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On the lattice of congruences

on completely regular semirings
Rajib Debnath and Anjan Kumar Bhuniya

Abstract. A semiring S is called completely regular if it is the disjunctive union of its subrings.
If S is a completely regular semiring, then the Green’s relation H* is a congruence on S and S/H+
is an idempotent semiring. Let V be a variety of idempotent semirings. Here we characterize the
lattice C(S) of all congruences on S when S is completely regular and S/Ht € V. The lattice
C(S) can be embedded into the product of the lattice V(S) of all V-congruences on S and the
lattice M (S) of all additive idempotent-separating congruences on S if and only if S is T-modular
completely regular semiring such that S/Ht € V.

1. Introduction

A semigroup is called completely regular if it is the (disjunctive) union of its
subgroups. Completely regular semigroups were introduced in [3] by A. H. Clifford,
though he used the terminology ‘semigroups admitting relative inverses’ to refer to
such semigroups. Such semigroups have been studied extensively. For an account
of the theory of completely regular semigroups, we refer to the book [13].

A semiring is a (2, 2) algebra (S, +, -) such that both the additive reduct (S, +)
and the multiplicative reduct (.S, -) are semigroups and connected by the distribu-
tive laws

x(y+z)=zy+azz, (x+y)z =xz+yz.

An element e € S is called an additive idempotent if e + e = e. The set of all
additive idempotents of S is denoted by E1(S). A semiring S is called additive
regular if the additive reduct (S,+) is a regular semigroup. By an idempotent
semiring we mean a semiring S such that both the additive reduct (S,+) and
(S,-) are bands. If moreover, the reduct (S, +) is commutative then S is called a
b-lattice. Also we refer to [5] for the undefined terms and notions in semirings and
[6] for background on semigroups.

Let us denote the Green’s relations £, R, D and H on the additive reduct (.5, +)
by £t, RT, Dt and H™T, respectively. Also we denote the £+, RT, DT and H*
classes of x € S by L}, R}, D} and H, respectively. A semiring S is called an
idempotent semiring (b-lattice, distributive lattice) of rings if there is a congruence

2010 Mathematics Subject Classification: 16Y60.
Keywords: Semiring, ring, completely regular, idempotent, modular lattice.



212 R. Debnath and A.K. Bhuniya

p on S such that the quotient semiring S/p is an idempotent semiring (b-lattice,
distributive lattice) and each p-class is a ring.

Rings and distributive lattices both are semirings with commutative regular
addition. So, it is interesting to consider the semirings which are subdirect pro-
ducts of rings and distributive lattices. Such semirings were studied by Bandelt
and Petrich [1]. The study was continued by Ghosh [4] and he characterized the
Clifford semirings, equivalently, the semirings which are strong distributive lattices
of rings. Pastijn and Guo [12] proved that the semirings which are disjoint unions
of rings form a variety and they established various structure theorems for such
semirings. They proved that if S is a disjoint union of its subrings then H7 is an
idempotent semiring congruence on S. The term ‘completely regular semiring’ was
first used by Sen, Maity and Shum [16] to mean the semirings which are disjoint
union of skew-rings (rings without commutativity of addition).

In [2], we establish several equivalent characterizations for the semirings which
are the disjunctive unions of rings. Let (S,+,) be the disjunctive union of its
subrings. Then the additive reduct (S, +) is the disjunctive union of its subgroups.
For every z € S, denote the zero in the subgroup (H;,+) of (S,+) by z° and
the unique inverse of z in H by 2’. Then x2° = z + 2’ = 2’ + z. Hence S can
be treated as an algebra (S, +,-,”) of type (2, 2, 1), where the reduct (S,+,-) is a
semiring and the reduct (S,+,") is a completely regular semigroup. The following
result is useful.

