Quasigroups and Related Systems 25 (2017), 279 — 288

The congruence #*

on completely regular semirings
Sunil Kumar Maity

Abstract. We investigate the congruence generated by # on completely regular semirings and
get that #* € [¢,v] on completely regular semirings.

1. Introduction

The study of the structure of semigroups and semirings are essentially influenced
by the study of the congruences defined on them. We know that the set of all
congruences defined on a semiring or a semigroup is a partially ordered set with
respect to inclusion and relative to this partial order it forms a lattice, the lattice
of congruences €(S) on S. In 1999, Petrich and Reilly [8] defined a relation % on
a completely regular semigroup S by: for a,b € S;

a?b if and only if V(a) =V(b).

Under certain special conditions of semigroups, % was proved to be the least
Clifford congruence on S. It was proposed by them as an open problem that, what
can be said about #*, the congruence generated by % on a completely regular
semigroup. Recently, in 2011, C. Guo, G. Liu and Y. Guo solved this open problem
in their paper [1]. They proved that #™* € [¢, v] on completely regular semigroups.
Furthermore, they gave a description of Z™* on completely simple semigroups and
normal cryptogroups, respectively. The main aim of this paper is to further extend
these ideas on completely regular semirings.

The preliminaries and prerequisites we need for this paper are discussed in
Section 2. In Section 3 we study some properties of orthodox completely regular
semirings and finally in Section 4 we characterize the relation #* on completely
regular semirings.

2. Preliminaries

A semiring (S,+,-) is a type (2, 2)-algebra such that the semigroup reducts (S, +)
and (S, -) are connected by distributive laws, i.e., a(b+c¢) = ab+ac and (b+c)a =

2010 Mathematics Subject Classification: 16A78, 20M10, 20M07, 16Y60.
Keywords: Completely regular semiring, completely simple semiring, Rees matrix semiring,
skew-ideal, b-lattice of skew-rings.



280 S. K. Maity

ba + ca for all a,b,c € S. Here the additive reduct (S, +) of the semiring (S, +, -)
is not necessarily commutative. An element a in a semiring (.5, +, ) is said to be
additively reqular if there exists an element x € S such that a + x + a = a.

Following [5], we say that an element a of a semiring (5,+,) is completely
regular if there exists x € S such that a = a+x+a, a+z = r+a and a(a+2x) = a+x.
A semiring S is said to be completely reqular if every element of S is completely
regular.

Let 7 be a relation on a semiring S. Define the relation 7¢ on S by: for a,b € S;

ar®b if and only if a =x+c+y, b=x+d+y for some z,y € S° and crd.

t
Also, we define 79 by 79 = ((TUT’l Ue)e> , where € is the equality congruence

and 7' denotes the transitive closure of 7.

Following [5], a semiring (S, +,) is called a skew-ring if its additive reduct
(S,4+) is a group, not necessarily an abelian group. A semiring (S, +, -) is said to be
a b-lattice [5] if (S,-) is a band and (S, +) is a semilattice. If (S, +, ) is a semiring,
we denote Green’s relations on the semigroup (S,+) by £, Z*, 7+, 2T and
. In fact, the relations £, Z*, 71, 2T and s are all congruences on the
multiplicative reduct (.S,-). Thus, if any one of these happens to be a congruence
on the additive reduct (S,+), it will be a congruence on the semiring (S, +,-). A
completely regular semiring S is said to be completely simple [5]if #T =SxS. A
congruence & on a semiring S is called a b-lattice congruence (idempotent semiring
congruence) if S/€ is a b-lattice (respectively, an idempotent semiring). A semiring
S is said to be a b-lattice (idempotent semiring) Y of semirings So(a € Y) if S
admits a b-lattice congruence (respectively, an idempotent semiring congruence)
& on S such that Y = S/¢ and each S, is a &-class. We write S = (Y; 5,).

First we prove the following result.

Theorem 2.1. The following conditions on a semiring are equivalent:
(7) S is completely regular;
(1) every S+ -class is a skew-ring;
(#i) S is union (disjoint) of skew-rings;
(iv) S is a b-lattice of completely simple semirings;
(v) S is an idempotent semiring of skew-rings.

