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On state equality algebras
Masoomeh Zarean, Rajab Ali Borzooei and Omid Zahiri

Abstract. We show that every state-morphism operator on an equality algebra is an internal
state operator on it and prove that the converse is correct for the linearly ordered equality algebras
under a special condition. Then we show that there is a one-to-one correspondening between
congruence relations on a state-morphism (linearly ordered state) equality algebra and state-
morphism (state) deductive systems on it. Moreover, we define the notion of homomorphism on
equality algebras and we investigate the relation between state operators and state-morphism
operators with equality-homomorphism. Finally, we characterize the simple and semisimple
classes of state-morphism equality algebras.

1. Introduction

Equality algebras were introduced in [8] by Jenei, that the motivation cames from
EQ-algebra [13]. State MV-algebras were introduced by Flaminio and Montagna
as MV-algebras with internal states [6]. Di Nola and Dvureenskij introduced
the notion of state-morphism MV-algebra which is a stronger variation of a state
MV-algebra [4]. State BCK-algebras and state-morphism BCK-algebras have been
defined and studied by Borzooei, Dvurecenskij and Zahiri [2]. Recently, the state
equality algebras and state-morphism equality algebras have been introduced in
[3]. Now we prove that every state-morphism operator on an equality algebra is
an internal state operator on it, and we prove the converse is true for a linearly
ordered equality algebra under a special condition. Also, we remove the condition
of [3, Th. 6.8] and [3, prop. 5.7(3)] and state them in general case. We introduce
a deductive system on state (state-morphism) equality algebra and we investigate
some related results. Then we show that for any linearly ordered sate (state-
morphism) equality algebra (A, o), there is a one-to-one correspondence between
Con(A,o) and IDS(A,) (SDS(A,)). We show that every internal state operator
on an equality algebra is a state-morphism if it is equality-homomorphism. Finally,
we study some classes of state-morphism equality algebras such as simple and
semisimple state-morphism equality algebras.
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2. Preliminaries

In this section, we recall basic definitions and results relevant to equality algebra
which will be used in the next sections.

Definition 2.1. (cf. [8]) An equality algebra is an algebra (A, A,~,1) of type
(2,2,0) such that the following axioms are fulfilled for all a,b,c € A:

(A4; A, 1) is a meet-semilattice with top element 1,
a~b=>b~a,

a~a=1,

a~1=a,

a<b<cimpliesa~c<b~canda~c<a~b,
a~b<(anc)~ (bAc),
a~b<(a~c)~(b~c),

where a < biff a Ab=b.
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Let (A,A,~,1) be an equality algebra. A subset D C A is called a deductive
system of A if for all a,b € A, (DS1): 1 € D, (DSs): a € D and a < b implies
be D, (DS;): a,a~be D implies b € D.

A deductive system D of an equality algebra A is proper if D # A. The
set of all deductive systems of A is denoted by DS(A). An equality algebra A is
called simple if DS(A) = {{1}, A}. A non-empty subset S of an equality algebra
(A, A, ~, 1) which is closed under ~ is called a subalgebra of A and the set of all
subalgebras of A is denoted by Sub(A). We know that ~ is higher priority than
the operation A (it means that first we calculate the operation A then apply the
operation ~). For simplify, some times we write a ~ (e Ab) = a ~ a Ab. The
operations — (called implication) and <> (called equivalence) on equality algebra
A are defined as follows:

a—=b=a~(aAbd) , acb=(a—=bA(Db—a)

If there exists zero element 0 € A such that 0 < a (i.e, 0 > a=1), for all a € A,
then A is called a bounded equality algebra and it is denoted by (A, A, ~,0,1).

Proposition 2.2. (cf. [3, 8]) Let (A,A,~,1) be an equality algebra. Then the
following hold for all a,b,c € A:
(Eg) a~b<a—b<a+b,
(Bo) a< (a~b)~b
(E19) a~b=1iffa=0b,
(E11) a—=b=1iffa<b,
(E12) a—=b=1andb— a=1 impliesa =b,
(E13) a<b— a,
(E1s) a< (a—b)—b,
(E15) a=b< (b—c¢) = (a— o),
(Eig) a<b—=ciffb<a—c,
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(E17) a—>(b—>c):b—>(a—>c),

(E1g) = <y impliesy =z <z — z,

(E19) = <y impliesz >z < z—vy,

(Eg) b<a~aAb,a~b<a~aAlb,

(E91) a<(a~aAb)~b,b<(a~aAb)~b,
(E22) ((a—b)—=b) —>b=a—b.

Proposition 2.3. (cf. [3, 5]) Let (A,A,~,1) be an equality algebra and D €
DS(A). Then the following hold for all a,b € A:
(1) if a,a —>be D, thenb e D,
(i) if a,b € D, thena~be D and aNb € D,
(i1) if A is linearly ordered, thena ~b € D iffa < b€ D iffb - a,a - b€ D.

Proposition 2.4. (cf. [3]) Every deductive system of an equality algebra A is a
subalgebra of A.

Proposition 2.5. (cf. [3, 9]) Let A be an equality algebra and Con(A) be the set
of all congruence relations on A. Then the following hold:
(i) For any D € DS(A), the relation Op on A which is defined by
(a,b) €0p & a~be D, is a congruence relation on A.
(i7) If 0 € Con(A), then [1]g = {a € A : (a,1) € 0} is a deductive system of A.

For D € DS(A) and 0p € Con(A), we denote the set of all equivalence classes
of 0p by A/D ={a/D :a € A}.

Theorem 2.6. (cf. [3, 9]) Let (A, A, ~,1) be an equality algebra. Then there is a
one-to-one correspondence between DS(A) and Con(A).

Theorem 2.7. (cf. [3, 5]) Let (A, A, ~, 1) be an equality algebra and D € DS(A).
Then (A/D,Ap,~p,1p) is an equality algebra with the following operations:

a/DApb/D = (aAb)/D, a/D~pb/D=(a~Db)/D.

In the following we recall definitions of internal state and state-morphism op-
erators and their properties. For more details, see [3].

Definition 2.8. (cf. [3]) Let (A, A,~, 1) be an equality algebra. Then (A,0) is
called an internal state equality algebra if o : A — A is a unary operator on A such
that for all a,b € A the following conditions are satisfied:

(S1) o(a) < o(b), whenever a < b,

(S2) ola~andb)=c((a~aAb)~b)~ab),

(S5) olola) ~ o(b)) = o(a) ~ o),

(S4) o(o(a) No(b)) =a(a) Ao(b).