Lemma 1.1. [2] Let S be a semiring. Then the following conditions are equivalent:
(i) S is the (disjunctive) union of its subrings;

(i1) for every x,y € S there exists unique &’ € S such that
r=x+a' 4z, e+’ =a"4z, (@) =z, x+y°+2°+y=a°+y+z+y°

and xx° = x°, where 2° = x + x';
(15i) HT is an idempotent semiring congruence on S and each HT -class is a ring;
(iv) S is an idempotent semiring of rings.

Definition 1.2. A semiring S is called completely reqular if it satisfies either of
the four equivalent conditions in Lemma 1.1.

Throughout the rest of this article, unless otherwise stated, S stands for a
completely regular semiring.

It follows from a result of Kapp and Schneider [8] that the lattice C(S) of
all congruences on a semigroup S can be embedded in the product of certain
sublattices if the semigroup S is completely simple. The problem of embedding
the lattice C(S) in a product of sublattices, when S is an arbitrary band of groups,
was characterized by C. Spitznagel [17]. The principal tool used in these two texts
is the 7-relation introduced by Reilly and Scheiblich [14]. In this last article, this
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relation is marked with 6 ([14], Theorem 3.4). Also there are many other articles
devoted to these directions [6], [7], [11].

The set of all congruences on a semiring S is a complete lattice, which we
denote by C(S). A sublattice L of C(S) is called a modular sublattice if the
lattice L is modular. It is well known that if the congruences in L commute then
L is modular. The trace of a congruence p on a completely regular semiring S is
defined by:

tr p=pN(ET(S) x ET(9)).
Define a relation 7 on the lattice C'(S) by: for p,o € C(9),
pro if tr p=tr o.

In Section 2, we characterize completely regular semirings S in terms of the
maximum additive idempotent-separating congruence on S. In Section 3, we show
that each 7-class in the lattice C'(S) of all congruences on an additive regular
semiring S contains at most one V-congruence on S, where V is a variety of idem-
potent semirings. We also have a necessary and sufficient condition for the greatest
element of each 7-class to be a V-congruence. In Section 4, we prove that the lat-
tice C(S) of all congruences on a 7-modular completely regular semiring S can be
embedded in a certain product lattice.

Now let us fix the following notations:

C(S): the lattice of all congruences on Sj;
M(S): the lattice of all additive idempotent-separating congruences on S;
DT (8S): the lattice of all congruences on S that are contained in DT;
V(S): the lattice of all V-congruences on S;
p the minimum V-congruence on S;

the minimum idempotent semiring congruence on S;

the minimum b-lattice congruence on S;

the minimum distributive lattice congruence on .S;

the maximum additive idempotent-separating congruence on S.

T2 >2oT

2. Additive idempotent separating congruences

A congruence p on S is called additive idempotent-separating if each p-class con-
tains at most one additive idempotent, i.e., for every e, f € ET(S), epf implies
e = f. In this section, we characterize a completely regular semiring S by the
maximum additive idempotent-separating congruence p on itself.

In [10], Lallement proved that on a regular semigroup S, a congruence p is
idempotent separating if and only if p C H on S. Since S is a completely regular
semiring, the additive reduct (S, +) is a regular semigroup, and so it follows that
pCH.

Now we have the following result.
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Theorem 2.1. Let S be an additive regular semiring and V be a variety of idem-
potent semirings. Then the following statements are equivalent:

(i) S is a completely regular semiring such that S/H™ € V;
(i) p=HT=pyandxz+y° +2°+y=a°+y+x+y° for every z,y € S;
(iii) p=py andx+y° +2°+y=a°+y+x+y° for every x,y € S.

Proof. Equivalence of (ii) and (iii) is trivial and so we omit the proof.

(i) = (ii): Suppose that aH b in S. Then apyH bpy in S/HT. Since each
HT-class contains at most one additive idempotent, apy = bpy. Hence HT C py
and it follows that uy C H™ C py. Now S/H™T € V implies that py, C HT. Since HT
is an additive idempotent separating congruence, H* C u. Thus p = HT = py.