Proof. From [5, Theorem 3.6], it follows that first four conditions are equivalent.

(1) = (v): Let S be a completely regular semiring. Then by [5, Theorem 3.6],
it follows that each % -class is a skew-ring. Let 2° be the zero of the skew-ring
H,, where H, is the J#T-class containing the element x € S. To complete the
prove it suffices to show that % is an idempotent semiring congruence on S.
For this let a T b and ¢ € S. Then a’ = t°. Now (a +¢)° = (a +¢)(a+¢)° =
a(a+c)’+cla+c)? =a(a+c)’+cla+c)® = (a®+c)(a+c)’ = (a®+¢)°(a+c) =
(a® +¢c)%a+c) = (a® + ¢)%a+ (a® + ¢)% = (a® + ¢)%° + (a° + )% = (a® +
¢)%(a® + ¢) = (a® + ¢)°. Similarly, we can show that (b+ ¢)? = (b° + ¢)°. Thus,
(a+¢) = (a®+¢)° = (B° 4+ ¢)° = (b+¢)°. This implies a + ¢ #* b+ c. Dually,
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c+a## T c+b. Hence ST is a congruence on (S, +). Since ST is a congruence
on (S,), it follows that ##7 is a congruence on the semiring S. Clearly, 2a 5 a
and a? #*+ a. Hence S/2#% is an idempotent semiring. Consequently, S is an
idempotent semiring of skew-rings.

(v) = (4): This is obvious. O

Throughout this paper, we always let ET(S) be the set of all additive idempo-
tents of the semiring S. Observe that the distributive laws imply that whenever
the set E*(S) is non-empty, it forms an ideal of the multiplicative reduct (.5, -) of
S. If a € S is additively regular, we denote the set of all inverse elements of a in
the semigroup (S,+) by VT (a). Also we denote the least skew-ring congruence by
o and the least b-lattice of skew-ring congruence by v on a semiring S. We always
let S = (Y;S,) be a completely regular semiring, where Y is a b-lattice and S,
(e €Y) is a completely simple semiring. For other notation and terminology not
given in this paper, the reader is referred to the texts of Howie [3], Golan [4], and
Petrich and Reilly [8].

Next we introduce some results which can be proved in a similar way as com-
pletely regular semigroup (see for example Theorem II.4.5 in [8]).

Theorem 2.2. Let S = (Y; S,) be completely reqular semiring. Then ¢+ = P,

Lemma 2.3. For any completely reqular semiring S,

v={(f.9)| f.g € E*(S) and f 7" g}".

Proof. Let n = {(f,9)| f,9 € ET(S), f 2% g}".
Clearly, n C 27 and each 2*- class of S/n contains a unique additive idempo-

tent. Hence S/n is a b-lattice of skew-rings and v C 5. On the other hand, S/v is
a b-lattice of skew-rings so that {(f,g)|f,g € ET(S), f 2" g} C v, which implies
{(f:9)| f,9 € ET(S), f 2% g} Cv. Thus, v={(f,9)| f.g € ET(S), f2T g}*. DO

Lemma 2.4. Let S = (YV;S,) be a completely reqular semiring and a € S,,
b e Sg, where 8 < . Then,

(1) aZt(b+a), aZ* (a+Db),

(ii) a=a+ (b+a)=(a+b°+a.

Proof. Follows similarly from [8, Corollary 11.4.3.]. O

3. The relation %

We call a semiring (S, +,-) an orthodox semiring if the additive reduct (S, +) is
orthodox, i.e., ET(S) forms an ideal of S. We show that the relation % and v are
equivalent on an orthodox completely regular semiring.

Let S be a completely regular semiring. Define a relation % on S by: for
a,be S,

a? b if and only if VT (a) = VT (b).
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We need the following result.

Lemma 3.1. Let S = (Y;S,,) be an orthodox completely reqular semiring, where Y
is a b-lattice and S, (a € Y) is a completely simple semiring. Then <E+ (Sa)s —1—) is

a rectangular band for all & € Y and for any two elements a,b € Sy, e € ET(S3),
a+b=a+e+b, where a,B €Y such that 5 < «.