In the following, we replace internal state equality algebra by state equality
algebra.

For any state equality algebra (A, o), the Ker(o) is defined as {a € Alo(a) = 1}.
The state o is called faithful, if Ker(c) = {1}. The set of all internal states on an
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equality algebra A denote by S(A). Clearly S(A) # 0. In fact, the identity map
14 is a faithful state on A. If A is linearly ordered, then Id4 € S(A).

Proposition 2.9. (cf. [3]) Let (A, A,~,1) be an state equality algebra. Then for
all a,b € A the followmg hold:

(1) o(1) =

(2) (U(G)) o(a),

(3) oc(A)={a€A:a=0(a)},
(4) U(A) is a subalgebra of A,
(5) Ker(o) € DS(A),

(6) Ker(o) is a subalgebra of A,
(1) Ker(o)No(4) = {1}.

Definition 2.10. (cf. [3])Let (A4, A, ~, 1) be an equality algebra. Then (A, o) is
called a state-morphism equality algebra if o : A — A is a unary operator on A
such that for all a,b € A the following conditions are satisfied:

(SMy) o(a~b)=o(a) ~a(b),

(SMsy) o(aNb)=oc(a)Ao(b),

(SMs) o(o(a)) = o(a).

The set of all state-morphisms on an equality algebra A is denoted by SM(A).
Clearly SM(A) # 0. Indeed, if A is an equality algebra, then the constant map
14(a) =1 and the identity map Id4(a) = a are state-morphism operators on A.

Proposition 2.11. (cf. [3]) Let (A,0) be a state-morphism equality algebra. Then
the following hold:

(1) Ker(o) € DS(A),

(2) Ker(c) ={o(a) ~a:a€ A},

(3) If Ker(o) = {1}, then 0 = Id 4,

(4) If A is a simple equality algebra, then SM(A) = {14,IdA}.

3. (State) deductive systems in equality algebras

In this section, by considering the notion of deductive system, we define the concept
of state deductive system on state (state morphism) equality algebras then prove
that the quotient algebra constructed with a state deductive system of a state-
morphism (and linearly ordered state) equality algebra (A, o) is a state-morphism
(and state) equality algebra. Finally, we show that a deductive system on a state-
morphism (and linearly ordered state) equality algebra define a congruence relation
on (A, o) and there is a one-to-one correspondence between SDS(A,) (IDS(A,))
and Con(A, o).

Theorem 3.1. Let X be a subset of an equality algebra A.
(i) The deductive system generated by X which is denoted by (X) is

(X)={a€A|3IneNand z1,...,2, € X st. 11 = (22 = ...(x,, = a)...) =1}



On state equality algebras 311

(#4) If D is a deductive system of A and S C A, then
(DUS)={acA|3IneNand s1,...,5, €S st. 51— (s2 = (...(sp, = a)...)) € D}
Proof. Tt follows from [5, Prop. 4.3] and [11, Prop. 2.2.7]. O

For each x belonging to an equality algebra A, the deductive system generated
by {x} is called principal deductive system. Clearly,

(x)={a€A|z" - a=1, for some n € N},
where 20 —b=ba" >b=x— (xn—l —b).

Definition 3.2. A proper deductive system D of an equality algebra A is called
e primeifa~aANbeE Dorb~bAa€ D, forall a,be A,
e mazximal if there is not any proper deductive system strictly containing D.

An equality algebra A is called semisimple if Rad(A) = m D = {1}. The
DeMax(A)
set of all prime (maximal) deductive systems of an equality algebra A is denoted
by Pr(A)(Max(A)).

Proposition 3.3. Any proper deductive system of a bounded equality algebra A
is contained in a mazximal deductive system of A.

Proof. Tt is an immediate consequence of Zorn’s Lemma. O

Example 3.4. (i). Let A = {0,a,b,1} be a poset with 0 < a,b < 1. Then
(A, A, ~,1) is an equality algebra with the operation ~ on A, given as follows:

N‘O a b 1
01 b a 0
a|b 1 0 a
bla 0 1 b
1 /0 a b 1

Then DS(A) = {{1},{a,1},{b,1}, A}, Pr(A) = {{a,1},{b,1}} and Maz(A) =
{{a,1},{b,1}}. Also by Theorem 3.1, (0) = A, (a) = {a,1}, (b) = {b,1} and
(1) ={1}.

(i4). Let B ={0,b,1} be a chain such that 0 < b < 1. Then (B, A,~,1) is an
equality algebra with the operation ~ on B, given as follows:

b

?—‘U'OZ
o T =IO
—_ T O

b
1
b
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Then DS(B) = {{1}, B}, Pr(B) = {1} and Maxz(B) = {1}. By Theorem 3.1,
(0) = (b) = B, (1) = {1}.

(i4i). Let C = {0,a,b,1} be a poset with 0 < a < b < 1. Then (C,A,~,1) is
an equality algebra with the operation ~ on C, given as follows:

~|0 a b 1
0O]1 a 0 O
ala 1 a a
b |0 a 1 b
1 /0 a b 1

Then DS(C) = {{1},{b,1}, A}, Pr(C) = {{1},{b,1}} and Maz(C) = {{b,1}}.
Also (0) = (a) = C, (b) = {b,1}, (1) = {1}.

Proposition 3.5. Let D be a proper deductive system of an equality algebra A.
Then the following are equivalent:
(1) D is mazimal.
(i3) For allz € A\ D, (DU {x}) = A.
(t4i) For allz € A\ D, 2™ — a € D for any a € A.

Proof. (i) = (i7). ¥z € A\ D, then D C (D U {x}). Since D is maximal, we get
(DU{z}) = A.

(74) = (7). Assume that F is a proper deductive system of A such that D C F'.
Hence there is € F'\ D, and so by (ii), (D U{x}) = A. Then F = A, that is a
contradiction.

(#1) < (i4i). It is clearly by Theorem 3.1(3i). O

Proposition 3.6. Let A be an equality algebra. The subalgebra S of A is a
deductive system of A, ifa € S and b € A\S implies anb € A\S anda ~ b € A\S.

Proof. Let S be a subalgebra of A. Since 1 = a ~ a € S, thus (DS;) satisfied.
Ifae Sand a <b, then aAb=a € S. Assume that b ¢ S. Since a € S and
be A\ S then a A b € A\S, which is a contradiction. Hence b € S. Thus (DSs)
satisfied. Now, let a,a ~ b € S, but b ¢ S. Hence by assumption a ~ b € A\ S,
which is a contradiction. Thus b € S. So (DSs) is satisfied. O

Example 3.7. Let A be the equality algebra in Example 3.4(¢). Then

Sub(A) = {{1},{0,1},{a, 1}, {b, 1}, A}.