(#4) = (i): Suppose that the condition (ii) holds. Then H* = py, implies that
S/H* € V. Let H be an H*-class in S. Since H* is an idempotent semiring
congruence on S, H is an additive regular subsemiring of S and, by Lallement’s
Lemma, contains an additive idempotent. Hence (H,+) is a group. Now for every
z,y €S, x+y°+2a°+y=x°+y+x+y° implies that (H,+) is an abelian group.
Thus H is a subring of S and so S is a completely regular semiring. O

Now we have the following immediate consequence. Though it is a particular
case of the above lemma, but useful.

Corollary 2.2. Let S be any additive reqular semiring. Then the following state-
ments are equivalent.

(1) S is a completely reqular semiring (b-lattice of rings, distributive lattice of
Tings);

(it) u=HT=p(6n) andx+y°+2°+y =2°+y+x+y° for everyx,y € S;

(i) u=p (6, n)andx+y°+a°+y=a°+y+ax+y° foreveryx,y€eS.

3. The relation 7 on C(S)

The relation 7 on C(S) has many interesting properties when S is a completely
regular semiring. Before coming into the main features let us first prove some
lemmas.

The proof of the following result is similar to Lemma 2.1 [15], still for the sake
of completeness we would like to include a proof.

Lemma 3.1. Let S be an additive reqular semiring and « be an additive idempo-
tent separating congruence on S. Then for every v € C(S), (aV~,v) € 7.
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Proof. Let v € C(S). Consider the relation h = {(a,b) € S x S : (ay,by) € HT}
on S. Then h is an equivalence relation on S and H™ C h and v C h. Let
(e,f) € hnN (ET(S) x E*(S)). Then (ey) HT (fv). Since HT is an additive
idempotent separating congruence, ey = fv and hence (e, f) € v N (ET(S) x
E*(S)). Therefore h N (ET(S) x ET(S)) C v N (ET(S) x ET(S)). Since «
separates additive idempotents, v C a Vv C H* Vv C h and consequently
Y NV(ET(S) x ET(S)) = hn (EF(S) x ET(S)) = (a V)N (ET(S) x EF(S)).
Therefore (aV v,7v) € 7. O

Since HT is an additive idempotent separating congruence on a completely
regular semiring, we have, in particular:

Corollary 3.2. Let S be a completely regular semiring. Then for every o € C(S),
(aVHY o) eT.

We omit the proof of the following result, since it is similar to the proof of
Theorem 2.2 [15].

Lemma 3.3. If S is an additive regular semiring, then the relation T is a complete
lattice congruence on C(S).

Let V be a variety of idempotent semirings. Then a congruence o on an additive
regular semiring S is a V-congruence if and only if o contains py, the minimum
V-congruence on S. Therefore we have:

Theorem 3.4. Let S be an additive reqular semiring and V be a variety of idem-
potent semirings. Then each T-class in C(S) contains at most one V-congruence
on S. In addition, if S is a completely reqular semiring such that S/H™ €V, then
each T-class contains exactly one V-congruence.

Proof. Let «,~ be two V-congruences on S such that («,v) € 7. Then py C « and
py C 7. Let zay. Since S/py is an idempotent semiring it follows, by Lallement’s
Lemma, that there exist e, f € ET(S) such that epyx and fpyy. Then epyzaypy f
which implies that (e, f) € a. Since («,7) € 7 it follows that (e, f) € ~, and so
py C v implies that zyy. Therefore o C «. Similarly we have v C «, and finally
a=r.

Now suppose that S is a completely regular semiring such that S/H*T € V.
Then for every o € C(S), py € HT C oV H* implies that a V HT is a V-
congruence. Also it follows from Lemma 3.1 that o V H* is in the 7-class of
Q. O

In particular, we have:

Corollary 3.5. Let S be an additive regular semiring. Then each T-class in C(S)
contains at most one idempotent semiring (b-lattice, distributive lattice) congru-
ence. If moreover, S is a completely reqular semiring (b-lattice of rings, distribu-
tive lattice of rings), then each T-class contains ezxactly one idempotent semiring
(b-lattice, distributive lattice) congruence.
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Following result shows that for every congruence o on S, the join oV H™ in
C(S) gives important information about «.

