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Note on the cyclic subgroup

intersection graph of a finite group

Elaheh Haghi and Ali R. Ashrafi

Abstract. The cyclic subgroup intersection graph of a finite group G, I'csr(G), is a simple
graph with non-trivial cyclic subgroups as vertex set. Two cyclic subgroups are adjacent if and
ounly if they have a non-trivial intersection. It is easy to see that I'cs7(G) is a subgraph of the
intersection graph was introduced by Csakadny and Polldk many years ago. In this paper the
main properties of this new graph is studied. The graph structure of the cyclic groups, dihedral
groups, generalized quaternion groups and the group Z,o x Zpg are completely determined.

1. Introduction

Throughout this paper all groups are assumed to be finite and graphs will be
finite and simple. For notations not defined here, we refer the reader to [4, 7, 8].
The greatest common divisor and least common multiple of integers a and b are
denoted by (a,b) and [a,b], respectively. The number of positive divisors of an
integer n is denoted by d(n). Our calculations are done with the aid of GAP [2].
The intersection graph of a finite group G was introduced many years ago by
Csakany any and Polldk [1]. The vertex set of this graph is all proper non-trivial
subgroups of G and two vertices H and K are adjacent if and only if H N K # 1,
where 1 denotes the trivial subgroup of G. In the mentioned paper, the authors
proved that if G is abelian and there are two subgroups H and K in G such that
there is no chain of subgroups which unites them, then G is the direct product
of two simple cyclic groups. As a consequence, they proved that the diameter of
this graph is at most 2, when G is an abelian group. The diameter of non-abelian,
non-simple groups is at most 4. Some interesting open questions are also included
in [1]. Zelinka [10], continued the study of this graph and conjectured that two
finite Abelian groups with isomorphic intersection graphs are isomorphic.
Tamizh Chelvam and Sattanathan [9] continued the seminal paper of Cséakany
any and Polldk to introduce the subgroup intersection graph of a finite group G
denoted by T's;(G). The vertex set of this graph is G\{e}, and there is an edge
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between two distinct vertices x and y if and only if (x) N (y) # 1. As a consequence
of a result in this paper, the subgroup intersection graph of a finite group G is
complete if and only if G is a cyclic p—group or a generalized quaternion 2—group.
Moreover, the subgroup intersection graph of a finite abelian p—group is a union
of complete graphs.

The cyclic subgroup intersection graph of G, 'csr(G), is another simple graph
with proper non-trivial cyclic subgroups as vertex set. Two cyclic subgroups are
adjacent if and only if they have a non-trivial intersection. It is easy to see that
Tesr(G) is a subgraph of T's7(G).

Suppose A is a simple graph. Following Sabidussi [6], the A—join of a family
F ={T, | x € V(A)} of simple graphs is another simple graph I" with the following
vertex and edge sets:

V() ={(z,y) [z € V(A) &y e V(T,)},
EI) ={(z,y)(a,b) | za € E(A) or x =a & yb € E(T)}.

V(A)={z1,...,z,} and F = {T1,...,T,} then the A—join of the family F is
denoted by A[Th,...,Ty].

An independent set of a simple graph I' is a subset of its vertices, no two of
which are adjacent. The cardinality of an independent set in T" of largest possible
size is called the independence number of I'. This number is denoted by «(I'). We
refer to the famous book of Harary [4] for our graph theory notations.

The aim of this paper is to investigate the main properties of the cyclic sub-
group intersection graph. It is proved, among other things, that if G = Z,a x Zs,
where p is prime and «, 8 are two positive integers such that o < § then g7 (G)
is a union of the complete graphs K(B*Q)p"“l*% together with p copies of Kpa%ll,

and Ig;(G) is a union of the complete graphs Kpa+a_

p
p20+1 1, together with p
p+1

copies of K 2a_, .
p+1

2. Main results

Suppose G is a non-cyclic group and A = T'¢g7(G). For each (a) € V(A), we
define T,y = Ky(|a|), Where ¢ denotes the Euler totient function. Then one can
easily see that I's7(G) is an A—join of {Ty, | (x) € V(A)}.

Lemma 2.1. Let G be a group of order n. Then |V (Tesi(G))| = d(n) — 2 with
equality if and only if G is cyclic.

Proof. By [5], the number of cyclic subgroups of a group G of order n is at least
d(n) with equality if and ounly if G = Z,,, as desired. O

By Lemma 2.1, the cyclic subgroup intersection graph of a cyclic group of order
p™*t1 has exactly m vertices. This proves that for each positive integer m, there
exists at least a group with an m—vertex cyclic subgroup intersection graph.
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Example 2.2. Suppose SmallGroup(n,i) denotes the i—th group of order n in the
small group library of GAP [2]. Define G = SmallGroup(168,46) = (Z7 x A4) : Za,
H = SmallGroup(168,38) = (Zsa X Z3) : Zy and K = SmallGroup(168,42)
=PSL(3,2). ThenT¢sr(G) 2Tesi(H) 2 Tegr(K), but G, H and K are mutually
non-isomorphic.

