subsemigroup.
If A is a (p,q)-lateral ideal of S. Then, for any positive integer n:

(1) A will be an (np, nq)-lateral ideal of S.
(2) A will be a (p™,q™)-lateral ideal of S.
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Lemma 2.8. For any non-empty subset A of a ternary semigroup S
(1) AS?™ is an m-right ideal of S,

(2) SPASTU SPHLASIHL s a (p, q)-lateral ideal of S,

(3) S?"A is an n-left ideal of S.

Lemma 2.9. For any non-empty subset A of a ternary semigroup S

(1) (AUABUASU.. .UA?=1YUAS?™ js the smallest m-right ideal of S containing
A,

(2) (AUA3BUASU. . .UAPTI- L)y (SPTLASITLUSP ASY) is the smallest (p, q)-lateral
ideal of S containing A,

(3) (AUASUASU...UA" 1)U S?" A is the smallest n-left ideal of S containing
A,

where m,n,p,q are positive integers and p + q is an even positive integer.

Proof. (1). Let R = (U;~, A* 1)U AS?™ and z,y, z € R. Clearly A C R.

If 2,y,2 € U~ A?71, then zyz € A". So, xyz € J;-; A%~ for r < 2m — 1,
and we have zyz € AS?*™ for r > 2m — 1.

If z,y,2 € AS?", then obviously zyz € AS?™. Therefore R is a ternary
subsemigroup of S.

To show R is an m-right ideal of S. We have

Rs2m — 7": A2i71 UASQm SZm — 7’; A2i71 SZmU A52m S2m
=1 =1
C AS?™ C R.

Finally it remains to prove that R is the smallest m-right ideal of S containing A.
For this suppose that R; is an m-right ideal of S containing A. Then

R= (U, AP YU AS*™ C (UM, R URS*™ C RyUR, = Ry.

Hence R is the smallest m-right ideal of S containing A.

(2). Let M = (UL, A% U (SPAST) U SPTLASTTY), where p + g = 2m, and
x,y,z € M. Clearly A C M. Now we have following two cases:

CaASE 1: x,y,z € J;-; A?71, then zyz € A™. If n < p+ ¢ — 1, then we have
zyz € (UL, A% 1. If n>p+q—1, then zyz € (SPAST U SPH1ASTHL),

CASE 2: z,y,2 € SPASTU SPT1ASTHL. Then, as it is easy to show, xyz €
SPASTU SPHLASITL

Therefore M is a ternary subsemigroup of S. It is easy verify that M is a
(p, q)-lateral ideal of S.

Finally it remains to prove that M is the smallest (p,q)-lateral ideal of S
containing A. For this suppose that M; is a (p, g)-lateral ideal of S containing A.
Then

M = (PH T AT U (SPAST U SPHLASTTLY)

C (UM Mi U (SPM, ST U SPHM, StY)) C M.
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Hence M is the smallest (p, ¢)-lateral ideal of S containing A.
The proof of (3) is analogous. O

Furthermore, for any a € S we have:

R(a) = aS?*™ U{a,a3,a’,...,a®™ 1} is an m-right ideal generated by a;

M(a) = (SPT1aST+L U SPaST) U {a,a®,a’,...,aPT97 1} is a (p, ¢)-lateral ideal
generated by a;

L(a) = S?>"aU{a,a®,a®, ... ,a® 1} is an n-left ideal generated by a.

Theorem 2.10. Let A and B be ternary subsemigroups of S such that A C B
and B3 = B. If A is a (p,q)-lateral ideal of S, then it is a lateral ideal of B.

Proof. Suppose A and B are two ternary subsemigroups of S such that A C B and
B? = B. If Ais an (p, ¢)-lateral ideal of S, then SPT1AS9T1 U SPASI C A. Now
we have BABU B?AB? = BAB®> UB3>BABB? or B>ABU B>*BABB3. Proceed
in this way, we get BAB U B2AB? = BPABY U BPt'ABIt!. Now

BAB U B?AB? = BPABY U BPT1ABIt! C SPAS7 U SPTLASITL C A.
This shows that A is a lateral ideal of B. O

Corollary 2.11. If S is a ternary semigroup such that S = S, then every its
(p, q)-lateral ideal is its lateral ideal.

Corollary 2.12. An idempotent (p,q)-lateral ideal of a ternary semigroup S is
its lateral ideal.

Theorem 2.13. Let S be a ternary semigroup. Then:

(1) An m-right ideal R is minimal if and only if aS*™ = R for all a € R.

(2) A (p,q)-lateral ideal M is minimal if and only if (SPaS9U SPH1aS9H) = M
for alla € M.

(3) An n-left ideal L is minimal if and only if S*"a = L for all a € L.

Proof. (2) Suppose that a (p, g)-lateral ideal M is minimal. Let a € M. Then
SPaST U SPTeSett C SPM ST U SPHIM ST C M. By Lemma 2.8(2), we have
SPaSe U SPH1aSetl is a (p, q)-lateral ideal of S. As M is minimal (p, ¢)-lateral
ideal of S therefore SPaS? U SPH1a St = M.