Theorem 3.6. Let S be a completely regular semiring and o,y € C(S). Then
(a,7) € T if and only if aVHT =~V HT.

Proof. First suppose that (a,v) € 7. Then, by Corollary 3.2, («VHT,a) € 7 and
(yVHT,v) €7 and it follows that (a VH',vVHT) € 7. Also both a V HT and
vV HT are idempotent semiring congruences and so, by Theorem 3.4, it follows
that a VHT =~y VHT.

Conversely suppose that a V HY = vV H*. Then (o« VH',a) € 7 and
(vyVHT,v) € 7 implies that (a,v) € 7. O

Following result can be proved similarly to Theorem 3.4 (ii) [14]. So we omit
the proof.

Lemma 3.7. Let S be an additive regular semiring. Then each 7-class in C(S)
is a complete modular sublattice of C(S) with the greatest and least elements.

The following theorem gives a necessary and sufficient condition for the greatest
element of each 7-class in C(S) to be a V-congruence on S, where V is a variety
of idempotent semirings.

Theorem 3.8. Let S be a completely reqular semiring and V be a variety of
idempotent semirings. Then the greatest element of each T-class in C(S) is a
V-congruence if and only if S/HT € V.

Proof. First suppose that S is a completely regular semiring such that S/H™ € V.
Then H*™ = py, by Theorem 2.1. Let o € C(S) and ~ be the greatest element of
the 7-class of a. Now, by Corollary 3.2, (¢ VH",a) € Tand so HT C aVHT C .
Thus « is a V-congruence.

Conversely, suppose that the greatest element of each 7-class is a V-congruence.
Since p is the greatest element of the 7-class of Ag, p is a V-congruence. Also,
on every additive regular semiring, y C H* C py. Therefore = H* = py and it
follows, by Theorem 2.1, that S/H* € V. O

Now we have the following important corollary.

Corollary 3.9. Let S be a completely regular semiring. Then the greatest element
of each T-class is an idempotent semiring congruence.

Moreover, the greatest element of each T-class is a b-lattice (distributive lattice)
congruence if and only if S is a b-lattice (distributive lattice) of rings.

4. Embedding of C(S) in a product lattice

Let V be a variety of idempotent semirings and S be a completely regular semiring
such that S/H* € V. Then for every a € C(S), H" C oV H™T implies that
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aVHT eV(S) and a AHT C HT implies that « A HT is an additive idempotent
separating congruence. Thus we have a mapping ¢ : C(S) — V(S) x M (S) defined
by: for every a € C(S),

d(a) = (aVHT , a AHT).

Lemma 4.1. Let V be a variety of idempotent semirings and S be a completely
reqular semiring such that S/H* € V. Then ¢ is one-to-one.

Proof. Suppose that a,y € C(S) are such that ¢(a) = ¢(7). Then aVH' = yVHT
and a AHY =y AHT. Tt follows, by Theorem 3.6, (a,y) € 7. Let (x,y) € a and
ec EY(S)NHS, fe EY(S)NH, . Then e = z° o y° = f implies that (e, f) € a,
and so (e, f) € v. Now 2z = (z +e)y(z + f) and y = (f + y)y(e + y) together with
eaf imply that (e + y)a(f +y) = yax = (z +e)a(x + f), and so (e + y)a(z + f).
Also e H' z and y H* f imply that (e +y)H'(z+ f). Thus (e+y)HT Aa(z+ f)
and so (e+y)YyAHT (z+ f). Hence xy(z+ f)y(e+y)vyy and it follows that o C .
Similarly v C . Thus a = ~. O

Theorem 4.2. Let S be a completely regular semiring and o € C(S). Then
a=aV (aANHT), where & is the smallest element of T-class of .

