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A representation theorem for bounded distributive

hyperlattices
Abdelaziz Amroune and Ali OQumhani

Abstract. A representation theorem for bounded distributive hyperlattices is given. The equiva-
lence between the category of Priestley spaces and the dual of the category of bounded distributive

hyperlattices is established.

1. Introduction

The notion of hyperstructures was introduced 80 years ago [6], it has been studied
by several authors see for example [1, 4, 5, 10, 11, 12], this bibliography and the
references therein is not exhaustive.

Later, Koguep et al. [4], Konstantinidou [5] introduced respectively the notion
of hyperlattices and studied ideals and filters in these structures. Prime ideals and
prime filters in hyperlattices have been examined by R. Ameri et al. [1]. Rasouli
and Davvaz defined a fundamental relation on a hyperlattice to get a lattice from
a hyperlattice. Moreover, they defined a topology on the set of prime ideals of a
distributive hyperlattice [11, 12].

The Stone’s representation theorems [13, 14] proved that every Boolean algebra
is isomorphic to a set of {I, : a € A} (where I, denotes the set of prime ideals of
A not containing a). Since then, representation theorems for distributive lattices
has known a vast development.

H. A. Priestley developed another kind of duality for bounded distributive
lattices [8, 9]. Such representation theorems enable a deep and a concrete compre-
hension of the lattices as well as their structures. Our motivation finds its place
in the following opinion:

"Stone’s duality and its variants are central in making the link between syn-
tactical and semantic approaches to logic. Also in theoretical computer science,
this link is central as the two sides correspond to specification languages and the
space of computational states. This ability to translate faithfully between alge-
braic specification and spatial dynamics has often proved itself to be a powerful
theoretical tool as well as a handle for making practical problems decidable" see

[3]-
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In this paper, we extend some results of [8, 9], where a representation theorem
of bounded distributive hyperlattices is presented. In other words, the category of
Priestley spaces is equivalent to the dual of the category of bounded distributive
hyperlattices.

2. Preliminaries

Let X be a nonempty set and P*(X) denotes the set of all nonempty subsets of
X. Maps f: X x X — P*(X), are called hyperoperations [6].

Definition 2.1. Let L be a nonempty set, A be a binary operation and LI be a
hyperoperation on L. L is called a hyperlattice if for all a,b,c € L the following
conditions hold:

(i) a €ala,and a A a = a;
(i) ab=bUa,and aAb=DbAa;

)

)
(iii) a € faA(aUb)]Nal (aAD)];
(iv) aU(bUec) = (alb)Uc,and a A (DA c) = (aAD)Ac
)

(v) a€alb=anb=b.
A hyperlattice L with the property
aN(bUc)=(aAnb)U(aNc)

is called distributive, where for all nonempty subsets A and B of L we define
AUB=U{aUblac Ajbe B} and AANB={aAb|lac Abe< B}.

The converse of condition (v) in Definition 2.1 is true. Indeed using (iii) in
Definition 2.1, we obtain a € a LI b by taking b = a A b.
Hence, we can define a partial order on L by:

a<b&sbealbsanb=a.

A hyperlattice L is called bounded if there exist 0,1 € L such that for all a € L,
0<a<l.

Consider a lattice (L,A,V). We define the Nakano hyperoperation U on L
by Uy ={2€L/zVe=2zVy=xVy}, for all z,y € L. To the best of our
knowledge, the LI hyperoperation was first introduced by Nakano in [7], which is
an investigation of hyperrings.

Lemma 2.2. If (L,A,V) is a distributive lattice, then (L,A,U) is a distributive
hyperlattice where aUb={x € L|aVb=aVz=0bVa} for all a,b € L.
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Proof. Straightforward. O

Lemma 2.3. Let L = {0,1}. Then, ({0,1},A,U) is a bounded distributive hyper-
lattice, where

ATOT1 Ul o 1
000 and 0 | {0} | {1}
101 1| {1} [ {0,1}

Definition 2.4. [10] A nonempty subset I of a hyperlattice L is called an ideal if
the following conditions hold

(i) If a,be I, then aUb C I;
(i) fael,b<a,and b€ L, then b€ I.
A proper ideal I is called primeif aAb € I impliesa € I or b e I for all a,b € L.