Clear that any member of Sub(A) is a deductive system, except {0, 1}. It follows
that Proposition 3.6 is not satisfied for subalgebra {0,1}.

Proposition 3.8. Let A be an equality algebra. Then the following hold.
(1) If A is linearly ordered and a € A, then A(a) ={x € Ala<z} isa
subalgebra of A.
(#) If A is bounded, then Ag = {a € A|a~ 0=0} is a proper deductive
system and subalgebra of A.
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Proof. (i). Let a € A. Clearly, A(a) is closed under A. Put x,y € A(a). Since A
is linearly ordered, we assume = < y. Now by (E;3) and (F3) we get a < & <y —
x=y~(yAz)=y~x=x~y. Hence x ~y € A(a). For y < z, with a similar
way, the result satisfies.

(#). Since 1 ~ 0 =0, we get 1 € Ag. Let a € Ay and a < b. Then by (Ej),
b~0<a~0=0andsob~0=0. Thus b € Ay. Now let a,a ~ b € Ag. By
(B7),b~0< (a~b)~(a~0)=(a~b)~0=0. Hence b ~ 0 = 0 and so
b € Apy. Therefore, Ag is a proper deductive system. Also, by Proposition 2.4, A
is a subalgebra of A. O

Proposition 3.9. Let D be a proper deductive system of an equality algebra A.
Then the following hold:

(1) D is prime iff A/D is a linearly ordered equality algebra,

(#3) if D is prime, then {F € DS(A) | D C F'} is linearly ordered by inclusion.

Proof. (i). For any a,b € A, a ~ aAb € Diff (a ~ aAb)/D = 1/D iff
a/D ~p a/D Apb/D = 1/D iff a/D = a/D Ap b/D iff a/D < b/D. By the
similar way b ~bAa € D iff b/D < a/D. Hence D is prime iff A/D is a linearly
ordered equality algebra.

(i1). Let F,G € {F € DS(A) | D C F}. If F and G are incomparable, then
there exist « € F'\ G and b € G\ F. Since D is prime, by (i), A/D is linearly
ordered. Then we can assume a/D < b/D, and so a ~ aAb € D C F. Since
a € F, by (DS2), aANb € F and since a Ab < b, by (DS7) we get b € F, which is
a contradiction. Hence ' C GG or G C F. O

Proposition 3.10. Let A be an equality algebra. Then A is a linearly ordered iff
each proper deductive systems of A are prime.

Proof. Let A be a linearly ordered equality algebra. Then we have a < b or
b < a, for all a,b € A. Thus for any proper D € DS(A), a ~aAb=1¢€ D or
b~bAa=1¢€ D and so D is prime. Conversely, by the assumption, {1} is prime
and so by Proposition 3.9, A/{1} = A is a linearly ordered equality algebra. O

Corollary 3.11. An equality algebra A is linearly ordered iff the set DS(A) is
linearly ordered by inclusion.

Proof. It follows from Propositions 3.10 and 3.9(i4). O

Proposition 3.12. Let A be an equality algebra. Then D € Max(A) iff A/D is
simple.

Proof. Let D € Max(A). If A/D is not simple, then there is a € A such that
(a/D) #1/D. Soa ¢ D and D C (D U {a}), which is a contradiction with the
maximality of D. Hence A/D is simple. The converse is obvious. O

In the follows, we define the notion of state deductive system on state equality
algebras.
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Definition 3.13. Let (A4,0) be an state equality algebra. A deductive system
D of A is called a state deductive system of A if (D) C D ( i.e., a € D implies
o(a) € D). The set of all state deductive systems on state equality algebra (A4, o)
is denoted by IDS(A,). A proper state deductive system of (A,o) is called a
mazximal state deductive system if there is no proper deductive system strictly
containing it. The set of all maximal state deductive systems of (A, o) is denoted
by IMax(A,). The intersection of all the maximal state deductive system of (4, o)
is denoted by Rad(A, o). Clearly, Ker(o) is a state deductive system of any state
equality algebra.

Example 3.14. (i). Let A be the equality algebra in Example 3.4(¢). Then
o1 : A — A which is defined by 01(0) = 0,01(a) = 1,01(b) = 0,01(1) = 1 is an
state on A. We can check {b,1} € DS(A), but {b,1} ¢ IDS(A,,). Since b € {b,1}
but o1(b) =0 ¢ {b,1}. Then Rad(A) = {1} and Rad(A,o) = {a,1}.

(7). Let C be the equality algebra of Example 3.4(¢i¢). Then oy : C — C
which is defined by ¢1(0) = 0,01(a) = a,01(b) = a,01(1) = 1 is an state on
C. We can check {b,1} € DS(C), but {b,1} ¢ IDS(C,,). Since b € {b,1} but
o1(b) = a ¢ {b,1}. Therefore Rad(A) = {b,1} and Rad(A,c1) = {1}.

Example 3.15. (i). {1} and A are state deductive systems of any state equality
algebra (A4, 0).

(7). In any linearly ordered state equality algebra (A4, Ida), every D € DS(A)
is a state deductive system of (A, ). Then Rad(A) = Rad(A, o).

(#91). If C is the equality algebra in Example 3.4(éii). Then o : C — C which
is defined by 0(0) = 0,0(a) = a,0(b) = 1,0(1) = 1 is an state on C. Then we
can see that D € DS(C) iff D € IDS(C,), Since x € D follows o(z) € D. Then
Rad(A) = Rad(A, o).

(iv). If A is the equality algebra of Example 3.4(i), then o : A — A which
is defined by o(0) = a,0(a) = a,0(b) = 1,0(1) = 1 is an state on A. Then we
can see that D € DS(A) iff D € IDS(A,). Since z € D follows o(x) € D. Then
Rad(A) = Rad(A, o).

Example 3.16. Let (A,As,~4a,14) and (B,Ap,~p,1p) be two equality alge-
bras. Then C = A x B = {(a,b) € AX B |a € A, b€ B} with operations A, ~, 1
as follows : (a,b)A(a',b) = (aAad ,bABD), (a,b) ~ (a' b)) =(a~ad ,b~ph),
1= (14,1p), for all (a,b),(a’,b) € C, is an equality algebra.