Proof. Let a € C(S). Then o A H™ is an additive idempotent separating congru-
ence, which implies that « A Ht7H* and so, by Corollary 3.2, @V (a« AHT) 7
aVHT 7 a1 a Therefore, by Theorem 3.6, o VHT = [aV (a AHT)|VHT.
Now &, A HT C « implies that [a V (@ AHT)AHT CaAHT. Also, a ANHT C
aV (e ANHT),H" and hence a A HT C [@V (o AHT)] AHT. Thus we have
aANHT = ]aV (aAH)] AHT. Therefore ¢p(a) = ¢(aV (e A H')) and so
a=aVv(aAHT). O

Theorem 4.3. Let S be a completely regular semiring such that S/H™ € V. Then
¢ 1s N\-preserving.

Proof. We have (¢ VHT)A(yVHT) 7 (aAvy) and (e« Ay)VHT 7 (e Av). Then
it follows that (¢ Ay) VHT 7 (aVHT) A (yV HT). Since both (a A7)V HT
and (o V HT) A (yV HT) are V-congruences it follows, by Theorem 3.4, that
(aAY)VHT = (aVHT)A(yVHT). Also we have (aAY)AHT = (aAHT)A(YAHT).
Therefore ¢ is A-preserving. O

Corollary 4.4. Let S be a completely reqular semiring such that S/H* € V. Then
V(S) is lattice isomorphic with C(S)/T.

Let V be a variety of idempotent semirings and S be a completely regular
semiring such that S/H™ € V. Denote the restriction of ¢ to D*(S) by ¢. Thus
the mapping ¢ : DV(S) — V(S) x M(S) is given by: for every a € DT (S),

q~5(a) =(aVHT,aNHT).



218 R. Debnath and A.K. Bhuniya

Theorem 4.5. Let V be a variety of idempotent semirings and S be a completely
regular semiring such that S/H* € V. Then ¢ is \V-preserving.

Proof. Let o,y € DT(S). Then a AHT, y AHT C (V) AHT implies that
(e AHT)V (yAHT) C (aVy) AHT. Suppose that (z,9) € (V) AHT. Then

(z,y) € oV~ implies that there exists a positive integer n and z;,y; € S, i =
1,2,...,n such that

TAT1YVY1QT2YY20 - - - AL YYp = Y-

Since a,y € DY, it follows that z;, y; € D = D;. Also 2H%y implies that
H} = H/. Suppose that ¢ is the identity element in H,. Then

x = (e+z+e)ale+zit+e)T(e+yr1t+e)a- - alet+z,+e)y(e+yn+e) = (e+y+e) =y.

Since D} = D, is a completely simple semiring, ¢ + z; +-¢, e+ y; +¢ € e+
D} +e = H} for each i. Therefore we have (x,y) € (¢ AHT)V (y AHT) and so
(aVAY)AHY C(aAHT)V (yAHT). Hence (V) AHT = (aAHT)V (y AHT).
Also we have (a V) VHT = (aVHT)V (yVHT). This completes the proof. [

Let L be a lattice, and ¢ a lattice congruence on L. We say that L is (- modular
if for every a, b, ¢ € L, the conditions a > b, (a,b) € (, aAc =bAcand aVe=DbVe,
imply that @ = b. A semiring S is said to be 7-modular if the lattice C(S) of all
congruences on S is 7-modular. Thus:

Definition 4.6. A semiring S is called T-modular if for every p,o,& € C(S), the
conditions 0 C p, otp, pANE =0 NE& and pV & =0 V& imply that p=o.

Lemma 4.7. Let S be a T-modular completely reqular semiring. Then for every
a,yeC(S), aV[(aANH)V(yAHT)]=aV]aVy) AHT].