Definition 2.5. [10] A nonempty subset F' of a hyperlattice L is called a filter if
the following conditions hold

(i) If a,b € F, then a A b € F;
(i) faeF,a<b,andbe L,thenbe F.

A proper filter F is called prime if for all a,b € L (aUb) N F # () implies a € F or
beF.

Theorem 2.6. [1] If P is a prime ideal of a hyperlattice L, then L — P is a prime
filter of L. Similarly, if F' is a prime filter of L, then L — F' is a prime ideal of L.

Proposition 2.7. If § is a nonempty subset of a hyperlattice L, then the smallest
filter containing § has the form

Oy ={zx e L|lai N... Na, <z, for some ay,..,a, €}.

Proof. First, we prove that (0) is nonempty. Let a € J, since a < a, then a € (J),
hence () # 0. To proof that (§) is a filter let x € (d), y € X such that x <y, then
ANqja; <z <y, soyeF.

On the other hand, for z,y € (0), there exist a1, as,...,an, by,ba, ..., by such
that Aj_ja; < and AJLb; <y. Then, (Af_;a;) A (AJL1b;) < x Ay. Therefore,
z ANy € ().

Next, let a € d, since a < a, we have a € (). Then 6 C (J).

Finally, suppose that F is a filter with 6 C F. Then for any « € (§), then there
exist a1, as,..,a, € 0 such that A?_,a; < x, then x € F. Therefore (§) C F. O

If § = {a}, we write (§) =ta={x € L|a <z}

Proposition 2.8. [10] Let (L,A,U) be a distributive hyperlattice. If a € L then
la={z e L|z<a} is an ideal.
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Theorem 2.9. Let X be a distributive hyperlattice, F be a filter and I an ideal
of X. If FNI =0, then there is a prime filter P such that F C P and PNI = ().

Proof. Let G be the family of those filters F’ which satisfy F* C F’ and F' NI = (.
It follows from the Zorn’s lemma that G has a maximal element P. Since P € G it
remains to prove that the filter P is prime. Since PN I = ), P is proper. Suppose
P is not prime. Then there exist a,b € X such that (aUb)NP # 0, and a ¢ P
and b ¢ P. Let ap € (alUb)N P and let 6 = PU{a}. Then (§) NI # (), otherwise
P C (§) € G contradicting the maximality of P. Take xz € (6) N I. This implies
easily there exists p € P that p A a < z, it follows that ag A p A a < x and since
x € I, it follows that ag ApAa € I. Similarly ag AgAb € I. Then, apAmAa el
and ag AmAb € I such that m = pAg, it follows that (ag AmAa)U(agAmAb) C I,
which implies ag Am € (ag Am)A(aUb) C I, and agAm € P, therefore INP # 0,
which is a contradiction. O

Corollary 2.10. Let L be a distributive hyperlattice. If I is an ideal anda € L—1,
then there exists a prime filter P such that a € P and PN 1 = ().

Proof. Let I be an ideal, a € L — I and take F' = (a), it follows FF NI = . By
Theorem 2.9, there is a prime filter P such that FF C P and PN 1T = (). O

Definition 2.11. Let L and L’ be two hyperlattices and f : L — L’ be a mapping.

1. f is said to be a hyperlattices homomorphism if f(z Ay) = f(x) A f(y) and
flzUy) C f(z)U f(y), for all z,y € L.

2. f is said to be a strong homomorphism of a hyperlattices, if f(x Ay) =
f@)A f(y) and f(xUy) = f(x)U f(y), for all z,y € L. If f is a bijection,
then f is said to be a hyperlattices isomorphism (strong isomorphism).

Proposition 2.12. Let (L, A,U) be a hyperlattice, ({0,1}, A, L) be the hyperlattice
in Lemma 2.3 and F be a subset of L. If F is a prime filter, then there is a
surjective hyperlattices homomorphism f : L — {0,1}, such that F = f=1({1}).