Let 01 : A — A and 05 : B — B are states on A and B, respectively. Then
o : C — C which is defined by o(a,b) = (c1(a),o2(b)) is an state on C, for all
(a,b) € C. Let Dy € DS(A) and Dy € DS(B). Then D; x Dy € DS(C) is a state
deductive system of (C, o) if for all (a,b) € Dy x Dy we get o(a,b) € Dy X Ds.
Hence Dy x Dy € IDS(C,) iff Dy € IDS(Acy) and Dy € IDS(Bo).

Proposition 3.17. Let (A, o) be an state equality algebra. Then
(1) o(a — b) < o(a) = o(b), for any a,b e A,
(1) if A is linearly ordered, then o(a~b)<o(a)~a(b) and o(anb) = o(a)Ao(b).
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Proof. (i). By (Fa21) we have a < (a ~ aAb) ~ b, so by (S1), we get o(a) < o((a ~
aAb) ~b). Now (Es) follows o((a ~aAb) ~b) — o(b) < o(a) — o(b). Thus by
(S2), o(a ~andb)=0c((a~aAnb)~b) ~ab) <o(la~aAb)~b) — o). So
ola = b) < o(a) = o(b).

(43). Since A is linearly ordered, assume that @ < b. Then by a ~ b < b — a and
(), we get o(a ~b) =0(b—a) <o(b) = o(a) =o(a) ~ o(b). Moreover, if a < b
(b < a) then by (S1), o(a) < a(b) (o(b) < g(a)). So a(aAb) =c(a) Ao(b). O

Proposition 3.18. Let (A, o) be an state equality algebra and S C A. Then
Fix(S)={a€ A|o(a) = s=s,for all s € S}
is a state deductive system of (A, o).

Proof. Obviously, 1 € Fiz(S). Let a € Fiz(S) and a < b. Then o(a) — s = s.
Hence by Definition 2.8(S1) and (Eig), o(a) < o(b) and so o(b) — s < o(a) —
s = s, which implies that o(b) — s = s. Thus b € Fiz(S). Let a,a ~ b € Fiz(S).
Then o(a) -+ s = s and o(a ~ b) — s = s. Since a ~ b < a — b, by Definition
2.8 and (E1g) we get s < o(a — b) - s < o(a ~ b) = s = s. Hence o(a —
b) — s = s. Now by Proposition 3.17, we get o(a — b) < o(a) — o(b) and so
(o(a) = o(b)) = s = s. Since (o(a) = (b)) = (0(a) = s) = s thus we have
s < ob) - s < (o(a) = a(b)) = (0(a) = s) = s, that follows b € Fix(S).
Finally, let a € Fiz(S). Soo(a) - s =s. By s <o(o(a)) = s=o0(a) = s = s,
we get o(a) € Fiz(S). Hence Fix(S) € IDS(A,). O

Definition 3.19. Let (A, o) be an state equality algebra. If S C A, then ((S)) is
the state deductive system generated by S.

Proposition 3.20. Let (A,o) be an state equality algebra. If D € DS(A),
(D)) ={a€ A|IneN,Ixy,...,x, €D st. o(x1) = (...(c(x,) = a)...) € D}.

Proof. Let
S={a€A|IneN,3xy,...,z, € D st. o(x1) = (o(x2) = (...(c(zp) —a)...)) €D}.

First, we show that D C S. For any d € D, since 1 € D and o(1) =1 € D
we get 0(1) > d=1—d=4d € D and sod € S. Now we prove that S is a
state deductive system of (A,o). Since for all x € D,o(z) - 1 =1 € D, by
definition of S, 1 € S. Now, let « € S and @ < b. Then there are n € N and
x1,Z2,...,Tn € D such that o(x1) — (o(x2) — (...(c(x,) — a)...)) € D. Since
a<band D € DS(A), from (Eg),

o(x1) = (o(z2) = (..(o(zn) = a)...)) < o(x1) = (o(x2) = (...(0(zn) = b)...))

it follows that o(z1) — (o(x2) — (...(c(xn) = b)...)) € D. So b € S. Finally, let
a,a ~ b e S. Then there are m,n € N, x1,xs,...,z,, € D and y1,y2,...,yn € D
such that

o(x1) = (o(x2) = (..(o(zm) = a)...)) € D
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and o(y1) = (o(y2) = (
we get o(y1) = (o(y2) —
and (E17), we have o(xq) a)...)) < o(z1) = (o(x2) —
(..o(@m) = (0(1) = (o(y2) = (..(6(yn) = (Z = b)))...)). So

(
Z = o(x1) = (o(x2) = (..(o(xm) = (6(y1) = (o0(y2) = (...(c(yn) = 1))...)) € D

D. Sincea ~b < a — b,
= Z € D. Now from (Ej9)

and Z € D. Hence by definition of S, b € S. Thus S is a deductive system of
A. Now, we prove that S is a state deductive system of A. For any a € S, there
are ri,Za,...,Tn € D such that o(z1) = (o(z2) — (...(0(zn) = a)...)) =Y € D.
Hence Y — (o(z1) — (o(x2) — (...(0(zy) — a)...))) =1 € D and (Y —
(o(x1) = (o(x2) = (...(c(xn) = a)...)))) = o(1) = 1 € D. By using Propositions
3.17 and 2.9 (2), o(Y) — (o(x1) = (0(x2) — (...(6(zp) — 0(a))...))) =1 € D.
From Y € D, by definition of S, o(a) € S. Finally we show that S is the smallest
state deductive system of A containing D. Let F' € IDS(A,) such that D C F.
Assume a € S, if a = 1, then S C F. Otherwise there are z1,xs,....,x, € D C F
such that o(z1) — (o(z2) — (...(6(zn) — a)...)) € D C F. Since F is a state
deductive system of A, thus o(z1),0(x2),...,0(xy) € F, so a € F. Hence S is the
smallest state deductive system of A containing D, that is ({(D)) = S. O

Proposition 3.21. Let D be a state deductive system of an state equality algebra
(A,0) and x € A. Then

{(DU{z})) ={a€ A|c™(z) = (2 = a) € D, Im,n € N}

A state deductive system M of a bounded state equality algebra is mazimal iff for
any x ¢ M, there are m,n € N such that c™(z) — (2™ — 0) € M.