The previous example shows that if I'cs7(G) and I'csy(H) are isomorphic then
we cannot deduce that G and H are isomorphic, even in the case that one of these
groups is simple.

Example 2.3. In this example the cyclic subgroup intersection graph of a dihedral
group of order 2n will be computed. The dihedral group of order 2n can be
presented as Dy, = (2" = y?> = e,y lzy = 2~ 1). Suppose ki, .. -, kg are all

divisors of n. Then

V(FCSI(DQR)) = {<ak1>a cey <akd(n)_1>a <b>7 <ab>7 sy <an71b>}'

It is easy to see that (b),(ab),...,(a""'b) are pendant vertices of T'csr(Day)-
Moreover, (a*') and (a*i) are adjacent if and only if [k;, k;] < n.

Theorem 2.4. The cyclic subgroup intersection graph of a finite group G is com-
plete if and only if G is cyclic or a generalized quaternion 2—group.

Proof. 1t is well-known that a p—group G has a unique subgroup of order p if and
only if G is cyclic or a generalized quaternion 2—group. By this theorem, if G
is cyclic or a generalized quaternion 2—group then the intersection of non-trivial
subgroups H and K contains the unique subgroup of G and so H N K # 1. This
proves that I'cs7(G) is complete. Conversely, if T'cgr(G) is complete and p, ¢ are
two prime divisors of |G| then there are elements a and b of orders p and ¢ in G,
respectively. Since (a) N (b) = 1,we lead to a contradiction. So, G is a p—group.
Since I'cs7(G) is complete, there is a unique subgroup of order p and by mentioned
well-known result G is cyclic or a generalized quaternion 2—group. O

Lemma 2.5. Let G be a finite group. Then o(Lcsi(G)) is the number of cyclic
subgroups of a prime order.

Proof. Suppose a = a(Tcs1(G)), {{a1),...,{ax)} is the set of all cyclic subgroups
of G of a prime order and B = {{(b1), ..., (bs)} is a given independent set of largest
possible size for G. Since A is an independent set for T'cs7(G), k < a. Choose
i, 1 < i < «, and element ¢; of a prime order such that (¢;) C (b;). Since B is
an independent set, ¢; # ¢;, when ¢ # j. This shows that o < k, proving the
lemma. O

Suppose m and n are positive integers. Define:
Imn ={(a,b,t) € N? x Ny | a|m, bln, 0 <t < (a,

)71}7

-1}, (a,b,t) € Iy p.

Sl

jta

(a; %)

Hape = {(ia + b 0<i< ™ —1,0<5<
a

Sal RS
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For the sake of completeness, we mention here a result in [3] which is crucial
in our next result. If ns = 0 then we define (mb, na,ns) = (mb, na).

Theorem 2.6. [3, Theorem 2] Suppose s = o ta 5 Then,

n
b

1. H < Zy, x Z,, if and only if there exists (a,b,t) € I, , such that H = Hy p,.
2. Hgpy is cyclic if and only if ab = (mb, na, ns).

3. The number of cyclic subgroups in Z,, X Z, is Z (a,b).

alm,bln, (2, %)=1

Theorem 2.7. Suppose G = Zpa X Z,s, where p is prime and «, 3 are two
positive integers such that « < . Then Tcsi(G) is a union of the complete
graphs K,, . . pe—1 and p copies of Kpa_1.

(B—a)p>+ p—1 p—1

Proof. By definition of H,;, and Theorem 2.6, it can easily see that for each d,
1 < d < p—1, the subgroups

Hpe ps-1.4;

Hpa’pﬂ—k’t,

a,t=d,p+d,...,(p—1Dp+d;

<k<
Hyopoir 3 <K <oyt =p* +dp*+p+d,....p°+ (" ' +p—1)p+d,
are cyclic subgroups containing (dp®~1, p~1) which gives p — 1 cliques isomorphic
to Kpafl These complete subgraphs are denoted by I',...,I',—1. On the other
hand, the cyclic subgroups Hpk,pap, 0<k<a—-1land Hpa_z7p[-]_k/,t, 1<K <a—
<l<a—k,1<t<p" —1,t#0(mod p) have a common element (p®~*,0)

and so we will have another clique of size pp__ll. Note that for each k', there are

(a— k’)(pk' fpk/’l) cyclic subgroups H,o—i -« , that gives a clique of size p;__ll.