Proof. Set f(X)=1if X C F, and f(X) = 0 otherwise. Since (zUy)NF # 0 &
(xeForyeF), then fzUy)=1=2UyCF= (aUy)NF#0=z€For
yeF = f(z) = 1or f(y) = 1. Hence, f(xUy) C f() U f(y).

If flxUy) =0, we have z Uy ¢ F, it follows that (z Uy) N F = 0, which
implies ¢ ¢ F and y ¢ F, it follows that f(z) = 0 and f(y) = 0, which implies
f(z)U f(y) = 0. Therefore, f(zUy) C f(z)U f(y).

For the second homomorphism axiom, we have f (z Ay) =0 2Ay C L-F &
(reL—ForyeL-—F)& (f(z)=00r f(y)=0) < f(z) A f(y) =0. Hence,
f@ny)=f@)nf(y) O

Corollary 2.13. Let L be a distributive hyperlattice. If a,b € X are such that
a £ b there is a prime filter F such that a € F and b ¢ F.

Proof. Take I =] b in Corollary 2.10. O
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3. Priestley duality

Definition 3.1. Let (L, <) be a poset. A subset E C L is said to be increasing
(decreasing) if Ve,y € L, x € E and x <y (y < x) implies y € E.

Definition 3.2. An ordered topological space is a triple (X, 7, <) such that (X, 7)
is a topological space and (X, <) is a poset. A clopen set in a topological space is
a set which is both open and closed. The ordered topological space is said to be
totally disconnected if for every z,y € X such that z £ y there exists an increasing
7-clopen U and a decreasing 7-clopen V such that UNV = () with € U and
yeV.

Definition 3.3. A Priestley space is a compact totally disconnected ordered topo-
logical space.

If A is a bounded distributive hyperlattice, then its dual space is defined to be
T(A) = (X, 7,<), where X is the set of homomorphisms from A onto ({0, 1}, A, L),
preserving 0 and 1, 7 is the product topology induced from {0,1}4, and < is the
partial order defined by f < g in X if and only if f(a) < g(a) for all a € A. T (A)
is compact, and it is also totally order disconnected, i.e., a Priestley space.

Definition 3.4. [2] Let (X, 7, <), and (X', 7', <) be two Priestley spaces. Then
f: X — X' is called

1. increasing if for all z,y € X, 2 <y = f(z) < f (y)-

2. a Priestley spaces homomorphism if is increasing and continuous. If it is a
bijection, then it is a Priestley spaces isomorphism.

Lemma 3.5. If 0 = (X, 7,<) is a Priestley space, then there ezists a hyperoper-
ation U such that (L (0),N,U,0,X) is a bounded distributive hyperlattice, where
L(6) ={Y C X|Y is increasing and 7-clopen} and U is defined by

AUB={Xe€eL(§)|AUB=AUX =BUX}
for all A, B € L (9).
Proof. By Lemma 2.2. 0

Lemma 3.6. Let A be a bounded distributive hyperlattice. Then Fy: A — L(T(A))
defined by Fa (a) = {f € X | f(a) =1} is a hyperlattices isomorphism.

Proof. For all a,b € A we have
Fa(anb) ={f e X|flanb) =1} ={f € X|f(a) =1} N{f € X|f(b) =1}
:FA(a)FIFA(b),
and
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Fa(aUb) ={Fa(t)[tcaUb} ={{f € X[flaUb)=1}}
C{feX|fla)=1}U{f e X[f(b) =1}} ={Fa(a)UFa(b)}
CFEy(a)UFa(D).

Suppose that a # b. If a £ b, there exist a prime filter F' such that a € F
and b ¢ F (Corollary 2.13). Thus, by Proposition 2.12, there is a hyperlattices
homomorphism f: A — {0,1} such that a € f~1({1}) and b ¢ f~! ({1}), hence
f(a)=1and f(b) =0, ie., Fa(a) £ Fa(b).

Similarly, b £ a gives F4 (b) £ Fa (a). Hence, a # b implies F4 (a) # Fa (b)
i.e., F4 is injective.