Proof. Set S ={a € A|oc™(x) — (2™ — a) € D, Im,n € N}. First, we show
that {DU{z}} C S. Let y € {D U {x}}, if y = x then y € S. Otherwise y € D,
from y < x — y follows x - y € D. So y € S. Now we prove that S is a state
deductive system of (A, ). Obviously, 1 € S. Let @ € S and a < b. Then there are
m,n € N such that 6 (z) — (" — a) € D. By (E19), 0™ (x) — (z" — b) € D.
Sob e S. Now, let a and a ~ b € S. Then there are m,n,s,t € N such that
o™(z) = (2" — a) € D and o%(z) — (2' = (a ~ b)) € D. Since a ~ b < a — b,
thus ¢™(z) — (2™ — (a = b)) = Y € D. By routine proof we get ¢ (z) —
(z" — a) < o™(x) = (z" — (0%(z) = (2 — (Y — b))). Thus o™ 5(x) —
(z"** — (Y — b))) € D. On the other hand we have Y € D and so b € S. Hence
S is a deductive system of A. Moreover, for any a € S there are m,n € N such
that c™(z) - (2™ — a) =Y € D. Then Y — (¢™(z) = (z™ — a)) =1 € D.
By Propositions 2.9(1) and 3.17, we have 1 = o(1) = o(Y — (¢™(z) — (2" —
a)) < oY) = (co™(x) = (c0™(x) — o(a))). Since Y € D and D is state, we
get o(Y) € D and so by definition of S, o(a) € S. Hence S is a state deductive
system of A, that is S = ((D U {z})). For proof of the second part, we assume
that M is maximal and = ¢ M. Then by maximality of M, (M U {z})) = A.
Since A is bounded, we get 0 € ((M U {x})). Thus there are m,n € N such that
o™(x) = (¢™ — 0) € M. The converse is evident. O
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Remark 3.22. Obviously, Propositions 3.20 and 3.21 hold for any state-morphism
equality algebra, too.

Definition 3.23. Let (A, 0) be an state equality algebra and 6 be a congruence
relation on A. Then 0 is called a congruence relation on (A, o) if (a,b) € 6 implies
(o(a),o(b)) € 6. The set of all congruence on (4, o) denote by Con(A, o).

In the following, we show that if (A, o) is a linearly ordered state equality
algebra, there is a bijection between IDS(A,) and Con(A, o).

Proposition 3.24. Let (A,o) be a linearly ordered state equality algebra. Then
the following hold:
(1) if D € IDS(A,), then 0p = {(a,b) € Ax A|a~be D} is a congruence
relation on (A, o),
(i7) if @ € Con(A, o), then [1]g = {a € A| (a,1) € 0} is a state deductive
system of (A, o) (that is [1]g € IDS(A, )).

Proof. (i). Let D € IDS(A,). By Proposition 2.5(i), ép is a congruence relation
of A. Let (a,b) € 0p. Then a ~ b € D, by Definition 3.13, we get o(a ~ b) € D.
Now since A is linearly ordered, so by Proposition 3.17, o(a) ~ o(b) € D. Thus
(o(a),o(b)) € Op. Hence 0p is a congruence relation on (A, o).

(73) Let 6 be a congruence relation on (A, o). By Proposition 2.5(i7), [1] is a
deductive system of A. Let a € [1]gp. Then (a,1) € 0. Since 6 € Con(A,o), thus
(o(a),o(1)) € . From o(1) = 1 follows (0(a),1) € 6 and so o(a) € [1]g. Thus [1]y
is a state deductive system of (A, o). O

Theorem 3.25. Let (A, 0) be a linearly ordered state equality algebra. Then there
is a one-to-one correspondence between IDS(A,) and Con(A, o).

Proof. Define f : Con(A,0) — IDS(A,) by f(6) = [l]g. By Theorem 2.6
and Proposition 3.24, f is an one-to-one correspondence between IDS(A,) and
Con(A, o). Then the proof is complete. O

Theorem 3.26. Let (A,o0) be a linearly ordered state equality algebra. If D €
IDS(A,), theno : A/D — A/D is an state on A/D with o (a/D) = o(a)/D.
Proof. First, we show that o is well defined. Let a/D = b/D. Thena ~ b € D and
so o(a ~ b) € D. By Proposition 3.17, o(a) ~ o(b) € D and so o(a)/D = o(b)/D.
Hence o (a/D) = o (b/D). Now we prove o is an state. For the proof of (S1),
let a/D < b/D. Then a/D ~ (a/D ANb/D) =1/D and so a ~ (a Ab) € D. By
Definition 3.13, we get o(a ~ (a Ab)) € D. Also, by Proposition 3.17, o(a) ~
o(b) ANo(b) € D. Thus o(a)/D < o(b)/D and so o (a/D) < o (b/D). For the
proof of (S2),

o (a/D ~a/DAb/D)=0c (

(o((a ~aANb)~Db)~oc(b))/D

o((a~anb)~b)/D~a(b)/D
o ((a/D ~a/D Ab/D) ~b/D) ~ o (b/D).

’

(a~aAnb)/D)=0c(a~aANb)/D
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For the proof of (S3),

o'(0'(a/D) ~ o (b/D)) = 5 (c(a)/D ~ o(b)/D) = o (0(a) ~ a(b))/D)
= (0(a(a) ~a(b)))/D = (a(a) ~ a(b))/D
= 0(a)/D ~0(b)/D =0 (a/D) ~ 0 (b/D).

Also (S4) satisfies since

o'(0'(a/D) Ao (b/D)) = o (o(a)/D A a(b)/D)

= ((o(a) Ao(b))/D)
=o(o(a) Na(b))/D = (o(a) No(b))/D
=0o(a)/DAo(b)/D =0 (a/D) Ao (b/D).

Finally (S5) satisfies since

o (0'(a/D)) = 7' (0(a)/D) = 5(0(a))/D = 0(a)/D = o' (a/ D). O

Note that in Proposition 3.26, ¢ is faithful if Ker(c' ) = {z/D | ¢ (z/D) =
1/D} ={1/D} ie., Ker(c ) ={z/D | o(z) € D}.

Corollary 3.27. Let (A,0) be a linearly ordered state equality algebra. Then
o :A/JK — A/K is an state on A/K such that K = Ker(o).

Proof. Since Ker(o) is a state deductive system of (A, o), so the result follows
from Theorem 3.26. O

Definition 3.28. Let (A,0) be a state-morphism equality algebra. A deductive
system D of A is called the state-morphism deductive system of A if (D) C D,
i.e., if a € D implies o(a) € D.

The set of all state-morphism deductive systems on a state-morphism equality
algebra (A,o) denote by SDS(A,) and the set of all maximal state-morphism
deductive systems of (A, o) denote by SMax(A,).

Remark 3.29. Clearly, by Theorem 4.6(¢) and Definition 2.10, the above results
proved for linearly ordered state equality algebra hold for state-morphism equality
algebra.