The complete subgraph induced by this clique is denoted by I',. We now consider
the cyclic subgroups Hpe pr 4, 0 < k< f—a—1,0 <t <p*—1 and the cyclic

subgroups H,a Pt 1<k<a, 0<t<p’*—1andt =0 (modp). These are

(8 —a)p* + p L cyclic subgroups containing element (0,p”~1) which gives us a

clique of order (5 a)p®+ ’;%11. Define I 1 to be the complete subgraph induced
by the las clique. By Theorem 2.6(3), these are all cyclic subgroups of Zj« x Z,s
and we have to show that I'cs7(Zpe X Z,s) is the union of 'y UT, U... UT 1.
To complete the proof, we will shows that there is no edge in I'cis7(Zpe X Z,5)
connecting a vertex in I'; to a vertex in I';, i # j. Suppose vertices v1 = (a1) €
V(T;) and va = (ag) € V(I';) that are not adjacent in I'cs;(G). We prove that
there is no vertex u; = (b1) in I'; to be adjacent with a vertex us = (bo) in I';. If
w1 and ug are adjacent in I'cgy(G) then b and by will be adjacent in I'g; (G) and
since I's7(G) is a union of complete graphs, a; and a)2 will be adjacent in T'g7(G)
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and so v; and v are adjacent in I'cgy(G) which is impossible. To complete our
argument, we consider the following cyclic subgroups:

Hypo pi1 g = {(jdp® ", jp" 1) |0<j<p—1} (1<d<p—1),
Hy pio = {(ip",0) | 0 < i < p*F =i},
Hp‘l,pﬁ—l,o = {(Ovjp ) | 0 .] pﬁ — 1}

We now prove that these vertices are not adjacent. Suppose (jdp>~ 1, jp°~!) €
Hyk s o N Hya o1 4. Then jp? 1 =0,0< j <p-—1,and so j = 0. This
shows that (jdp®~',jp®~!) = (0,0). It is also clear that Hyk ps o N Hpo ps-1 =
{(0,0)}. If (jdp*~t,jp®~') € Hpa po-10, 1 < j,d < p—1, then j = 0 and so
Hpaypﬁ—l’o M Hpa’pﬂ—l,d = {(0, 0)}

We now assume that d’ # d. Choose a common element in two cyclic subgroups
of the first type, say (jdp®~,jp?") = (7'd'p"",jp°~). Then jar—* = j/p~"
where 0 < 7,7 < p— 1. Thus j = j' and since jdp®*~! = jd'p*~' (mod p®).

Therefore, d = d’ which completes our proof. O
Theorem 2.8. Suppose G = Zpa X Z,s, where p is prime and o, are two
positive integers such that o < . Then T's1(G) is a union of the complete graphs
K 5 p2otin and p copies of K 2o ;.

L T

Proof. By Theorem 2.7, the graph I'cs7(Zpe X Z,s) is a union of p + 1 complete
graph and by definition of I's; and I'csy, a given component of I'g; is constructed
from a component of I'cg; by adding some vertices corresponding to generators of
vertices in I'cgr. So the components of I'g; will also be a complete graph. Suppose
1 < d < p—1. By the proof of Theorem 2.7, the vertices of p — 1 components of
I'csr are as follows:

Hyo o109 = {(tp* 1, jp" 1) 0<j <p—1},
Hype o p = {(jtp® %, ™", 0<j < pF =1},
Hepo pow o = {(Gt'p* %, jp" %), 0 <G <ph =1,

where t € A ={d,p+d,...,(p—Dp+d}, 2<k<a and
teB={p*+d,....p°+ (" 1—p—1)p +d}, <k <a
On the other hand, |Hpn,p[f—17d| =D, ‘Hp(v7p[i—k7t| = pk, |A| =D, |Hpa,p5*k’,t" =
pkl, |B| = pk/ — p and by considering the number of generators, we will have p — 1
complete graph K 2o ;.
p+1

By the proof of Theorem 2.7, the cyclic subgroups

Hye oo = {(ip*,0), 0<i<p* " —1}0<k<a—1,
Hpet oy = {(ip* "+ tp™ 175, jpP7F), 0<i<pl =1, 0< i <pP = 1)
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p*—1
p—1

one can see that the number of generators of vertices are equal to
consider the component K ()

constitutes a —vertex component of I'cs7(Zpe X Z,5). By an easy calculation,

2a
p~t—1
RS We now

pe—1 of Dogr(G) with the following vertices:
p—1

Pt

PP -1}

j<p?
<j<pt —1},

Hpo pry = {(jt, "ty |0 <
Hpo oy = {Gt'p* ", "), 0

where 0 < k< f—a+1, 0<t<p*—1, 1 <K < a, Ogt’gpk/—land
t' = 0 (mod p). By counting the number of generators, a component isomorphic

to Kpaw »20+1,, is obtained, as desired. O
— T
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