Proof. Follows similarly from [8, Lemma I1.5.2]. O

Theorem 3.2. Let S = (Y;5,) be an orthodox completely regular semiring and
a,b € S. Then the following conditions are equivalent:
(1) a?b.
(it) There exists e, f,g,h € ET(S) witha=e+b+ f and b= g+ a+ h.
(iii) a=a’+b+a’ and b=10"+a+0°.

Proof. (i) = (ii): At first we suppose that a @ b for a,b € S. Then V*(a) =
V*t(b). Let z € V*(a). Then z € V*(b),ie,a=a+x+a, x+a+x=x and
b=b+x+b, x+b+x=u1x.

Thus, a = (a+x)+b+ (v +a) = e+b+ f, where e = a+x, f =x+a € ET(S).
Similarly, b = g + a + h, for some g, h € ET(S).

(ii) = (iii): We have a®+e+b+ f+a’ = a®+a+a® = a for some e, f € E+(9).
Then a 2% b. Let a,b € Sy, e € Sg and f € S,. Then 8,7 < a. Now, by Lemma
3.1, a°+e+b=a®+0b. Similarly, b+ f +a® = b+ a®. Hence, we have, a® + b+ a®
= a. Similarly, b° + a + b = b.

(i13) = (i): Let, x € VT (a). Then, using Lemma 3.1, we have

b=0"+a+°=0"+a+z+a+b’
=0 +a+")+2+ @ +a+b") =b+x+b.

Similarly,  + b+ 2 = z. Hence, x € V' (b) and thus, V*(a) C V*(b).
By symmetry, it follows that V' (b) C V*(a). Thus, a % b. O

Theorem 3.3. Let S = (Y;S,) be a completely reqular semiring. Then % is the
least b-lattice of skew-rings congruence on S if and only if S is orthodoz.

Proof. By [1, Theorem 1.6], we have % is the least semilattice of groups congruence
on the semigroup reduct (S,+) if and only if (S, +) is orthodox. To complete the
proof it remains to show that % is a congruence on (.5,-). For this let a % b and
ce€S. Then a =a®+b+a’ and b = % +a+1°. This implies ca = ca® + cb+ca® =
(ca)® + cb + (ca)® and cb = cb® + ca + cb® = (¢cb)® + ca + (cb)? and hence ca Z cb.
Similarly, we can show that ac % be. Consequently, % is a congruence on S. Since
S is completely regular, it follows that S/# is also completely regular. Moreover,
since (S/#, +) is semilattice of groups, one can easily prove that S/% is a b-lattice
of skew-rings, i.e., % is the least b-lattice of skew-ring congruence on S. O

Theorem 3.4. Let S = (Y;S,) be an orthodoz completely reqular semiring. Then
9t =Y.
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Proof. Let a 2 b for a,b € S. Now, we have, by Lemma 3.1, b =04+ b+ b =
b+ (a® +b+a%)+b°. Again, (a°+b+a®)°+b+(a®+b+a)° = a® +b+a°. Hence,
(a® + b+ a®) # b. Again, since a® = (a® + b+ a®)? we have a 7 (a® + b + a°).
Thus we have, a (+ #)b and hence 21 C #T % . The reverse inclusion is
obvious. This completes the proof. O

We highlight a very interesting result based on the congruences that we have
discussed so far.

Theorem 3.5. Let S = (Y;S,) be a completely reqular semiring, where Y is
a b-lattice and S, (o« € Y) is a completely simple semiring. Then the following
conditions are equivalent:
(7) S is orthodoz,
(i4) S is a spined product of an idempotent semiring and a b-lattice of skew-
Tings,
(i11) S satisfies the identity a® + b° = (a + b)°.

Proof. (i) = (ii): Let m; (respectively, m2) be the natural projection of S/#+
(respectively, S/#) onto Y. Let A be the spined product of S/t and S/#%.
Then, for any a € S,, m(a#T) = m3(a¥) = a.

We define a mapping, ¢ : S — A by ¢(a) = (as#'t,a?) for all a € S. Clearly,
¢ is a semiring homomorphism.