Proof. Let a,y € C(S). Then (a AHT)V (yAHT) C (V) AHT implies that
aV[(aAHT)V(yAHD)] CaV[(aVy)AHT]. Also aV [(a AHT)V (yAHT)] =
[aV(aAHD)V(AHT)=aV (yAHT). Now (Y AHT)T(aVy) AHT implies
that [V (yAHT)] 7 aV[(aVy) AHT]. Thus by 7-modularity, it suffices to show
Wav(yAHT)] = yV[aVv[(@vy) AR and yA[aV (YART)] = yA[aV[(@Vy) AR ]
Now yvaCyVaV(yAHN)] CyViaV[aVy) AHT]CyViav(aVvy)]=
vV (aV7y) =~V a, implies the first equality. For the other equality, we have
YAV (YAHRT) CyAfaV(@Vy) AHT)]] CvAaV HT]. Hence it suffices
to show that v A [a VHT] € v AfaV (y AHT)]. For this, it is sufficient to
show that y A (o« VHT) C aV (y AHT). Suppose that (z,y) € v A (aVHT).
Then (2°,94°) € aVHT. Since (o,aVHT) € 7, we have (2°,4°) € a. Thus
20 = (2°+2°) a (z°+y°) HT (z+y) HT (x+y)°, so that (22, (x+y)°) € aVHT.
Then (o, VHT) € 7 implies that (z°, (x + y)°) € «, and so (y°, (z +y)°) € a.
Since the D¥-class D, ) is completely simple, we have ((z+y)°+z+(z+y)°) HT
(@+y)°+y+(x+y)°). Thusz = (2°+z+2°) a (z+y)°+z+(x+y)°)
ANHY((z +y)° +y + (2 +9)°) a (¥ +y+9°) =y, and so (z,y) € aV (Y AHT).
This completes the proof. O
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Theorem 4.8. Let V be a variety of idempotent semirings and S be a T-modular
completely regular semiring such that S/HY € V. Then ¢ is \V-preserving.

Proof. Let o,y € C(S). Then (¢ AHT)V(yAHT) C (aVy)AHT. Since both (aA
HIOWVAYAHT), (aVy)AHT are contained in HF, (aAHT)V(YAHT) 7 (aVy)AHT.
Therefore, by T-modularity, it suffices to show that a V [« AHT)V (y AHT)] =
aVilaVvy) AHT and a A [(a AHT)V (Y AHT)] = aA(aVy) AHT]. First
equality holds by Lemma 4.7. Since a A HT C (e« AHT)V (v A HT), we have
aANHT =anA(aAHT) CaA[(aANHT)V(YAHT)) Can[(aVy) AHT] =
[@A(aVy)|AHT] = aAHT. Therefore (pVY)AHT = (pAHT)V (yAHT). Also
we have (p V) VHT = (pVHT)V (yVHT). This completes the proof. O

Theorem 4.9. Let V be a variety of idempotent semirings and S be a completely
reqular semiring. If ¢ : C(S) — V(S) x M(S) is an embedding, then S is 7-
modular.

Proof. Let o, p be two congruences on .S such that o C p, o7p and £ is a congruence
such that cVE&é=pVvand o A& =p A& Clearly o AHY C p AHT, and since ¢
is an embedding, we have (c AHT)V (EAHT) = (e VO AHT = (pVEAHT =
(PAHT)V(EAHT). Also, (G AHD)AEAHT) = (0 ANE)AHT = (pANE)AHT =
(pPAHT)AN(EAHT). Since, by Lemma 3.7, the 7-class of H* is a modular sublattice
of C(S), we have o AHT = p AHT. Also o 7 p implies that o VHT = pVHT, by
Theorem 3.6. Since ¢ is one-to-one, ¢ = p. Thus S is 7-modular. O

Now combining Theorem 4.1, 4.3, 4.8 and 4.9, we get the following result.

Theorem 4.10. LetV be a variety of idempotent semirings and S be a completely
regular semiring such that S/H™ € V. Then the function ¢ : C(S) — V(S) x M(S)
defined by ¢p(a) = (aVHT, a AHT) is an embedding if and only if S is T-modular.
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