Proposition 3.30. Let (A,0) be a state-morphism equality algebra and D be a
deductive system of A. Then D is a prime state deductive system of (A,o) iff
(A/D,o) is a linearly ordered state-morphism equality algebra.

Proof. 1t follows by Proposition 3.9, Remark 3.29 and Theorem 3.26. O

Definition 3.31. Let (4, 0) be a state-morphism (an state) equality algebra. A
subalgebra S of A is called state subalgebra if a € S implies o(a) € S.
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Example 3.32. (i). If A is the equality algebra in Example 3.4(i), then o7 and
o2 : A — A defined by 01(0) =0, o1(a) =1,01(b) =0,01(1) =1 and 02(0) =q,
o2(a) = a,09(b) = 1,02(1) =1 are state-morphisms on A. Also, {0,1} is a state
subalgebra of (A, o1), which is not a state subalgebra of (A, o3), since 03(0) = a ¢
{0,1}.

(7). Let C be an equality algebra. We know that (C,1¢) is a state-morphism
equality algebra. Then every subalgebra of C is a state subalgebra of (C, 1¢).

Remark 3.33. Let (4,0) be a bounded state-morphism equality algebra. If A
is linearly ordered, a € A and a < o(a), then by Proposition 3.8(i), A(a) is a
state subalgebra. Moreover, if o(0) = 0, then by Proposition 3.8(ii), Ao is a
state deductive system. Since for any a € Ay, a ~ 0 = 0. By Definition 2.10,
o(a~0)=oc(a) ~o(0) =0(0), then we get o(a) ~ 0 =0. Thus o(a) € Ap.

Proposition 3.34. Every state deductive system of an state equality algebra (A, o)
is a state subalgebra of (A, o).

Proof. By Proposition 2.4 and Definition 3.31, the proof is clear. O

4. Some properties of state equality algebra and
state-morphism equality algebras

In the following, we state some properties of state equality algebra and state-
morphism equality algebra. We proved every state-morphism operator on an
equality algebra is a state operator on it and the converse is true for a linearly
ordered equality algebra under a condition.

Proposition 4.1. Let (A,0) be a linearly ordered state equality algebra. The map
o : A/Ker(o) = A/Ker(o) defined by o (a/Ker(o)) = o(a)/Ker(c), is a state
on A/Ker(o), for any a € A.

Proof. First, we show that ¢ is well defined. For this, let K = Ker(o) and
a/K =b/K. Then a ~b € K and so g(a ~ b) = 1. Since A is linearly ordered,
by Proposition 3.17, o(a) ~ o(b) = 1 and this conclude that o(a) = o(b). Hence
o (a/K) = o' (b/K). Now by Theorem 2.7, Definition 2.8 and Proposition 3.17,
the proof is complete. O

Proposition 4.2. Let (A,0) be a state equality algebra and Ker(o) be prime.
Then o(A) is linearly ordered.

Proof. For all a,b € A, a ~aAbe Ker(oc)orb~bAa € Ker(c). So o(a ~
aAb)=1orob~bAa)=1 From aAb < a,band Proposition 3.17, we get
o(a) ~o(anb) =1or ag(b) ~a(bAa)=1. Hence o(a) < o(b) or o(b) < o(a).
Thus o(A) is linearly ordered. O
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Example 4.3. Let A be the equality algebra in Example 3.4(i) and o = Id4.
Then (A, 0) is a state equality algebra. But Ker(o) = {1} is not prime. Since by
Proposition 4.2, o(A) is not linearly ordered (c(a) £ o(b)).

Proposition 4.4. Let (A,0) be a linearly ordered state equality algebra. Then the
following statements are equivalent:

(1) o(a = b) = o(a) = a(b),

(i) o(a ~b) = o(a) ~ o(b).

Proof. (i
get o(a)

i (#9). Since A is linearly ordered, we can assume a < b. By (S1), w

)=
< o(b) and so

ob~a)=c(b~bAa)=0c(b—a)=0c(b) = o(a)
=o0() ~ab) ANo(a) =0c(b) ~a(a).

For b < a the proof is similarly.
(#4) = (i). By Proposition 3.17,

ola—=b)=c(a~anb)=0c(a) ~a(anb)=0c(a)~ (c(a) ANa(b)) =o(a) — o(b).
O

Proposition 4.5. Let (A,0) be a state equality algebra, o be faithful and for any
a,be A, o((a~aAb)~b) =c((b~bAa)~a). Then

(1) a < b implies o(a) < o(b),

(ii) if A is linearly ordered, then o(a) = a, for all a € A.

Proof. (i). Let a < b. By (S1) we have o(a) < o(b). Assume o(a) = o(b). Then
by (S2) and assumption,

ola~b)=cb~bAa)=0c((b~bAa)~a)~oc(a)
=o((a~aAb)~b)~oc(a)=0c(b) ~c(a) =1.

Soa~be Ker(o) = {1} and it follows a = b, which is a contradiction with a < b.
Then o(a) < o(b).

(7). Let for all a € A, o(a) # a. Since A is linearly ordered, o(a) < a or
a < o(a). By (i) we get o(0(a)) < o(a) or o(a) < o(o(a)), which is a contradiction
with (S3). Hence o(a) = a. O

Proposition 4.5, is not true for any state equality algebra. In Example 3.4(i1),
with o1 : C — C defined by 01(0) = 0,01(a) = a,01(b) = a,01(1) =1, (C,07) is
a linearly ordered state equality algebra with Ker(o) = {1}. But o(b) = a # b,
since o((a ~aAb) ~b) #£c((b~bAa)~a).

Theorem 4.6. Let A be an equality algebra. Then
(i) any state-morphism on A is a state on A,
(ii) if (A, 0) is a linearly ordered state equality algebra in which for all a,b € A
o((a~aAnb)~b)=c((b~bAa)~a), then o is a state-morphism on A.
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Proof. (i) Let o be a state-morphism operator on A. Clearly, (S1) satisfies. Since
b< (a—b)—b), by (SMy),

ola~anb)=oc(a—b)=0c(((ad —>b) —b) —b)
=o(((a~aAb)~b)~b)=0c((a~aAb)~Db)~a(b).

Thus (S3) satisfies. Also (S3) and (S4) follow from (SM;) — (SMs).
(7). Let o be a state operator on A and a < b. By (S1) we have o(a) < o(b).
Then by (S2),

ogla~b)=cb~bAa)=0c((b~bAa)~a)~ac(a)
=o((a~aAb)~b)~acg(a)=0() ~ac(a) =0c(a) ~ o).