Let a,b € S such that ¢(a) = ¢(b). This implies (a3#+,a¥) = (b, b%),
ie,astband a @ b,ie., a® =b" and a = a® +b+a’, b = b +a +b°. Therefore,
a=a’+b+a’ =0+ b+ b = b and hence ¢ is injective.

To show ¢ is surjective, let b, c € S such that (b1, c#) € A. Then, 71 (bs#T)
= ma(c¥) = a, say, so that b,c € S,. Hence, b2* c. Now, by Theorem 3.4,
b(+ %) c. This implies b # T a# c for some a € S, ie., b = at and
o =c¥.

Hence, ¢(a) = (ast't,a¥) = (b, c%), which implies that ¢ is surjective.
Consequently, ¢ is an isomorphism.

(i) = (iii): Let S be a spined product of an idempotent semiring I and a
b-lattice of skew-rings 7". Since every idempotent semiring and every b-lattice of
skew-rings satisfies the identity 2" + y° = (z + y)° and therefore so does S.

(iii) = (i): If S satisfies the identity a® + b° = (a + )°, then for any two
elements e, f € ET(S), we have e® + f0 = (e+ f)°, ie, e+ f = (e+ f)° € EF(9).
Hence S is orthodox. O

Corollary 3.6. Let S be an orthodox completely regular semiring. Then €+ N
% = €, where € is the equality relation on S.

4. The interval which #* belongs to

So far we have discussed the nature and properties of the relation 2" on a special
kind of completely regular semirings. In the following section, we try to describe
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%* on completely regular semirings without any other special conditions.
Following [6, Theorem 3.1] we describe the structure of completely simple
semiring.

Let R be a skew-ring, (I,-) and (A,-) are bands such that TN A = {0} and
P = (py,;) be a matrix over R, ¢ € I, A € A under the assumptions
(Z) Px,o = Po,i = 07

(1) Prpkj = Prawij — Pomij + Ponkj
(2”) Pux,jk = PuX,ji — Puv,ji + Puv,jks
(iv) apxi = pria =0,
(U) ab + Pop,io = Pop,io + ab,
(vi) @b+ Prooj = Pro,oj +ab, for all 4,5,k € I, A\, p,v € A and a,b € R.

On S=1x R x A, we define ‘+’ and ‘-’ by
(i;a,A) + (4,6, 1) = (4,0 + paj + b, 1)
and ' . B
(Za a, >‘) ' (]7 b7 ,U,) = (Zjv —PAp,ij + ab7 AM)

Then (S,+,-) is a semiring which is called a Rees matriz semiring and is
denoted by .# (I, R, A; P). The authors in [6] proved (Theorem 3.1) that a semiring
S is a completely simple semiring if and only if S is isomorphic to a Rees matrix
semiring.

Next, we give a description of least skew-ring congruence to determine the
interval of #* on completely regular semirings.

Lemma 4.1. Let S = (Y;S,) be a completely regular semiring, where Y is a
b-lattice and S, (a €Y) is a completely simple semiring and a,b € S,. Then the
following statements are equivalent.
(1) a@'b,
(1) a=e+b+f andb=g+a+h foranye, f,g,h € EY(S) withe Z" a LT f
and gZT b LT h,
(iii) a= (a+2)°+ b+ (z+a)? and b= (b+2)° +a+ (x+b)° for anyx € S,.

Proof. (i) = (#i): Let a = (4,s,A), b = (j,t,u) € So and a @ b. For any e =
(i,—psi,0), f=(k,—pxrk,\) € ET(S,), we have e Z+ a L7 f.
Let ¢ = (k, —pxr — 8 — D5,i,0) € S. Then

atct+a= (i757/\)+ (kv —P\k _5_p5,i75)+ (i,S,)\)
= (1,8 +Pxk —Pak — 5 — Psi +Psi + 5, A)
= (i,8,A) = a.

Since, S, is a completely simple semiring, we have ¢+ a + ¢ = ¢. This implies,
c € V*t(a).