To prove that F4 is surjective, let U € L(T (A)). Then, for all f € U and
g € L(T(A)) — U, since U is increasing, we have g < f. Thus, f (ay,) = 1 and
g (apy) =0 for some ayq € A. Hence, f € Fa(asq) and g € L(T (A)) — Fa (aysg).

For fixed f € U we have g € L(T (A)) — U C igl (L(T (A)) — Fa (as4)) =
L(T (A))—FA(Z\lafgi) (because L (T' (A))—U is compact). Foray = izlafgi =, we
have i (ay) = FA(Zlafgi) C U. On the other hand, f (a;) = 1, thus f € Fa (ay).
Therefore, U = UscyFa (ay). We find again a finite covering U = jQIFA (af;).
Hence, {U} D jglFA (af;) 2 F,L;(jglafj)7 (since B C B’ = F;'(B) c F;'(B)
and F)y injective). Consequently, F;l(FA(jgllafj)) = jglafj))'

We have IZ ap; C FyH(U), since 'Cllafj € P*(A), ie., 0 # .Ifllafj C A, e,
j=i j= j=
F4 is surjective. Since Flu is injective, there exists a € A such that U = F4 (a).

Therefore, F4 is a hyperlattices isomorphism. O

Lemma 3.7. If f: Ay — Ay is a hyperlattices homomorphism, then the map
T(f): T(A1) = T(As) defined by T(f)(g) = go f is a homomorphism of Priestley
spaces.
Proof. For all g1,g0 € T (A1), from g1 < go it follows g1 o f < go o f. Hence T (f)
is increasing. The continuity of T (f) follows from the fact that for every a € Ay,
T(f)"" (Fa, (@) ={g € T (A2) /T () (g) € Fa, (a)}
={g €T (A2)/go f(a) =1} ={g € T (A2) /g (f (a)) =1}
= Fa, (f (a)).
This completes the proof. O
Lemma 3.8. If 6 = (X, 7,r) is a Priestley space, then the map Gs: 6 — T(L(9))

defined by ’
1 ifx ey,

Gty ={ g FrEy

for all Y € L(6), is an isomorphism of Priestley spaces.
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Proof. To prove the surjectivity, for each f € T(L(J)) we consider the sets U =
(Y eLE) |f() =1}, V = {Z€ L) |f(Z)=0}, A = NyeyY and B —
UzevZ. Suppose that A — B = (). Then (NycpY) N(Uzey Z)¢ = B, consequently

(NyerY) N (Nzey Z¢) = (. Since X is compact, we have (iiYi) N (;rjlzjc) = 0.

Thus, ﬁlYi - er_Janj and f(j@le) = 1, a contradiction because f(j@le) =
‘7\7/1‘f (Z;) = 0. Hence A — B # (. Then, there exists € A — B such that
Jj=i

Gs (z) = f. Therefore G5 (2) (Y) =1 rzecY oY eU<« f(Y)=1.So, Gs is
surjective.

Let 1,29 € 8, 1 # x2. If z1 £ x2, then there exists Yy € L (§) such that
z1 € Yy and z2 ¢ Yy, hence Gs(21)(Yo) # Gs(w2)(Yo). If zo & a1, then there
exists Y1 € L (9) such that x5 € Y7 and x; ¢ Y7, hence Gs(x2)(Y1) # Gs(z1)(Y1).
Thus z1 # x5 implies G5(x1)(Y) # Gs(x2)(Y), so Gs is injective.

To prove that G is continuous, let Z be a 7-clopen subset of T' (L (§)) . Then,
there exists y € L (0) such that Y = Fp(s) (y). Thus

G5 ' (Y) =Gy (Fres) (v) = {2 € X/Gs(x) € Frs) (y)}
— (o€ X/Gs(a)(y) =1} = {z e X/zcy) = XNy =y.
Hence, G5 is continuous.

Note that, since Y € L(9) are increasing, x < y implies G5(x)(Y) < G5(y)(Y).
O

Lemma 3.9. If h: 61 — 02 is a homomorphism of Priestley spaces, then the
map L(h): L(62) — L(61) defined by L(h)(y) = h=*(y) for every y € L(d2) is a
hyperlattices homomorphism.