For b < a, with the similar proof, ¢ is a state-morphism operator on A. Finally,
(SM3) and (SM3) follow from Propositions 3.17 and 2.9(2). O

Definition 4.7. (cf. [3]) Let A be an equality algebra and a € A. Then
(1) A is called (~)-involutive, if for all b € A, ((b ~ a) ~ a) = b,
(i) © € A is called a-regularif (x ~a) ~a =z,
(#3i) A is called involutive if A = Reg,(A), for all a € A, where Reg,(A) is the
set of all a-regular elements of A.

Example 4.8. (1). Any equality algebra A is (~1)-involutive and A = Reg;(A)
(forallbe A, (b~1)~1)=0b).

(2). Let A be the equality algebra in Example 3.4(7). Then A is (~,)-involutive,
for all a € A and A = Reg,(A).

(3). Let B be the equality algebra in Example 3.4(ii). Then B is (~g)-involutive
since (0 ~0) ~0) =0, (b ~0)~0)=0b, (1 ~0)~0)=1. But Bisnot
(~p)-involutive, since ((0 ~ b) ~b) =1 #£ 0.

Corollary 4.9. Let A be a linearly ordered involutive equality algebra. Then o is
a state on A iff o is a state-morphism on A.

Proof. Since A is involutive, we get (a ~ b) ~ b = a, for all a,b € A. Then by
Theorem 4.6, the proof is complete. O

Example 4.10. Let C be the linearly ordered equality algebra of Example 3.4(ii7).
Then 01,09 : C — C defined by 01(0) = 1,01(a) = 1,01(b) = 1,01(1) = 1 and
02(0) = 0,02(a) = a,02(b) = 1,02(1) = 1 are two state-morphisms on C. By
Theorem 4.6, o1 and o9 are states on C. Moreover, o3 : C — C which is defined
by 03(0) = 0,03(a) = a,05(b) = a,03(1) = 1 is a state on C but it is not a state-
morphism on C. Since o3(a ~ b) # o3(a) ~ o3(b). Also, Theorem 4.6(i7) is not
satisfied, since o3((b ~bAa) ~a) =03(1) =1 # a=o03((a ~aAb)~D).

Proposition 4.11. Let (A, o) be a state-morphism equality algebra and a € A. If
x € Rega(A), then o(z) € Regy(q)(A).
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Proof. Tt is clearly by Definitions 4.7(iz) and 2.10. O

Proposition 4.12. Let (A, o) be a state-morphism equality algebra. Then Ker(o)
is prime iff o(A) is linearly ordered.

Proof. If Ker(o) is prime, then the proof is similar to the proof of Proposition
4.2. Conversely, assume that for all a,b € A, o(a) < o(b) or o(b) < o(a). Let
a~aAb ¢ Ker(oc). Then o(a ~ a Ab) # 1 and so by (SM;) and (SMs),
o(a) ~ o(aAb) # 1. Thus o(a) £ o(b) and so by assumption, o(b) < o(a). Hence
ob~bAa)=1and b~bAa € Ker(o). O

Proposition 4.13. Let (A,0) be a state-morphism equality algebra and K =
Ker(o). Then
(i) o/ K < b/K iff o(a) < o(b),
(i4) o/ K =b/K iff o(a) = o(b).

Proof. Applying Theorem 2.7 and Definition 2.10, we get

(1). o/ K <b/K iff a/K = (aAb)/K iff (a ~ (aAD))/K =1/K iff a ~ (aAD) €
Kiff o(a~ (anb)) =1iff o(a) ~ (o(a) Aa(b)) =1iff o(a) < o(b).

(#i). a/K = b/K iff (a ~b)/K = 1/K iff a ~b € K iff o(a ~ b) = 1iff
o(a) ~o(b) =1iff o(a) = o(b). O

Proposition 4.14. Let o and p be two state-morphisms on equality algebra A
such that Ker(o) = Kerp and Imo = Imyu. Then o = p.

Proof. By Proposition 2.11, for all a € A, o(a) ~ a € Ker(c) = Keru. Then
p(o(a) ~ a) =1 and so we have p(o(a)) ~ p(a) = 1. From o(a) € Imo = Imu
follows p(o(a)) = o(a). Hence o(a) ~ u(a) = 1, that means o(a) = u(a). O

Theorem 4.15. If (A, o) is a state-morphism equality algebra, then
A = (Ker(o) UImo).

Proof. Obviously, (Ker(c) U Imo) C A. Since Ker(o) € Ds(A) and Imo C
A, thus by Theorem 3.1(ii), (Ker(c) UImo) = {a € A | o(a1) — (o(az) —
(...(oc(an) — a)...)) € Ker(o),for some ay,...a, € A}. Let a be an arbitrary
element of A, by Proposition 2.11, o(a) ~ a € Ker(o). Since o(a) ~ a < o(a) — a,
then o(a) = a € Ker(o) such that o(a) € Imo and so a € (Ker(o)UImo). Hence
A = (Ker(o) UImo). O

5. Equality-homomorphisms and their relation with
the state-morphism operator
In this section, we define a homomorphism between two equality algebras and we

state some related results. Then we prove that an state on an equality algebra, is
a state-morphism if it is an equality-homomorphism.
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Definition 5.1. Let (A, A, ~,1) and (A,,/\/, ~ 1,) be two equality algebras. The
map f: A— A is called an equality-homomorphism, if the following hold, for all
a,be A:

(Hi) fla~Db)=f(a)~ [(b),

(H2) flaAb) = f(a) A (D).

If f: A— A is a homomorphism of equality algebras, then f is called an
equality-endomorphism. The set Kerf={ac A| f(a)=1"} is called a kernel of f.

It is clear that every equality-homomorphism, is a BC'K A-semilattice homo-
morphism.

Proposition 5.2, Let f : A — A" be a bounded equality-homomorphism and
F(0)=0". Then
i) f(1) =

(i) f is monotone o

(iid) f(x ~ 0) = f(z) ~ 0,

(iv) Kerf is a proper deductwe system of A,
(v) Imf is a subalgebra ofA
(vi) f is injective zﬁ Kerf = {1}
(vii) if D" € DS(A"), then f~Y(D") € DS(A),
(viii) if f is surjective and Kerf C D € DS(A), then f(D) € DS(A").

Proof. The proofs of (i) — (vi) are straightforward.