Since a % b, we have ¢ € V*(b). Hence b+ c+b =b, i.e., (j,t, )+ (k, —pxrx —
§ — Déis 5) + (jvtvﬂ) = (jat + Puk —Prxk— S —Dsi + D55+ t, ,U,) = (jvtvﬂ)'

So we get, t = —ps ; + Ps,i + 5+ DPak — Puk- Then
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e+b+ f=(t,—ps,i,0) + (J, —psj +Dsi + 5+ DPake — Pues b) + (ky =Dk, A)
= (4, —Ps,i + Ds,j — Ps,j +Psi + 5+ Dxjk — Duk + Duk — Paks A)
= (i,8,A\) = a.

Similarly, we can prove for any g,h € ET(S,) with g2+ b2 h,b=g+a+h.

(1) = (4i1): For x,a,b € S,, by Lemma 2.4(i), we have (a +x) ZT a L (z +
a) and (b+ ) ZTb £ (x + b). This implies (a + 2)°Z" a £ (z + a)° and
+2)°ZT b L (x +b)°. Hence by (ii), a = (a +2)° + b+ (x +a)® and b =
+2)°+a+ (z+0b)°.

Y+a+(c+b)°

Y+a+c+a+(c+b)°
"+a+0)+b+(c+a)+c+(a+c)+b+(c+a)+ (c+b)°
Y+a+e)+b+(cta)+ec+(a+e)+b+(c+a)l+ (c+b)°
"+ (@+e)+b+c+b+(c+a)+ (c+b)°
=0B+c)+b+c+b+(c+b)° [by Lemma 2.4 and Lemma 3.1]
=b+c+b.

This implies ¢ € V¥ (b) and hence V' (a) C VT (b). By symmetry, we get VT (a)
V*(b). This completes the proof.

o

Following [6, Definition 5.1] a normal subgroup N of (R,+) (where R is a
skew-ring) is said to be a skew-ideal of R if a € N implies ca,ac € N for all ¢ € R.

Notation 4.2. Let S = .# (I, R, A; P) be a Rees matrix semiring over a skew-ring
R. Let (P) denote the smallest skew-ideal of R generated by the elements of P.

Lemma 4.3. Let S = #(I, R, A; P) be a completely simple semiring. Define a
relation o on S as: for all a,b € S;

acb if and only if (g —h) € (P),
where a=(i,g,\), b=(j,h,u) € S. Then o is the least skew-ring congruence on S.

Proof. The relation ¢ is obviously reflexive and symmetric.

Let acb and bo ¢ where a,b,c € S. Also, let a = (i,9,\), b = (4, h, ) and
c¢= (k,t,0) € S. Then (g—h) € (P) and (h—t) € (P). This implies (g —t) € (P).
Hence a o c. Thus, o is transitive and hence o is an equivalence relation on S.

Next we prove that o is compatible with respect to the operations in S. Let
a,b € S such that acb. Then we have, (¢ — h) € (P), where a = (i,9,)),
b= (j,h,u) €S. Let ¢ = (k,t,8) € S be arbitrary. Therefore, a + ¢ = (i,g,\) +
(k,t,0) = (1, g+pak+t,0). Similarly, b+c = (4, h, u)+(k,t,0) = (j, h+pur+t,0).

Now, (g + Dkt t) - (h + Duk + t) = g+ Drk— Puk — h. Againa (g - h) €
(P) implies —h + g € (P), i.e., pxr — Puk — h + g+ pur — Pax € (P), ie,
g+ DPak = DPuk —h+g+puk—pak—9g € (P). Also, g+ pur —pakr — g € (P).
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Thus, g+ pxr —puk —h € (P). Hence, (a+c)o (b+c). Similarly, it can be shown
that (c+ a) o (c+b).

Again, ac = (i,9,A)(k,t,0) = (ik, —pxsir + gt, A0) and be = (jk, —pus jr +
ht, ;16). Now, (g —h) € (P) implies (gt — ht) € (P), i.e., —pxs,ik + gt — ht +pxrs.ir €
(P),i.e., —=pxs,ik+gt—ht+pus jk—Dus,jk+Prs,ik € (P). Since, —pps jx+prs.ik € (P)
it follows that —pxs,ix + gt — ht + pus,jr € (P). Therefore, (ac) o (be). Similarly,
(ca) o (cb). Consequently, o is a congruence on (S, +, ).