Proof. For all y € L(d3) we have L(h)(y) € L(61). For all y,z € L(d2) since h™!
commutes with set-theoretical operations we have,
L(h)(yUz) C {hfl (x) |[hY(yuz)=h"t(yux)=h"t(zU 1:)}
={n" (@) R () UL () =h " (y) UL (z) =" (z) UL (2)}
€ L(h)(y) U L(R)(2).
and L(h)(yNz)=h""(yNz)=h"1(y) Nh~!(2) = L(h)(y) N L(h)(2).
Hence, L(h) is a hyperlattices homomorphism. O

Theorem 3.10. L (T(f)) o Fa, = Fa, o f for any hyperlattices homomorphism
fi A1 — AQ.
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Proof. For all a € Ay,
(L(T(f)) o Fa,)(a) = L(T(f)) (Fa, (a)) =T~ (f) (Fa, (a))
={9 €T (A2) |T(f)(9) € Fa, (a)}
={9€T(Az) |gof € Fa, (a)}
={9€T(A2) |g(f(a)) =1}
= Fa, (f(a)) = (Fa, © f) (a),
which completes the proof. O

Theorem 3.11. For any homomprphism h: §1 — 6o of Priestley spaces, we have
T (L (h)) o G61 = G52 oh.
h

51 — > 62

Géll lcéz

L(T(41)) L(T(62))

L(T(h))

Proof. (T (L (h)) e Gs,) (f) = T (L (h)) (Gs, (f)) = Gs, (f) o L (h) for all f € .
Hence for all y € L (d2) we have

(T (L(h))oGs,) (f)(y) = (Gs, (f) o L(R) (y) = Gs, (f) (M ()
{11ffeh—1(y) {1ifh(

~oif fEhT(y) h(

)

= Gs, (h(f)) (y) = (Gs, o 1) (f) (y) -
This completes the proof. O

Theorem 3.12. The dual of the category of Priestley spaces is equivalent to the
category of distributive hyperlattices.

Proof. By Lemma 3.6, Lemma 3.8, Theorem 3.10 and Theorem 3.11. O

4. Examples

Example 4.1. Let A ={0,a,b,1}. Consider the following Cayley tables

| 0 a b 1
{0} {a} {b} {1}
{a}  {0,a} {1}  {b,1}
oy {1} {0} {a,1}
{1}  {p,1} {a,1} A

Then (A, A,U,0,1) is a bounded distributive hyperlattice. T (A) is the set
of homomorphisms from A onto {0,1} = {fi, fo} and its bidual is: L(T'(A4)) =

{0, {f1},{f2}. {f1, f2}}, where

[l ew i el en) Han)
SRS NN ES
- oo o|C

1
0
a
b
1

- o o>
Q O Ol
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| 0 b 1
10 1 0
f210 0 1
U ‘ 0 {f1} {f2} {f1, f2}
0 0 {f1} {f2} {f1, f2}
{f1} {f1} {0,{f1}} {f1, f2} {f23 {1, f2}}
{f2} {f2} {f1, f2} {0,{f2}} {A A, f23}

{f17f2} {flva} {{fZ}v{fth}} {{fl}v{fth}} {wa{f1}7{f2}7{f17f2}}

Then (L(T(A)),N,U,0, X) is a bounded distributive hyperlattice with X =
{f1, fo}. Fa: A — L(T(A)) is given by F4(0) =0, Fa(a) = {f1}, Fa(d) = {f2},
Fa(l) ={f1, f2}-

Example 4.2. Let D(30) = {1,2,3,5,6,10,15,30} be the set of positive divisors
of 30 and (D(30), A, V) the lattice where aAb and a Vb are respectively the greatest
common divisor and the least common multiplier of a and b. Define on D (30) the
hyperoperation by: a Ub = {x € D(30)lavVb=aVa=>bVa}, for all a,b € L.
Then (D (30), A, U, 1,30) is a bounded distributive hyperlattice. T (D (30)) is the
set of homomorphisms from D(30) onto {0,1} = {f1, fa2, f3}