(vii). Assume that D' € DS(A'). Since f(1) =1 € D, thus 1 € f‘l(D/).
Let a € f~(D') and a < b. Then f(a) € D' and f(a) <" f(b). Thus f(b) € D’
Let a,a ~be f~ YD ) Then f(a ~ b) € D', by equality- homomorphism f, we
get f(a )N f()ED So f(a) € D' followsthatf()eD thus b € f~1(D").
Thus f~*(D’) is a deductive system of A.

(viii). Since 1 € D, by (i), 1" € f(D). L ta b eA. Td e f(D)anda <.
Then there exists a € D such that f(a ) =ad. Slnce f is surjective, there exists
b € A such that b = f(b). So f(a) <" f(b) follows that f(a) = f(b) = 1 and
so f(a —b) =1, thusa — b € Kerf CD. Thenb e D,sob = f(b) € f(D).
Let a',a ~ b € f(D). Then there are a,z € D such that f(a) = a and
f(z) = d ~"b. Since f is surjective, so there is b € A, such that f(b) = b
So f(z) =d ~ b = f(a) ~ f(b) = fla~b). Thus I = f(z) ~" f(a~b) =
f(z ~ (a ~b)). Then z ~ (a ~ b) € Kerf C D follows that b € D and so
b = f(b) € f(D). Then f(D) is a deductive system of A’ O

Theorem 5.3. If f : A — A’ is a surjective equality-homomorphism, then there
is a bijective correspondence between {D | D € DS(A), Kerf C D} and DS(A').

Proof. By Proposition 5.2(vii) and (viii), f : {D | D € DS(A),Kerf C D} —
DS(A’) such that D — f(D) and f~': Ds(A") — {D | D € DS(A),Kerf C
D} such that D' — f~1(D’) are well defined functions. Now we will show
f(f~YD")) = D" and f~'(f(D)) = D. Since f is surjective, then f(f~1(D")) =
D'. It is clear that D C f~'(f(D)). Assume that a € f~'(f(D)) then f(a) €
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f(D), so there is * € D such that f(a) = f(z) then f(a) ~ f(z) = 1. By
Definition 5.1, f(a ~z) =1soa ~x € Kerf C D. since x € D we get a € D,
thus f=1(f(D)) C D. So f~1(f(D)) = D. O

Theorem 5.4. Let A be an equality algebra. Then f : A — A is a state-morphism
operator iff [ is an equality-endomorphism with f(a) ~a € Kerf, for all a € A.

Proof. Let f be a state-morphism operator. Then by Definition 2.10, (H;) and
(H) satisfies. Also by (SMs), we get, 1 = f(f(a)) ~ f(a) = f(f(a) ~ a). It
follows f(a) ~a € Kerf.

Conversely, let f be an equality-endomorphism. By Definition 5.1, (SM7) and
(SMy) satisfies. By the assumption, for all a € A, f(a) ~ a € Kerf. Thus
F(f(@) ~ a) = 1. From (Hy), we get 1 = f(f(a) ~ a) = f(f(a)) ~ f(a) that it
follows f(f(a)) = f(a). So (SMs3) satisfies. O

Corollary 5.5. If A is a simple equality algebra, then every equality-endomorphism
f:A— A is a state-morphism operator, if f =14 or f = Ida.

Proof. Assume f is an equality-endomorphism. Then By Theorem 5.4, f is a
state-morphism operator if f(a) ~ a € Kero for any a € A. Since A is simple so
Ker(o) ={1} or Ker(oc) = A. Then f =1ds or f =14. O

Example 5.6. Let A be the equality algebra as Example 3.4(¢). Then f: A — A
is an equality-endomorphism by define f(0) =0, f(a) = b, f(b) = a, f(1) = 1. But
f is not a state-morphism operator on A.

Lemma 5.7. Let f: A — A be an endomorphism on equality algebra A and for
alla € A, f(a) ~a € Kerf. Then f is a state operator on A.

Proof. By Theorems 5.4 and 4.6(%), f is an state on A. O

The converse of proposition 5.7 is not true. In Example 3.4(iii), 0 : C — C
which is defined by o(0) = 0,0(a) = a,0(b) = 1,0(1) = 1 is an state on the
linearly ordered equality algebra C, but ¢ is not equality-endomorphism (o2 (a ~ b)

# o2(a) ~ oa(b)).

Lemma 5.8. Let o be an state operator on a linearly ordered equality algebra A
such that for all a,b € A, o((a ~aAb) ~b) =0c((b~bAa)~a). Then o is an
equality-endomorphism with 0% = o.

Proof. By Theorems 4.6(ii) and 5.4, the proof is complete. O

Theorem 5.9. Let f : A — A be an equality-endomorphism on an equality algebra
A. Then the following are equivalent.

(@) f is a state operator on A.

(i1) f is a state-morphism operator on A.

Proof. By Lemmas 5.7 and 5.8 and Theorem 5.4, the proof is clear. O
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Theorem 5.10. Let (A, o) be a state-morphism equality algebra. Then,
(1) o(A) is a simple subalgebra of A iff Ker(c) € SMaz(A,),
(it) (A, o) is a simple state-morphism equality algebra iff A is a simple equality
algebra,
(74i) if o(A) is a semisimple subalgebra of A, then the intersection of all maxi-
mal state-morphism deductive systems of (A,0) is a subset of Ker(o).

Proof. (i). Let (A, o) be a state-morphism equality algebra. Then by Theorem
5.4, o is an equality-endomorphism, which implies that A/Ker(o) = o(A). Thus
Ker(o) € SMax(A,) iff A/Ker(o) is simple iff o(A) is simple.

(i4). Let (A, o) be a simple state-morphism. Then Ker(c) € SDS(A,) and
so Ker(o) = {1} or Ker(c) = A. Hence o0 = Ids or 0 = 14. In this case every
deductive system of A is state. Thus {1} and A are only deductive systems of A.
Therefore, A is simple. Conversely, let A be a simple equality algebra. Then A
has only two deductive systems, {1} and A which they are state. Hence (4, o) is
a simple state-morphism equality algebra.

(#4i). Let o(A) be a semisimple subalgebra of A. Then by Definition 3.2,

N I={1

IeSMax(c(A))

Since A/Ker(c) = o(A), then A/Ker(o) is a semisimple equality algebra. So
N{D : Ker(c) C D € SMax(A)} = 1/Kerc. Now we show that D is state.
Let D € SMax(A,) and Kerc C D. Then by Proposition 2.11, for all a € D,
o(a) ~a € Kero C D. Therefore, o(a) € D. O
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