Next we show that o is a skew-ring congruence on S. If we can show that there
is a unique additive idempotent in S/o, then we are done. For this it is enough to
prove that all additive idempotents of S are o related.

Let e, f € ET(S). Then e = (i, —px,i, A) and f = (j, —pu,j. 1). Now, —px; +
Pu,j € (P) implies that eo f. This proves that o is a skew-ring congruence on S.

At last, we prove that o is the least skew-ring congruence on S. For this let
& be any skew-ring congruence on S. Then both ¢ and £ are group congruences
on (S,+). Moreover, by [1, Lemma 2.3|, it follows that o is the least group
congruence on (S,+). Thus, we must have 0 C £. Consequently, o is the least
skew-ring congruence on S. This completes the proof. O

Lemma 4.4. Let S = (Y;S,) be a completely reqular semiring where Y is a b-
lattice and S, (o € Y) is a completely simple semiring. If v is the least b-lattice
of skew-rings congruence on S, then #* C v.

Proof. Let a,b € S and a?'b. Then there exists some « € Y such that a,b € S,.
Let a = (i,g,\), b= (4, h, ). By Lemma 4.1, we get

(i7gv >‘) = (Za _p5,i7 6) + (]v h?M) + (kv —DPX.k )\);

since (i, —ps,i,0) RT (4,9, \) LT (k, —px .k, A)-

It follows that g = —ps,; + ps,j + h + Puk — Pk Whence g +pyx —pur —h —
ps,; + ps,s = 0, where 0 is the zero of R. Taking k = 6 = o, we have (g —h) =0 €
(P). Then by Lemma 4.3, it follows that a o, b, where o, is the least skew-ring
congruence on S,. Hence #|g, Co, forallaeY.

Let v|s, = v,. Then v = U v_. Since S_/v_ is a skew-ring, it follows that

acY
o, _ for all @ € Y. Therefore, #|s, C 0, C v, for all & € Y and hence

Cv
@y C . O
Definition 4.5. A congruence £ on a semiring S is said to be an additive idem-

potent pure congruence if a £ e with a € S and e € ET(S) implies that a € E*(S).

Theorem 4.6. Let S = .# (I, R, \; P) be a completely simple semiring. Then %
is the greatest additive idempotent pure congruence on S.

Proof. Clearly, % is an equivalence relation. Let a,b € S and a % b. By Lemma
4.1, for any z,c€ S,a=(a+x+¢c)°+b+(z+c+a) and b= (b+z+¢c)°+a+
(x +c+b)°.
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Hence, c+a = c+(a+x+¢)' +b+(z+c+a)’ = (c+a+z)+c+b+ (z+c+a)°,
by Lemma 2.4 (ii). Similarly, c+b= (c+b+2)° + (c+a) + (z + ¢+ b))°. This
implies (¢ + a) % (c+ b). Dually, it follows that (a + ¢) # (b + ¢).

We now show that (ac) % (be). Let a,b,c € S and a @ b. Then there exists
some a € Y such that a,b € S,. Let a = (i,x,\), b = (j,y, 1) and ¢ = (k, z,v).

By Lemma 4.1, a = e; +b+ f1 for all ey, f; € EV(S) with e Z a £7 f1, ie.,
(4,2, A) = (4, —pr,ist) + (J,y, 1) + (s, —pxrs, A), for all ¢ € A and for all s € I, i.e.,
(4,2, A) = (4, —pri +Pt,j + Y+ Pus —Prs, A), for all t € A and for all s € I, ie.,
T=—Pii+Dij+Yy+Dus—Prs foralteAandforall sel. (1)