Conversely, suppose that SPaS? U SP+1qS9t = M for all a € M. Let M’
be a (p, g)-lateral ideal of S contained in M. Let m € M'. Then m € M. By
assumption, we have SPmS? U SPHimSatl = M for all m € M. Now M =
SPmSe U SPHimSett € SPM' S U SPHIM ST C M. This implies M C M.
Thus, M = M'. Hence, M is a minimal (p, q)-lateral ideal of S.

Proofs of (1) and (3) are similar. O
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Theorem 2.14. Let S be a ternary semigroup. Then:
(1) S is an m-right simple if and only if aS*™ = S for alla € S.

(2) S is a (p,q)-lateral simple if and only if SPaS? U SPT1aSitL = S for all
a€Ss.

(3) S is an n-left simple if and only if S*"a =S for alla € S.

Proof. (2) Assume that S is a (p, ¢)-lateral simple, we have that S is a minimal
(p, q)-lateral ideal of S. By the Theorem 2.13(2), SPaS9 U SPT1aS9t1 = S for all
a€sb.

Conversely, suppose that SPaS? U SPT1aS%*t!t = § for all a € S. By the
Theorem 2.13(2), S is a minimal (p, ¢)-lateral ideal of S, and therefore S is a
(p, q)-lateral simple.

Proofs of (1) and (3) are analogous. O

Lemma 2.15. If R is an m-right ideal of S and T is a ternary subsemigroup of
S and if T is an m-right simple such that TN R # 0, then T C R.

Proof. Assume that T is an m-right simple such that TN R # 0. Let a € TN R.
By Lemma 2.8, we have aZ7?™ N T is an m-right ideal of T. This implies that
aT?*NT =T. Hence T C aT?™ C RS> C R, 50 T C R. O

Lemma 2.16. If M is a (p,q)-lateral ideal of S and T is a ternary subsemigroup
of S and if T is a (p,q)-lateral simple such that TN M # (), then T C M.

Proof. Proof is similar to the Lemma 2.15. O

Lemma 2.17. If L is an n-left ideal of S and T is a ternary subsemigroup of S
and if T is an n-left simple such that TN L # 0, then T C L.

Proof. Proof is similar to the Lemma 2.15. 0
Theorem 2.18. Let S be a ternary semigroup. Then:

(1) If an m-right ideal R of S is an m-right simple ternary semigroup, then R
is a minimal m-right ideal of S.

(2) If a (p,q)-lateral ideal M of a ternary semigroup S is a (p, q)-lateral simple
ternary semigroup, then M is a minimal (p, q)-lateral ideal of S.

(3) If an n-left ideal L of a ternary semigroup S is an n-left simple ternary
semigroup, then L is a minimal n-left ideal of S.

Proof. (2) Assume that M is a (p, q)-lateral simple. Let A be a (p, ¢)-lateral ideal
of S such that A € M. Then ANM # (), it follows from Lemma 2.16, that M C A.
Hence A = M, so M is a minimal (p, ¢)-lateral ideal of S.

(1) and (3) can be proved analogously. O
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Theorem 2.19. Let S be a regular ternary semigroup. Then:
(1) Every m-right ideal is a right ideal.
(2) Ewvery (p,q)-lateral ideal is a lateral ideal.
(3) Every n-left ideal is a left ideal.

Proof. (2) Let M be a (p, q)-lateral ideal of S and a € SMS U SSMSS. Then
there exists 1, 2,23, 24,25,26 € S and mqi,my € M such that a = x1mixs
or a = T3TysmoxsTg. Since S is regular, for any mqi,mo € M there exists
x7,r8 € S such that m; = mixymy or mg = maoxgms. Hence a = zymizrmizs
Or a4 = T3T4MoTsMeTsxs. Therefore a € SMSMS C S3MS ora € S2MSMS? C
S4MS?. Thus, by the property of regularity, we see that a € SPMS? or a €
SPHLAISIFY implies a € SPM ST U SPHLMSIHL, As M is a (p, ¢)-lateral ideal, it
implies @ € SPMS? U SPTIN ST C M. Therefore SMS U S?2MS? C M and
hence M is a lateral ideal of S.

Proofs of (1) and (3) are similar. O

Theorem 2.20. If a ternary semigroup S is an m-right and an n-left simple.
Then it is reqular.

Proof. Suppose that S is an m-right and an n-left simple. Let a € S. Then by
the Theorem 2.14(1) and (3), aS?*™ = S and S?"a = S. Now

a €S =aS? =q82(m=-1g2 — 552(m=1)gg2n, — 62(m—1)g3g2(n—1); C 594,

This shows that a € aSa. Hence for any a € S there exists x € S such that a =
aza. Therefore a is regular. Hence S is regular. O
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