D (30) ‘ 1 2 3 5 6 10 15 30
f 0 1 0 0 1 0 1
fa 00 1 0 1 11
f3 00 0 1 0 1 1 1

Its bidual is: L(T(D (30))) = {0,{fi}, {fo}, {fs}, {1, o}, {1, f}, {f, f}, X},
where X = {f1, fo, f3}

U 0 {f1} {f2} {fs}
1] [ {f1} {f2} {fs}
{f1} {f1} {0,{f1}} {f1, fo} {f1, fs}
{f2} {f2} {f1, f2} {0,{f2}} {f2, f3}
{fs} {f3} {f1, f3} {fe, f3} {0,{f3}}
{fu, 23 | {f, f2} e} A 2}y A {h f2}) {x
{fi, fs} | {fufsy s {f, f3}} X {fih A S fs3}
{fa; fs} | {fa, fs} {X} {fsh Afas £}y {{f2} S f3})
X X {{f2, f3}, X} S, fs3, X} {f1, f2}, X}
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U {f1, f2} {f1, f3}
@ {fl,fQ} {f17f3}
{f1} {2} {1, f2}} {fs}, {f1, fs}}
{f2} {1} {1, 23} X
{fs} X {f1},{f1, fs}}
{f1, f2} 10, {1}, {fo}: A f1, 21} Hfes £}, X}
{f1, fs} S, f3}, X} 10, {f1},{fs}  {f1, f3}}
{fa; fs} S, f3}, X} S, f2}, X}
X sk {fu fshAfe, £33, XY {2} A f1, fo} { S, f3}, X}
U {f2, f3} X
0 {f2, f3} X
{f1} X {{f2, f3}, X}
{f2} ULt A f2s f3}} {{f1, fs}, X}
{fs} Hre} A f2, 33} {{f1, f2}, X}
{f1, f2} Hfr, f3}, X} {3}, {f1, fs}, {fe, f3}, X}
{f1, f3} {{f1, f2}, X} {2}, {f1, f2}, { f2, 3}, X}
{f2; f3} {0, {f2} ,{fs} {f2, f3}} {1} {f, fo} {1, f3), X}
X {1}, {f1, f2} {1, f3}, X} L(T(A))

Then (L(T(A)),N,U,0, X) is a bounded distributive hyperlattice. F4(1) = 0,
Fa(2) = {f1}, Fa(3) = {fo}, Fa(5) = {f3}, Fa(6) = {f1, fo}, Fa(10) = {f1, f3},

Fa(15) = {f2, f3},

Fa(30) = X.

Example 4.3. Let (X, 7, <) be a Priestley space, where X = {a,b,c} and < is

given by

and L(X)={0,{c},{a,c},{b,c}, X}, where

b
0
1

o =2

a
1
0
0 O

— = =0

U 0 {c} {a,c} {b,c} X
0 0 {c} {a,c} {b,c} X
feb | {er {0.{c}} {a,c} {b, ¢} X
{a,c} | {a,c}  A{a, ¢} {0,{c},{a,c}} X {{b,c}, X}
{b.c} | {b,c}  {bc} X {0, {ct, {b,c}}  {{a,c}, X}
X X X {{o,c}, X} {{a,c}, X} L(X)
< |0 {et {acp {bep X
0 11 1 1 1
{(c o 1 1 11
{a,c} |0 O 1 0 1
{b,c} |0 0 0 11
X 0 0 0 0 1
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and T(L(X)) = {fl, f2, f3} such that

LX) | fr fo f3
0 0 0 0
{c} 0 0 1
{a,c} | 1 0 1
{be}y | 0 1 1
X 1 1 1

The isomorphism Gx : X — T(L(X)) is defined by Gx(a) = f1, Gx(b) = fa,
GX (C) = f3.

Conclusion

In this paper, we propose a new way to represent distributive hyperlattices. It is
shown that the dual of the category of Priestley spaces is equivalent to the category
of bounded distributive hyperlattices.

For further investigations, we give the following open question.

Question. Is there a relation between the category of bounded distributive hyper-
lattices and the category of bounded distributive lattices?
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