We also note that zz = yz for any z € S. -(2)
Again, (7,2, \)(k, z,v) = (4, —pri, t) (k, z,v)+ (G, y, ) (k, 2, V) +(s, —pa.s, A) (K, 2, V),
i'e'a (ik77p)\1/,ik +xz, )‘V) = (ikvfptu,ilm ty)+(jkv7pul/,jk +yz, ,u’l/)+(5k77p>\l/,sk7 )‘V)a
ie., (ik, —Piwv,ik T 22, Av) = (ik, —puv,ik + Ptv,jk = Puv,jk T Y2+ Duv,sk — Drv,sks Av)
ie., —Pav,ik T T2 = —Duw,ik + Ptv,jk — Puv,jk + Y2 + Duv,sk — Pav,sk»
ie., —DPrv,ik T T2 = —Duik +ptu,jk — Puv,jk +pp,1/,sk — Pav,sk T Yz. (3)
Now, let e = (ik, —psik,96), f = (I, =prv1, W) € ET(S). Then e Z" (ac) LT f.

?

Now, e+be+ f = (ik,—ps,ik, 0) + (Jk, —puv,jr + vz, ) + (I, =prv,i, Av)
= ik, —Ds,ik + Ds,jk — Puv,jk + YZ + Duvi — Daw,i, AV)
= (ik, =Dsv,ik + Dsv,i — Psi + Ds,j — Dsv,j + Pov,jk — Puv,jk+
YZ + Duwik — Pk + Pu — Pag + Drik — Pavlk, AV)

ie., e+ be+ f = (ik, —psv ik + Psv,jk — Puv,jk + Y2 + Puvik — Pav,iks AV), .(4)
[By putting once t = § and ¢t = év and equating in (1) and again by putting
s =1 and s = lk and equating in (1) we obatin (4)]
Now, by substituting ¢ = § and s = in (3) we can obtain

—Pav,ik + T2 = —Dsv,ik + Psv,jk — Puv,jk T Puv,ik — Piv,ik + Y2
= —Dsv,ik + Psv,jk — Puv,jk T Y2 + Duvik — Pav,lk-

Therefore,

e+be+ f = (ik, —Psv,ik + Dsv,jk — Puvjk + Y2 + Puvik — Pav,ik, AV)
(Zk, _p)\v,ik + Tz, )‘V)
= ac.

Thus, we see that ac = e+bc+ f for any e, f € ET(S) with e Z* (ac) £* f. Sim-
ilarly, we can show that bc = g+ac+h for any g,h € E*(S) with g Z* (bc) £ h.
Consequently, % is a congruence on the semiring S.

Next we show that % is an additive idempotent pure congruence on S. Let
a€ S with a=(i,9,\) € S, e = (k,—prx,A) € ET(S) and a@ e. Then V*(a) =
V*(e). By Lemma 4.1, for f = (i,—pri,A), h = (k,—pak,\) € ET(S) with
fRYaLlth,wehave a = f+e+h=(i,—pxri, A) + (k, —pas; A) + (b, =pr g, A) =
(i, —px,is A) € ET(S). Thus # is an additive idempotent pure congruence on S.

Let n be any additive idempotent pure congruence on S. Let a,b € S such
that anb. Then by [1, Theorem 2.5], it follows that a % b. Hence, n C %, which
proves that & is the greatest additive idempotent pure congruence on S. O
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Theorem 4.7. Let S = (Y;5,) be a completely regular semiring, where Y is a
b-lattice and S, (o € Y) is a completely simple semiring. Then #%* = ¢ on S if
and only if for each a € Y, €, is the unique additive idempotent pure congruence
on S,, where € is the trivial congruence.

Proof. First suppose that for each a € Y, €, is the unique additive idempotent
pure congruence on S,. Since % is the greatest additive idempotent pure congru-
ence on S, it follows that #'|s, = €, on S,. Hence #* = e.

Conversely, let Z* — e. Now since & C #* = ¢ and % is reflexive on S, it
follows that %" = € on S. This implies #'|s, = €, and hence by Theorem 4.6, it
follows that €, is the unique additive idempotent pure congruence on S, for each
acY. O

Combining Theorem 3.4, Lemma 4.4 and Theorem 4.7 we get the following
result.

Theorem 4.8. Let S be a completely reqular semiring. Then %* € [e,v], where
€ is the equality congruence and v is the least b-lattice of skew-ring congruence on

S.
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